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ITpeaucioBue

JTa KHHUra B 3HAYMTEJIbHOM CBOEH 4YacTHM MNOCBAHNIEHA YPaBHEHMAM M
HEpaBEHCTBaM C MapaMeTpPaMy, T. €. ypaBHEHMAM U HepaBeHCTBAM, COAED-
>KalMM HapfiZy C HEM3BECTHOR BEJTMUMHOM ene ¥ OyKBeHHBIE IapaMeTphl,
IIpY PasJUYHBIX YMCJIOBBIX 3HAYEHUAX KOTOPBIX MEHAETCA YUCIO penie-
HHM ypaBHEHHd WIM HepaBeHCTBa, a UHOIZAA U ero BHZ. PelueHue 3a/a4
C IMapaMeTpaMH MpeANojIaraeT, B CyIIHOCTH, ONpeJeeHHYI0 UCCIeloBa-
TeJIbCKYIO AeATebHOCTD, TPEOYIOIYI0 BHUMAaHUA 1 YBEPEHHOT'O BJIaI€HHA
MaTepHaIOM MIKOJBHOM IMMPOrpaMMEI II0 MaTEMATHKE BO BCEM €€ ITOJIHOTE,
YMEHHS BBIIBHTATh U NPOBEPATH I'MIIOTE3b, TPOBOAUTE (B TOM YHCIE K
JOCTAaTOYHO pa3BeTBJIEHHEIE) JOrMYeCKue IOCTPOEHMA U Je/IaTh BhIBOAEL.
Tlo3TOMy TaKHe 3ajJaHud OTHOCATCH K CJIOKHBIM H paclojaralorcss B Ba-
pHaHTaX BCTYNIUTENBHBIX 9K3aMeHOB U EI'D 1o MareMaTyKe Ha ITOC/IeTHHX
TTO3MLMSAX, ITpeHa3HaYEeHHBIX A1 TeX BBIITYCKHUKOB U aOUTYPHEHTOB, KO-
TOpbIE MPETEHAYIOT Ha BHICOKMI SK3aMeHallMOHHBIH 6as.

[To ¢opmynupoBke n06yIo 334a4y ¢ NapaMETPOM MOXKHO OTHECTH K
OZHOM M3 ABYX CJIEAYIOHIMX IPYyI:

— HaAWTM BCe 3HAYE€HHWA TMapaMeTpa, AJIA KaXKZOro U3 KOTOPHIX BHI-
TIONHAKOTCA Te€ WIM WHBIE YCIOBMA (ypaBHEHMe, HePaBeHCTBO WIM CH-
CTeEMa HMMEIOT OIpejeJleHHOEe YUCIO peleHUH; peleHue NPpUHALIEKHUT
OIIpe/leIEHHOMY MHOXECTBY WIM YAOBJIETBOPAET OIlpeJe/ieHHBbIM Orpa-
HHUYEHWSIM M T.II.; CAMM pelieHust HAXOOUTh NPy 3TOM, KaK IpaBUIO, He
TpebyeTca);

— HalTH BCce 3HAYEHHS NapaMeTpa, NMpH KaXOoM M3 KOTOPHIX 3aja4a
MMeeT XOTA OBl OIHO pelieHe, M YKa3aTh 3TU pelieHHs A KaXA0ro Ta-
KOI'0 3HaY€HHUA napamerpa (KpaTKo: «IIPH KaKAOM 3HaYeHHH l1apaMeTpa
pEliNTh YpaBHeHHE (HepaBE€HCTBO, CUCTEMY)».

B ZaspHeHIeM i1 JKOHOMMH MECTa YCJIOBHSA 33ad BTOPOM I'PyNIIBI
6yzeM MHOT/IA MPUBOAUTL HMEHHO B KpaTKOH GOPMyNHpORBKe.

PazymHasa kiaccMPHUKAIMA 3a4ay ¢ NapaMeTpoM II0 MeToZaM pelle-
HMI JOCTATOYHO 3aTPYAHUTENBHA, IOCKONBKY K&aXX/1asd M3 HUX AB/IAETCA B
OIlpe/IeJIEHHOM CTENEHH HECTAHAAPTHOM. B 3TOM KHMIe, Kak U B KHUTre [1],
MIOC/IY’KHBLI€EH /IIT HEE CBOEro poja NMpoobpazoM, 3ajadyd KiacCUQHIH-
PYIOTCA TIO MPHHIHITY «KJIIOYEeBOHM WEeW» — WUJEH, NO3BOIAIONICH HaWTH
KJIIOY K pellleHHI0. B MOosCHUTENbHBIX TeKCTaX IaparpagoB pasbACHAKOT-
CA 3TH HJEU U NIPHUBOAATCSA NMPUMEPHI C pelieHUAMH, WLIKCTPUPYIOLUIMMH
NIpUMEHEHHE 3TUX HeH. B kaxzoM naparpade NpUBeAeHb! yIpaKHEHHs
JIJISl CAMOCTOATEIHHOI'O PEIieH A, TTO3BOIAIONIME 3aKPENUTh U OTpaboTath
M3y4YEeHHBIH MaTepHaj. BoJbIIMHCTBO 33/]a4 B3ATH U3 OMyOIMKOBAaHHBIX



4 INpeauciaoBre

BaPMAHTOB BCTYIIMTENBHBIX DK3aMeHOB M IpeJAMETHBIX OJIMMIIMAJ B pas-
JIMYHBIE BY3bl, OTKPHITHIX BAPHAHTOB AMArHOCTUYECKUX ¥ TPEHUPOBOYHBIX
pabot ¥ EI'D mo MareMaTHKe; HEKOTOPLIE 3a/1ayl COCTAB/IEHB] CIIELIab-
HO )11 3TOM KHUIH.

Hapsiny ¢ sagayaMy ¢ mapaMeTpaMHu B KHUT'Y BKJIKOYEHB! YpaBHEHMS,
HEPaBEHCTBA M CUCTEMEI, KOTOPEIE NPUHATO CYUTATh HECTAHAAPTHBIMM,
IIOCKOJIBKY MX CBEJIEHHE K IPOCTEHUNIMM ypaBHEHUSM M HEpaBeHCTBaM
OCHOBaHO HE Ha CTaHAapTHHX aarebpanyecKkux nMpeobpazoBaHHAX, a Ha
HHBIX y/ieX (MOHOTOHHOCTH, OrpaHMYE€HHOCTH, MHBapHAHTHOCTH, I'pa-
$UYECKHX WIH IeOMETPHYECKUX UHTEPTIPETALMAX U T.11.), aHAJOIMYHbIX
TEM, YTO NPUMEHAIOTCA JJIA PelieHUs YaCcTH 33/ay4y C mapaMeTpoM.

ABTOp TpH3HaTeneH U OaarogapeH O.A. BacWILeBOH 3a BHHUMATENb-
HO€ M HEPAaBHOAYIIHOE YTeHHE PyKOIIMCH, 3aMevyaHud U IIpeIOXKeHHUs, B
HEMaJIOH CTEIeHH CIIOCOOCTBOBABIIHE YAYUIIEHWIO KHUIH.

[1] Ilecmaxoe C. A., FOpuerko E. B. YpaBHeHUs C TapaMeTpoM. Ydebh-
HO-MeToau4yeckoe nocobue. — M.: Cior, 1993. — 110 c.



I'nasa 1. Jlormyeckuii nmepebop B 3aadax
C mapaMeTpoM

OTa r7aBa IOCBAIEHA CBOETO PoJa 3HAKOMCTBY C ypaBHEHMSAMM, HEpa-
BEHCTBAaMM M X CHCTEMAMH, COlEp)KallMH ITapaMeTphl: 3€Ch NpeCTaB-
JIEHEBI 33/]a4H, JJIA PEIIEHMS KOTOPHIX He TPebyloTcs KaKHe-TO CrelHab-
HEIE 3HAHU#, aJIIOPUTMBI WIH UA€H — NOCTATOYHO YCTOMYMBEIX HABBIKOB
pelIeHyst OCHOBHBIX THIIOB YpaBHEHHH M HEPABEHCTB, YMEHH BBIIIOHATD
cTaHJapTHHIE anrebpanyeckue npeobpazoBaHus M AeNaTh HE CIMIIKOM
CJIOKHBIM M pa3BeTBJIEHHBIH Joryeckui nepebop. Tak, HanprMep, ypas-
uerre (a2 — a)x? + 2ax — 3a® + 4a =0 npu a = 1 AeaseTcA TUHEHHBIM
ypaBHeHHeM 2x + 1 =0 ¢ eaJMHCTBEHHBIM KOpHeM x = —0,5; IIpu a = 0
obpamaerca B ToxAecTBO 0 =0, KOTOpOe BHIIOIHAETCS TPH JIFOOOM 3Ha-
yeHHH x (9TO O3HAyYaeT, YTO KOPHEM JAaHHOI'O ypaBHeHua npu a =0
apJsgeTca nboe AelCTBUTEIbHOE YMCI0); NPHU 3HAYEHHAX d, OTIIHMYHBIX
ot O wiK 1, JaHHOe YpaBHEHHE ABAAETCH KBAAPaTHBIM M MO0 He HMeeT
JEACTBUTENBHBIX KOpHel (eci AMCKPMMHMHAHT ypaBHEHH:s OTpHLATE-
JieH), 1TU60 MMeeT OfWH KopeHb (ecyM JMCKPUMHHAHT ypaBHEHMA paBEH
HYJIIO), TH60 UMeEET ABa KOpHA (TIpH MONOXKUTETBEHOM JUCKPHMHUHAHTE).
Vke M3 IIPHUBEJEHHOIO NpUMepa fICHO, YTO /Ui YCHEIIHOro peneHus
nofo6HHX 3aza4 TpebyloTcs HapsaAy ¢ 6a30BBIMKM HAaBBIKAMH pelleHHA
JIMHEMHBIX M KBaJpaTHHX YpaBHEeHHH BHHMATEIbHOCTD U CKPYITy/IE3HOCTD
IpH aHaIH3€ YCJIOBMA U JIOTHYECKOM TepeGope BO3MOMHBIX 3HAY€HHEH
rmapaMmeTpa.

§1.1. JiuHeliHble YpaBHeHHUS ¥ HEpaBEHCTBA
C mapaMeTpoM

K 4uci1y caMbIX TIPOCTHIX 33/a4 € NIapaMeTPOM OTHOCATCS JIMHEHHbIE
ypaBHEHHMA M HEPABEHCTBA, a TAK)XXE UX CUCTEMEL. Jlro6o€e NMHENHOE ypas-
HeHMe ¢ TapaMeTpOM MOXET OBITh CBeZeHo K Bualy f(a) - x=g(a), a Hepa-
BeHCTBO — K BUAY f(a) - x V g(a) (3mecy a —mapametp, f(a) u gla) —
anrebpanyecKkie BbIpaXXeHHs, «V» — OJWUH U3 YETHPEX BO3MOXHBIX 3Ha-
KOB HEPABEHCTB: «>», «<», «=», «>»). Takoll BUJ JTUHEUHOIO YDaBHEHHA
(HepaBeHCTBa) ¢ mapamMeTpoM GyzeM Ha3BIBAaTh CTaHAAPTHHIM. JIMHEHHEIE
ypaBHEHUs] U HepaBEeHCTBA IOc/e IPUBEJEHMA K CTaHJApTHOMY BHAY
06bIMHO peIaroTcs ¢ MOMOH[BIO JIOTHYECKOTO mepebopa. B HEKOTOPHIX
3ajayax, IpexJe 4eM MepeiTH K UCCIeJOBaHMIO TMHENHOTO YPaBHEHHA
WIM HepaBeHCTBa, HeOGXOAUMO CAeNaTh 3aMeHy NEPEMEHHON.



6 T'masa 1. Jlornyeckuii mepebop B 3a7ayax ¢ napaMeTpoM

JUns TOro 4robbl OTBETHTh HA BONPOC O YUC/IEe KOPHEN ypaBHEHMA
f(a) - x = g(a) (u npu HeOOGXOAVMOCTH HAKTH 5TH KOPHH), AOCTAaTOYHO
paccMoTpeTh ABa wiydast: 1) f(a) =0; 2) f(a) #0. B nepsoM ciy4yae Y1cC/Io
KOpHell ypaBueHHs 3aBUcHT OT g(a): ecst f (a) =0, a g(a) #0, To KopHeH
HeT; e f(a) =0 u g(a) =0, ypaBHeHHe NpUHKUMaeT Bux 0-x = O, n
ero KOpHeM siB/Aercs joboe JelcTBUTENbHOE YHCIO. Bo BTopoM cirydae

gla)
ypaBHEHHe HMeEET e,Z[HHCTBEHHbIH KOpEHb X = f (a)

J1is1 OTBETa Ha BOIPOC O pelieHUAX HepaBeHCTBa f (a) - x < g(a) Hy»KHO
paccMoTperh TpU aiydas: 1) f(a) > 0; 2) f(a) <0; 3) f(a) =0. B nep-
BOM CJIy4ae NpH AeeHH oberx yacTel HepaBeHCTBA Ha TIOJIOKUTENTBHOE

a)
uiciao f(a) 3HaK HepaBeHCTBA HE MEHAETCHA, H TOrZa X < ?ﬁ T. €. pe-

(a)
nieHHe HepaBEHCTBA — IIPOMEXXYTOK ( ;) ) )) . Bo BTOpOM ciiyyae IpH
JeJeHUH 0b6erX yacTeld HepaBeHCTBa Ha OTpHLIaTEIbHOE YHUCTIO f(a) 3HaK

. g(a)
HEpaBCHCTBA MEHAETCA Ha IMMPOTHBOIIOJIOXKHBIN, H TOI'AA X > ﬁ"j, T. €. pe-

IIeHHE HepaBeHCTBa — IIPOMEXYTOK ( fg ;, +00). B TpeTheM ciryvae Io-

nydaeM HepapeHCTBO 0 - x < g(a), 1 ecm g(a) <0, TO peLieHu HeT, ecyu
xe g(a) >0, To peleHHeEM HEpaBEHCTBA fAB/IAETCA M0b0e AENCTBUTEND-
Hoe uucio. HicenenoBanye HepaBeHCTB f(a) - x > ga), f(a)-x < g(a) u
f(a) - x > g(a) npoBOAWTCA aHANIOTHYHO (KaXAbIH pa3 paccMaTpHBarOTCH
Tpu cayyasi: 1) f(a) >0; 2) f(a) <0; 3) f(a)=0).

IIpu pemeHUH JHHeHHBIX YpaBHEHUH M HEPABEHCTB C apaMeTpaMu
cirefyeT MOMHMTh M 0 rpad4ecKoii MHTepIpeTaly JIHHENHOTO ypaBHe-
HHA WM HEPABEHCTBA C AByMA ITlepEMEHHBIMM: MPH Ka)K/IOM KOHKPETHOM
3HaYeHUHU TrapameTpa a (411 KoToporo xots 6bl oHO M3 uucen f(a) wm
g(a) omyHo ot Hyns) ypaBHeHMe f(a)x + g(a)y = p(a) ApiseTcs ypas-
HeHMeM NIPAMOii Ha rockocTd Oxy, a HepaBeHCTBO f(a)x + g(a)y > p(a)
3a7a€T Ha IUVIOCKOCTH OXxy MHOMXECTBO BCEX TOYEK, PACIIO/IO>XKEHHBIX BBIIIE
WK Hike (B 3aBHCHMOCTH OT 3HaY€HMs MapameTpa) 3Toil npamMoit. [1pu
HTOM HY>XHO MOHMMATh, YTO IIPH HEKOTOPBIX 3HAYEHUAX ITapaMeTpa TaKoe
ypaBHEHHE WM HEPABEHCTBO MOXXET TMO0 BBIMIOMHATHCA AJIA IOOBIX X 1 Y,
160 He HMETH PELieHUH BOBCE.

Ipumep 1. Haitru Bce maphl ymncen (a; b), 1A K&KAOH U3 KOTOPBIX
MMEET He MeHee Tpex KOpHeH ypaBHEHHE

(a—-2)x+b(x—2)=(2b—1x+(2x—1)a.

Pemienue. CTeleHb NMEpPEMEHHOH x B KaXAOM M3 JacTed JaHHOIO
ypaBHeHMs paBHa 1. 3HAYWT, 3TO ypaBHEHHE ABJAETCA JMHEHHBIM OT-



§1.1. JluHeliHBIe ypaBHEHHA ¥ HEPABEHCTBA C IApaMETPOM 7

HOCHUTENBHO X, M €0 MOXKHO NPHUBECTH K CTaHAapTHOMY BMIY. Jl1s1 aTOTO
packpoeM CkoOx{ B 0O€MX 4YacTsX ypaBHEHWs M 3alTMIIEM ero B BHJE
(a—2+b—2b+1—2a)x=2b—a, OTKyAa (@a+b+1)x=a—2b. Ecm

o -2
a + b + 1 +# 0, ypaBHEHHe MMEET €AWHCTBEHHBIN KOPEHb X = a%-?:l—b_l'

Femia+b+1=0, Ho a — 2b #0, ypaBHEHKE HE HMEET xopHel. Ecm

a+b+1=0,
a—2b=0,

ypaBHeHue npuauMaeT By 0 x =0 ¥ €ro KOpHEM ABIACTCA noboe gen-

CTBUTEJILHOE YMC/IO. 3HAYMT, He MeHee TPeX KOpHell ypaBHEHHE HMEET

2 1
TOJILKO B TMOCEeAHEM ciayyae. PemuB CMCTEMY, NIOTY4YHM a4 = — 3, b= -3

OTBerT: (——%; —313-)

Ipumep 2. [lpy KaXaA0M 3HA4E€HWH NapaMeTpa d pemnTh HepaBeH-
CTBO

2xa® — (5x+2)a+2x+1 = 0.

Peutenue. JlaHHOe HEPABEHCTBO ABAAETCH JIMHEMHBIM OTHOCUTEIb-
HO TIEpEMEHHOH X. PaCKpOeM cKOOKM, TeperpynnupyeM cjlaraeMeie U
IpUBEZEM €ro K CTAHAAPTHOMY BH/AY: (2a® — 5a + 2)x > 2a — 1. Kopus-
MM KBaJpaTHOrO TpEXWIEHa B JIEBOM 4aCTH NOJIy4€HHOrO HEpaBeHCTBa
gBisfoTes yueaa a =0,5 ¥ a = 2, TI03TOMy, pasnoXuB 3TOT TPEX'WICH Ha
JIMHEMHBIE MHOXUTENIH, IPHUAEM K HEPABEHCTBY (2a—1(a—2)x>2a—1.
KoadduiuueHT npy NepeMeHHOU B JIeBOM 4YaCTH HEPaBEHCTBA B 3aBUCH-
MOCTH OT 3HAYEHMIi TapaMeTpa MOXET ObITh paBeH HyJI0, NOIOXUTENEH
WIM OTpMIaTesNeH. PacCMOTpPHM Bce BO3MOXKHBIE ClydaH. Ecmm a = 0,5,
HEpPaBEHCTBO NPHHHUMaET BUA 0-x >0 ¥ BBIIOJHAETCS IPH JIIOOOM 3Ha-
yeHMM TlepeMeHHOH x. EciM a =2, HepaBEeHCTBO NPHHMMAET BIA 0-x>3
Y He BBIMIOJHAETCA HY IIpY KaKux 3HaYeHusX X. Ecim (2a—1)(a@—-2) >0,
T.€. a € (—;0,5) U (2; +©), To, pa3/ieIMB obe yacTH HepaBEHCTBA Ha
nonoxuTenpHoe uncao (2a — 1)(a — 2) ¥ COKpaTHB npobp B IpaBoi

1
YacTH, NOIyUMM X 2 ——5, T. €. X € [a—z; +00). Ecmu (2a — 1) (a—2) <0,
T.e. a € (0,5; 2), TO, pasaenuB obe yacTH HepaBeHCTBA Ha OTPULIATEILHOE

yncno (2a — 1)(a — 2) U coxkpatuB Apobb B NpaBod 4YacTu, NOIYHHM

1 1
XS 7o T.e.xe(-—oo, a_z].
OTBeT: [aiz;+oo) npu a € (—«; 0,5) U (2; +); (—o0; +0o) 1npu

a=0,5; (—00; E%_z] npH a € (0,5; 2); HeT pelLeHu mpy a = 2.
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ITpumep 3. HaitTy Bce 3HaueHMs napaMeTpa a, 11 KaXJI0ro U3 KOTO-
PBIX MMeeT He MeHee CeEMH pellieHUH CHCTeMa ypaBHEHHH

(3a% —13a)x+8y = 3a? — 16a —8,
Sx+4y = 2.

Pemienue. Kaxxzoe ypaBHeHHe CUCTEMEI ABJIAETCS YpPaBHEHHEM IIps-
MOH Ha 11ocKocTH OXxy. DTH TIpAMEIE W60 MapasuelbHEl (Torga OHH He
HMEIOT OOIMX TOYEK M, CJIeJOBaTeNbHO, CUCTEMA HE MMEET pEeIlleHHil),
JIM60 nepeceKaloTca B OLHOI TOYKe (TOTZa CHCTEMa UMEET eMHCTBEHHOe
pelieHue), 1160 coBnagaloT (Torza cMcTeMa MMeeT GECKOHEeYHO MHOI'O
pemeHuii). He MeHee ceMM pemieHU crcTeMa 6yfeT HMeTh TOJIBKO B IO-
cregHeM ciydae. HanoMHuM, 4TO ecu a, # 0, b, #0, ¢, #0, To aBe nps-
MbIE a, X+ b,y =c¢; M a,x+ b,y =c, COBNIaAaoT B TOM M TONBKO TOM CJIy-
Yyae, €C/IM COOTBETCTBYIOIIME KO3$PUITUEHTHI IPOITOPIHOHABLHEI, T. €. €C-

a b g 3¢2—13a _ 8 _ 3a®*—16a-8

Mo == TakumMm obpazom, 5 7= > . Pemvs
3a*—13a 2
ypaBHEHHE ——¢— — = 2, IOJIyYUM @ =5 WIH a = —3- PeuimB ypapHeHME
2
-~ 16a—
3a 26a 8 _ 2, nonyyuMa =6 wiMma = — % . EIMHCTBEHHEIM OOIIHMM KOP-
” 2
HEM 3TUX ypaBHEHUM AB/IAETCA 4= —3.

OtBeT: a=— %—

HMHorza ypaBHeHMe WM HEpaBEHCTBO MOXHO CBECTH K JIMHEHHOMY
C IIOMOH[BI0 3aMeHBI IlepeMeHHOW. CenaB 3aMeHY IepeMeHHOH, HyX-
HO 00s3aTesIbHO nepedOpMy/NTHpOBATh 33ja4y, BeJb HOBas NepeMeHHas
BO MHOTHUX CJydyasX NpPUHMMaeT 3Ha4YeHHsA TOJNBKO M3 OIpeJesIeHHOrO
MHOXecTBa. HanpuMep, rpu 3aMeHe t = cos x NPUAETCA YYUTBIBATh, YTO
IepeMeHHad ¢ MOXeT NMPUHUMAaTh 3HadyeHUd TOJBKO U3 oTpeska [—1; 1];
npu 3aMeHe t = log,(x? + 5) — ToapKO U3 mpoMexyTka [1; +) H T.Z.
INepedpopmynrpoBKa 3aga4yd A HOBOH NEpPEMEHHOH B TaKUX Cly4asx
ABJIAETCA 3HAYUMOH 4acThIO pelieHus.

ITpumep 4. HaltTu BCe 3HaYeHUs NapaMeTpa d, IIPH KaXJ0M U3 KOTO-
PHIX MMeeT X0TA 6Bl OJHO pelleHre CUCTEMa ypaBHEHHH

12cos®’x+5cos® y +11 = 6aq,
15cos® x +4 cos® y +25 = 12a.
Pemtenue. JlaHHas CHCTeMA ABJAETCA CUCTEMOW NMHEHHBIX ypaBHe-

HUH OTHOCHTEIBHO U = Cos® X U vV =cos? y. ficHo, uro u €[0; 1], ve [0; 1].
3aza4qy MOXKHO nepeopMyTHpOBaTh TaK: HAHTH BCE 3HAYEHHUA MAPAMET-
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pa a, IIpH KDKJOM M3 KOTOPBIX CUCTEMA YpaBHEHMI
12u+5v+11 = 6aq,
15u+4v+25=12a

HMeeT XOTA OBl ONHO pellieHKe, YAOBJIETBOpsAmilee yctoBuaM u € [0; 1],
v e€[0; 1]. INockonpky KO3(pPUUMEHTH NMPHU MEPEMEHHBIX HE 3aBHCAT OT
napaMeTpa, Ipolle BCero HaiTh pemeHre CUCTEME! B obileM BHU/JE. YMHO-
MM 00e YacTH IIEpBOrO ypaBHEHHMs Ha —4, obe 4acTH BTOpOro ypaBHe-
HUA Ha 5 W pacCMOTPUM IOWIEHHYIO CyMMY IOIY4YEHHBIX YpaBHEHMIi:

—48u + 75u — 44+ 125 = —24a + 60a, oTKyza u = ; . AHaJOrH4HO,

YMHOXMB 00€ 4acTH IIEPBOro ypaBHEHMs Ha 5, 0b6e YacT BTOpOro ypaBHe-
HHA Ha —4 U pacCMOTPEB IIOWIEHHYIO CyMMY NOIy4eHHBIX ypaBHEHHWH, No-
cJie HeOOXOAMMEIX NTPeo6pa3oBaHuil HalgeM v =5 — 2a. Yenosua u € [0; 1],
v €[0; 1] BLIMOJMHAKTCA B TOM M TOJIBKO TOM CJIy4yae, €C/iv

0< 2«1,

0<5—2a<1.
V3 mepBOro HepaBeHCTBa CUCTEMEI MTOYYMM, 4TO a € [2,25; 3], U3 BTopo-
ro—uyro a €[2; 2,5]. CreagoBaTenbHO, a € [2,25; 2,5].
OTtBet: a€[2,25; 2,5].
IMpumep 5. HaliTu Bce 3HaYeHus NapaMeTpa d, NPH KaXXJOM M3 KOTO-
PHIX C/IeyIonee ypaBHEHYE HMeeT XOTs 6bl OHH KOPEHb:

6logg o5 sinx + a*+ 6a+8 = alog, sinx.

Pemrenume. IlpuBeseM jorapudM B JIeBOM 4aCTH ypaBHEHHMS K OC-
HoBaHMIo 4. [lonyunm —6log, sinx + a® + 6a + 8 = alog, sinx, orkyna
(a+6) log, sin x = a? + 6a + 8. IycTb log, sin x =t. [1pH BceX AOMyCTUMBIX
3HaYeHUsaXx nepeMeHHOH sinx < 1. 3HauuTt, t < 0. Tenepp 3azauy MOX-
HO nepedOpMy/JIMpPOBaTh TaK: HAWTH BCe 3HA4YE€HWs IlapaMeTpa a, IIpH
KaXXJIOM M3 KOTOpPBIX ypaBHeHMe (a + 6)t = a? + 6a + 8 uMeeT x0TA 6B
OZIMH HEMOJOXHTENIbHEIN KOpeHb. KOpHAMHM TpexwieHa B NIPaBOM 4YacTH

ypaBHEHMS SBIAIOTCA YUCIA d = —4 ¥ a = —2. PasnoXuB KBaJpaTHBIN
TPeXWIEH HA MHOXKUTEH, NOay4uM (a + 6)t=(a+4)(a+2). Ecma=—6,
" a+4)a+2 " .
KopHel HeT. Ecnmu a# —6, To t= ( :)_f 6+ ) . YenoBuio t < 0 HaliZieHHBIH
' (a+4)(a+2)
KOPEHb YZOBJETBOpAET TOJABKO B TOM CJyyae, eCIH P < 0.
PellieHHe ITOC/IeJHETO HEpaBeHCTBA HaiJeM METOAOM MHTEPBAJIOB.
i ] + £ e +
—6 —4 —2 “a

OtBeT: (—; -6)U[~4; —2].
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3ameyanue. OOpaT¥M BHHUMAaHHE Ha TO, YTO B JABYX MOCIEIHUX IPH-
Mepax He TpeboBasock JZenaTh OOpaTHYIO 3aMeHY M BO3BpalaThCAd K
IIpe)XXHEU NEpEMEHHOM. JTa CUTYalUA ABJIAETCHA JOCTAaTOYHO pacipocTpa-
HEHHOM, U IIpHU IIpaBWIHHOH IlepedOpMyIHPOBKE ¢ y4eTOM HeOOXOAUMEIX
orpaHW4yeHUI Ha HOBYIO TIepEMEHHYI0 BO3BpAILAaThCA K CTApOH He HY)KHO,
€C/IM, KOHEYHOo, He TpebyeTcs MCKaTh caMM KOPHM JaHHOI'O YpaBHEHMA
WIM pelieHus AaHHOro HepapeHCTBa. B mociegueM cirydae obparHas
3aMeHa ABaAseTcsa 06a3aTeIbHOH.

ITpumep 6. [lpy KaXXAOM 3HAYEHWH NapaMeTpa d PelilTh YpaBHEHHE

a-5kx 41 = (@a—1)2

Pernenue. PackpoeM cko6Ky B MpaBoi 4acTH ypaBHEHMA U IIPHUBEEM
nofo6Hble cnaraemele. IlomyyuM ypaBHeHMe a - 5% = ¢® — 2a. Ecm
a =0, ypaBHeHMe oOpaiaeTca B TOXIECTBO, CIIpaBeJJIMBOE IIPH JiloOOM
3HAYEHWM IIepeMeHHOMH, T.€. B 3TOM ciydae x € (—o; +o). Ecmm a #0,
TO, pa3zieivB 06e YaCTH ypaBHEHHMA Ha g, HOMyduM 55X =g — 2. Tycts
t =5105x Tag xax 0 < |cosx| <1, noy4um, uto 5° <t <54, wimm 1<t <5.
3HaumT, 1 <a—2 <5, orkyna 3 < a < 7. CaenaB obpaTHylo 3aMeHY IIpH
HalIeHHbIX 3HAYeHHUAX d, NOIy4YuM |cos x| =log;(a — 2). Pemrenus ypas-
HeHus [cosx| =1 (rme 0 <1< 1) B Haubosee KOMMNAKTHOU GOPME MOXKHO
3alUCaTh, BOCIONB30BABIIUCH €JHHUYHOM OKPYXKHOCTBIO.

P, arccosl

recosl

arccosl

I arccosl

TaxumM obpasom, x =z arccos(logs (a — 2)) + mn, n€Z.
OtBet: T arccos(logs(a — 2)) + n, n€ Z, npu a € [3; 7]; (—o0; +=)
npy a =0; Ipy IPOYKX a pPeIieHHH HeT.



§1.1. JluHelHbIE YpaBHEHHA U HEPABEHCTBA C [IApAMETPOM 11

3ameuanue. [Ipu pelieHHK NocaeaHero NpHMepa MOXHO 65110 060H-
THCh 6e3 PpopManbHOM 3aMeHBl HepeMeHHOM, 3Ta 3aMeHa 6bUia clenaHa
TOJMIBLKO JJiA OOJblIe HariaAHOCTH.

Ynpaxuenus k §1.1

1. a) Jlna xaxzoro 3HadyeHUs fAapaMeTpa a Haliiure YHUCIO KOPHEH
ypaBHEHUSA
9(5x — 1)a* — (59x —55)a+6(x—1) = 0.

6) A KaxA0ro 3HayeHMs fapaMerpa a HalAuTe YHei10 KOpHeH ypas-
HEHMA

7(2x — 1)a*— (23x—22)a+3(x—1) =0.

2. a) Jlna KaKJ0ro 3HaYE€HUs HapaMeTpa a HaijuTe MHOXKECTBO pellle-
HHIf HepaBEHCTBA

4xa® — (17x+da+4x+1 = 0.

6) Jlnga KaxJoro 3HayeHUsl NapaMeTpa d HauauTe MHOXeCTBO pellle-
HHI1 HepaBeHCTBA

5xa®— (26x+1a+5x+5 < 0.

3. a) Haitzure BCce 3HaYeHUA IapaMeTpa d, APH KAXKIOM M3 KOTOPBIX
ypaBHEHHE

|9x+7a— 3] = |[4x +3a+4|

HMeeT ABa pas/IMYHBIX KOPHsA, cpe/Hee apU$MeTHIeCKOe KOTOPBEIX paB-
HO —8.

6) Haiigure Bce 3HayeHWs MHapaMeTpa d, NPH KAKIOM H3 KOTOPBIX
ypaBHeHHEe

|7x +8a—5| = [9x + 7a — 2|

HMeeT ZBa pa3/IMYHBEIX KOPHSA, CpefiHee apHMeTHYEeCKOe KOTOPHIX paB-
HO 9.

4. a) Haligure Bce 3HaUYeHHUs llapaMeTpa d, APM KaXKJ0M H3 KOTOPBIX
HEPaBEHCTBO

|I3x—5a—3] < 7—5a—x

HMeeT eZIMHCTBEHHOE peLleHHeE.
6) HalizuTe Bce 3HauyeHUs [apaMeTpa d, HPH KaXJOM H3 KOTOPBIX
HepaBeHCTBO

I3x —4a—1| <5—4a—x

HMeEeT €JHHCTBEHHOC PEIICHHE.
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5. a) Haitznre Bce 3HaYE€HUA HapaMeTpa a, A KOKIOTO H3 KOTOPBIX
HMeEeT He MEHEE TpeX pellleHUi CUCTeMa YpaBHEHMIH
(2a%—11a)x — 25y = 2a% — 13a— 30,
{ 8x—-5y =3.
6) Haiizute Bce 3HavyeHUs mapamerpa @, Ui KaXJOTO H3 KOTOPHIX

UMeeT He MEHee TpeX PelleHHH chucTeMa YpaBHEHHH
{ (92 ~ 49a)x + 36y = 9a? — 58a + 44,

9y —5x = 5.
6. a) /1 KaxAoro 3HaYeHUA AapaMeTpa a pelllTe CHCTEMY YPaBHEHHH
x+7y =2,
3x+y=a,

3x+ 13y = a*+3a.
6) /lnsa KaXAoro 3Ha4YeHUs AapaMeTpa d PELIMTE CHCTEMY YpaBHeH M
x+y =2,
2x—y =a,
4x —y = a®+2a.
7. a) Haiiaiure Bce 3HaYeHUA AapaMeTpa a, A KOKJOTO U3 KOTOPBIX
ceAylonjas CMCTeMa YpaBHEHUI HMeeT XOTs OBl OIHO pellleHHe:

1
——g=4a,

y
~S-3+4a

= INx
-

6) HalauTe Bce 3HayeHHWs napaMerpa d, JIA KaKAOTO H3 KOTOPBIX
HMMeeT CJIeAyIolasa CUCTEMAa YPAaBHEHHI XOTA OBl OAHO peLIeHHE:

1 1
;+;_— 3aq,

4 5

J_(+y =3—a.

8. a) Halizure Bce 3HavYeHUd mapaMeTpa @, NPH KOTOPHIX KaXJasd M3
CUCTEM YpaBHEHHHA

{(x_ﬁy)'l = _011: 4x+y = 2a’
_ 1 1 __1
7x—2y = 2a x—4y — 6

HMEeT €JHHCTBEHHOE DCIICHHE H 3TH pEIIE€HHUA COBIIaJaroT.
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6) Haiigure Bce 3HaUeHUs MapaMeTpa a, MpKH KOTOPHIX KaXAasA U3 CH-
CTeM ypaBHEHHH

_ -1__1 7x—3y = 3aq,
3x+y = 3a x—3y 4

HMeeT eIMHCTBEHHOE PellleHHE U 3TH PelIeHUs COBAaAaloT.
9. a) Hailaure Bce 3HaYeHUA mapaMeTpa a, NMPH KaKA0M U3 KOTOPbIX
cIeAyIoas CHCTEMa ypaBHEHHH XOTA OBl 0HO pellleHHe:

12cos? x + 11 cos? y +33a = 31,
33cos?x+4cos?y +151 = 198a.

6) HalizuTe Bce 3HaueHUs napaMeTpa d, MPH KAKAOM U3 KOTOPHIX CJle-
AyioIas CUCTEMA YpaBHeHH# XOTA OBl O4HO pelleHHe:

21sin? x 4+ 8sin? y + 59 = 6aq,
24sin? x4+ 7sin? y + 91 = 9a.
10. a) Hailaure Bce 3HaueHUs apaMeTpa d, IPH KaXAOM M3 KOTOPHIX
MHOXXECTBOM peIIEeHHIi CHCTEMBbI HEPABEHCTB
2 —
5x+ a < 25x+a 4,
6x—3¢1—3 > 36x+a—3
ABJIAETCA OTPE30K YHCJIOBOM NPAMOM, AJIMHA KOTOPOrO paBHa 3.

6) HaitauTe Bce 3HAYeHHA Napamerpa a, OPH KaKIOM H3 KOTOPBIX
MHO)XE€CTBOM pelLleHH CHCTEMEI HEPAaBEHCTB

—a-2 2
3x—a ? 9x+a+
SIBJISIETCA OTPE30K YHCIOBOM MPAMOMN, IIHHA KOTOPOTO paBHa 1.

11. a) Haitigure Bce 3HayeHUs IapaMeTpa d, NPH KOKIOM H3 KOTOPHIX
cieflyloliee ypaBHEHUE HMEET XOTA OBl OZJHH KOPEHb:

6log; sinx +alog,sinx = a*+5a+4.

6) HaiinguTe BCe 3HaYeHUs napaMeTpa a, APH KaXAOM K3 KOTOPHIX HMe-
€T CJlefyiolliee ypaBHEHHE UMeeT XOTs1 6Bl OZIHH KOPEHb:

logy s cosx +7a = alogg ,s cosx +a* +12.

12. a) Haiizure Bce 3HaYeHUs napaMeTpa a, [pH KaK/I0M B3 KOTOPBIX
cleayollee ypaBHEHHE HMeeT XOTA Obl OAHH KOpEHb:

(2sinx _ 1)(12 —(3- 2sinx —Da+ 2sinx+1 = 0.
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6) HaiiguTe Bce 3HaYeHUs MapaMeTpa a, fpy KaXJI0M U3 KOTOPEIX Clle-
Aylolee ypaBHEHHE HMeeT XOTA 6Bl OlMH KOPEHB:

(3cosx _ l)az —(5- 3C08x __ Da+2- 3cosx+1 = 0.

§1.2. Jlormyeckuil riepebOp B HEJIMHEHMHBIX
ypaBHEHHUSX M HepaBeHCTBaXx

Kpyr 3azay4, pelleHHe KOTOPHIX OCHOBEIBAE€TCA HA CTAaHAAPTHBIX IIPeob-
Pa30BaHUAX M JIOTHYECKOM fepebope, JOBOJBHO IIHPOK, a UX GOPMy/IH-
POBKH JOCTATOYHO pasHooOpa3Hel. KiTtoueBBIM IIPH3HAKOM TaKOM 3aJauu
ABJIIETCSA TO, YTO €€ pellleHHe, KAK OTMEYasioCh BhHILIE, HE [Ipe/lonaraet
3HAKOMCTBA C KAaKMMH-TO HOBHIMH HJeAMH M METOJaMH, KOTOPHIX HET B
LIKOJLHEBIX Y4eOHHMKaX, a TpebyeT JHIIEL YMEHMs BBITOTHATH peobpa3oBa-
HHsA, OTBEeYaTh Ha BOMPOCH! O CYIIECTBOBAHHH KOPHEH YpaBHEHUS WIH pe-
LIEHH# HepaBEHCTBA, YAOBJECTBOPAIOIMX Ollpee/leHHbIM YC/I0BUAM, Ha-
XO/IUTh, €CJIH Tpebyerca, caMH 3TH pellleHHUA, BBEINOMHATE HEOOXOAUMEIN
JIOTHYECKHUH nepebop.

IIpumep 1. Haittu Bce 3HaYeHUs napamerpa a, IIPH KOKJ0M H3 KOTO-
PHIX ypaBHeHHe X° — (a + 4)x? + 4ax = 0 ¥MeeT POBHO ZIBA Pa3/MUHBIX
KOPHSI.

PeumieHye. BeiHeceM 3a CKOOKY OOIMiA MHOXXUTEJB JIEBOM YacTH ypaB-
HeHus: x(x2 — (a+4)x+4a) =0, otkyaa x =0 wi x* — (a+4) x+4a=0.
KOpHAMH ITOC/IeHETO YpaBHEHUA ABMAIOTCA X =4 UM x = a (3TH KOPDHH
MOXHO HaiTH, BOCHO/Jb30OBaBIIMCEH ¢opmynamu Buera win ¢GopmMmyson
KOPHeH KBaApaTHOTO ypaBHEHMWs). POBHO ABa pa3/jHYHBIX KOPHA JAHHOE
ypaBHEHHe UMeEET, TOJbKO eI a =0 win a =4.

OtBer: =0, a=4.

[Ipumep 2. Haiftu Bce 3HaUEHUA MapaMeTpa a, IpH KaXKJI0M U3 KOTO-
pBIX ypaBHeHus x2 + 2x +a =17 u x% + 5x = 3a + 18 umeror xoTs GBI OAHH
0bIHI1 KOpEHD.

Pewrenue. [lyctb X — KOPEHDb KaXJ0OTO M3 AaHHBIX YpaBHeHHi. Torza
CIIpaBeANHBEL TOXAECTBA

xZ+2xo+a—17=0 ®

x2+5x,—3a—18 =0. 2

BrlunTas nowieHHO paBeHCTBO (1) U3 (2), nonyunm 3x, —4a—1=0, or-

_4a+1 T 6 6
KyZla Xg = 3 - aKuM 00pa3oM, JaHHbIe YpaBHEHUS UMeIOT He Oosee
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4a+1
3

OZHOTO OOIIEro KOpPHA Xy = 4a; 1 INoacraBuM

M3 YpaBHEHHH, HaNpuMep B nieppoe. [Toaydum
2
(4a+1) 1+2. 4a+1 +a—17 = 0.
3 3
JTO ypaBHEHHe SIBJIAETCA KBAaAPATHHIM OTHOCHTEIBHO d. BHIIOMHKB IIpe-
06pa3oBaHusl, IPUBE/IEM €T0 K CTaHAapTHOMY BHAY: 1602 +41a — 146 =0.

BMECTO X B Jiroboe

KopHaMH 1toc/ieIHEro ypaBHEHUS ABJAIOTCA a4 = ——%% Hna=2.

R 4
OtBer: a= 16,a—-2.

IMpumep 3. TIpH ka)XJAOM 3HAYEHWH MapaMeTpa a PElIMTh HepaBeH-
> 3a.

CTBO
x—3a

5
Pemenue. [lepeHecs *—3g B MPaBylO YacTh HEPABEHCTBA M IIpHBE-

Af IOMYYEHHYIO Pa3HOCTh K OOIeMy 3HaMeHaTeNlo, MPHAEM K HepaBeH-
2
X — —5

CTBY 3a x_gga < 0. Ilpn a =0 HepaBeHCTBO NPHUMET BHJ —g <0, ot-
KyZa x € (0; +). [Ipu a > 0 MOXHO pa3genuTsh 06e YacTi HepaBeHCTBa

5
x— (Ba +
5 —3a
3TOM CJTy4ae 3a + 3g > 3a, pelIleHHEM HEPABEHCTBA SABIAETCA MHTEPBAT

(3a; 3a+ -;—a):

N

—t

3a 5 x

Ha IOJOXUTENbHOEe uKcio 3a. Iomyyum < 0. Ilockombky B

Ilpx a <0 MOXHO pazaenuTh 06e YacTH HEpAaBEHCTBa HA OTPHIATENb-
HO€ YHCI0 3a, U3MEeHMB 3HAaK HepaBEHCTBA Ha I[IPOTHUBOIIONOXHEIHA. TTosy-

X — (Ba +=
3a
x—3a
€M HepaBeHCTBa fABJseTcs 06beMHEeHHE UHTEPBAJIOB (-—oo; 3a + %) U
U (3a; +o):

YHM > 0. IlockonbKy B 3TOM Ciry4ae 3a + % < 3a, peueHH-

2%

3a+ 35—a
5
OrtBerT: (—00; 3a + 3—a) U (3a; +«) npu a <0; (0; +«) mpu a =0;
5
(Ba; 3a+ 333) npu a > 0.
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IMpumep 4. Haiith Bce 3HaUYeHUA [IapaMeTpa a, NpK KaXJ0M U3 KOTO-

pLIX ypaBHeHHE X + V/ X% — 4ax — 7a =3 uMeeT XOTA Obl OZIHH KOPEHb.

PemieHue. IlepenuiieM ypaBHeHHe B BHJIeE \/ x?—4ax—7a=3 - x.
JleBasa yacTh ypaBHEHHA HEOTPHILATENbHA B CHIY HEOTPHLIATENbHOCTH
KBaJpaTHOTO KOpHA. EciiH npaBas 4acTh YpaBHEHMA OTpHILATeIbHA, KOP-
Heill OHO He nMeer. EcjiM IpaBas yacTh YpaBHEHMS HeOTpHIIaTesIbHa,
BO3Be/IEHHE B KBaZpaT 06eHX ero Jacreil sB/isAeTcA paBHOCWIBHBIM IPpeot-
pa3oBaHMEM, T. €. HE [PHBOJIMT HH K [IOTEpe KOPHEH, HU K MPHOOPETEHHIO
MOCTOPOHHMX KOPHeli. B 3TOM ciTydae IIpHMXOIHM K CHCTEME

x$3, x‘*-<~.3:
X2 —dax—7a=9—6x+x%, ) (6—4a)x = 7a+9.

Ilpu @ = 1,5 ypaBHeHHe CHCTEMBI He nMeer KopHe#. Ilpu a # 1,5 kopHeM

at+9
ypaBHEHMSI CUCTEMBI ABJIAETCA X = 6—_— B aTOM CJIydae JaHHOe ypaBHe-

4
HHEe HMeeT XOTA OBl OZMH KOPEHB, TOJBKO €C/IH 6a _;9 < 3. Tepeneca 3

B JIEBYIO YacTh HEPABEHCTBA M IPHBEZA IOMyYeHHYIO Pa3sHOCTh K oblie-

My 3HAMEHATEJIO, IPUAEM K HEPABEHCTBY %2 < 0. PemMB rocjieiHee

HEepaBEeHCTBO METOAOM MHTEPBAJIOB, IIONYYHM @ € (—00; 199] U (% ; +00):

i e e

s s +
9
19

OTrerT: (— ; 19] U (%;+oo).

IIpumep 5. Haiftu Bce 3HaYeHUA NapaMmeTpa d, PH KaXJ0M U3 KO-
TOphIX ypaBHeHMe 3cos2x — (a? — 8a + 6) sinx = 3 uMeeT Ha OTpe3ke
[0; 27] poBHO 4 KOpHA.

PenieHue. IlepeHeceM Bce ciiaraeMble JIEBOM YacTH YpaBHEHMS B €TO
IPaByl0 4acTb H, BOCNOJb30BaBLIHCH (bopmynon 1 — cos2x = 2sin®x,

IIPUBEEM [TONy4€HHOE YpaBHEHHE K BULY 6 sin® x + (a —8a+6)sinx=0,

o . a*—8a+6 .
OTKyAa sinx =0 WM sinx = —=——¢—. KopHaMH ypaBHeHUA sinx =0

aAppATeAa yHoa x = 1k, k € Z. Orpesky [0; 2] npuHagiexxar pOBHO
3 KOpHA 3TOro ypasHeHus: x =0, x =7, x = 27. Ecnn a® — 8a+ 6 =0,

N | W Qs
=] §

2
. a‘—8a+6
KOPHH yPaBHEHUA sinx = ————c—— COBNa/a0T C KOPHAMK yPaBHEHIA
sinx =0, ¥ TOJIBKO 3 KOPHA AAHHOrO YpaBHEHUA IPHHALIEKAT OTPE3KY

2_
[0; 27]. Ecmit @ — 8a + 6 # O, KODHH ypaBHEHMS Sinx = —= 2a+6
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He COBITQJAIOT C KOPHAMM ypaBHeHUA sinx = 0, U JaHHOe ypaBHEHHeE
Oyzner UMeTh POBHO 4 KOpHA Ha otpe3ke [0; 27t] TONBKO B ciaydae, eCIH

2
. a‘—8a+6 "
YpaBHEHHe Sinx = —~——¢=—— HMeeT Ha 3TOM OTPe3Ke €JHHCTBEHHbIH
KOpPEHb, YTO BO3MOXHO, JAHHIb eIH sinx = —1 wiKn sinx = 1. Takum
2 2
a‘—8a+46 a‘*—8a+6
0bpazom, —— ¢ = 1 (oTkyna a =2 win a = 6) win —— ="

(orkyzma a =0 wiu a = 8).

OTtBeT: 0; 2; 6; 8.

IIpumep 6. Haittu Bce 3HaueHHMs IapaMerpa 4, IPH KaXIOM H3 KO-
TOPBIX HH OZTHO M3 YHCe —9 U 8 He NpUHAAJIEKUT MHOXKECTBY PELUeHHI
HEPAaBEHCTBA

O +x —72)4/0,2.-55+x71 1.q2 _ 30 +1 < 0.

24 .. 1 2, 2 .
Pemienye. 3ametuM, 4ro 0,25+ 771 = . 54 71 =X +x=72 Kop-

HAMM KBaJpPaTHOTO TpexwieHa X2 + x — 72 ABnAI0TcA ydcna —9 u 8. Pas-
JIOXKUB 3TOT KBaIpaTHHIA TPEXWieH Ha MHOXXHUTEJIH, [lepelvIlleM HepaBeH-

cTBO B BHUZE (x +9)(x — 8) \/ 56+9)(x—8) g2 _ 3¢ + 1 < 0. YeIoBHE 3a4a41
OyZeT BHIIOJIHEHO TOJABKO B TOM CIIy4ae, €CiM NpH X =—9 K IpH x =8
3Hau€HHe IMOAKOPEHHOTO BHIpaXeHHA OyAeT OTpHLaTeNbHBIM, T.€. €CJIH
a?—3a+2<0, orkyaa a€(1; 2).

OrserT: (1;2).

I[Ipumep 7. HaiiTi Bce 3HaYeHMA napaMerpa a, Ipv KaKIOM H3 KO-
TOpBIX ypaBHeHue lg(ax? — (a+ 2)x +3) +logy ,3x* — (a+2)x+a) =0
nmMeert 6osee JByX KOPHEI.

Peutenue. Ilepeiigs kK ocHOBaHHIO 10, neperuiineM IaHHOE YpaBHEHHE
B euze lg(ax? — (a+ 2)x +3) =1g(3x? — (a + 2)x + a). [Tony4eHHOE ypaB-
HeHUE PaBHOCWIBHO CUCTEME

ax?—{a+2)x+3=3x2—(a+2x+a,
3x?2—(a+2x+a>0.

YpaBHeHHe cHcTeMBl NpHBOAUTCS K BUAY {(a — 3)x?=a — 3. Eciu a # 3,
rnocJieIHee ypaBHEHHUE ABAAETCA KBaAPaTHEIM H 60/ee AByX KOPHEH HMETh
He MoxeT. Ec/ii a = 3, KOpHEM ypaBHEHHSA ABJIAETCA JI060€e TeACTBUTENb-
Hoe 4uco. [Ipy 3TOM HepPaBEHCTBO CHCTEMBI IPHMHUMaeT BHZ 3x% — 5x +
+ 3 >0 4 BHINOJHAETCA IIPH JIFOOOM 3HAYEHUH [IEPEMEHHON B CWJTY OTPH-
HaTeMbHOCTY AUCKPHMHHAHTA U [OJIOXKUTEIBHOCTH CTapuiero Ko3gpguiu-
eHTa KBaJpaTHOIO TPeX'WIEHAa B JIEBOK YaCTH HEPaBEHCTBA.
Orser: 3.

2 Er32014. Matemaruka. 3apava (5
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IMIpumep 8. HaiiTk Bece 3HaYeHUA napaMeTpa a, PH KAXKJO0M H3 KOTO-
pEIX J1060e pelneHvie HepaseHcTBa log, x? < log, (3x +4) ABIsAETCA pelle-
HIeM HepaBeHcTBa 81x2 < 16a®.

Pemrenne. HepaseHetBo log, x2 < log, (x + 2) paBHOCIIBHO cHCTEME

x? < 3x+4,
x # 0.

PelneHreM N1€pBOT'O HEPABEHCTBA CHCTEMEI ABJISIETCSA OTPE30K [—1; 4], 11o-

3TOMy pelleHHE cHCTeMH €cTb [—1; 0) U (0; 4]. 13 HepaBeHcTBa 81x2 <
2

< 16a* nonyqaem |xj < %-. TpeboBaHue 3agaul OyAET BHIIOJHEHO, €C/IH

2
_ﬂa_g_l, 2>2
94 OTKyZAa 2’4’
+<%, @5

T. €. a% > 9 U, 3HaYMT, a € (—; —3] U [3; +»).

OtBeT: (—; —3]U[3; +<).

IMpumep 9. HaliTu Bce 3HaUYeHUA NapaMerpa a, MPH KaXJ0M M3 KOTO-
PEIX 110001 KOPEHb YPaBHEHUS

acos2x +|a|cos4x+cosbx = 1 4y
ABJAETCA KOPHEM YPaBHEHVSA
2sinxcos2x +sin5x = 2sin 2x cos 3x (2)

H, Ha00OPOT, KaXKJblii KOpEHb YpaBHEHUs (2) ABIAETCA KOPHEM ypaBHE-
HuA (1).

Penienue. YpaBHeHue (2) HE COIEPXKUT ltapaMeTpa, [03TOMY LIEIECO-
06pa3Ho HayaTh MMEHHO C €ro peuenus. [Ipeo6pa3oBaB B CyMMy HPOHS3-
BE/IEHHE B [IPABOI YacTy ypaBHEHMA, MOMYIUM

2sinx cos 2x +sin5x = sin 5x —sin x,

OTKyzia 2 sin x(cos 2x + 0,5) =0, u, 3HauwuT, sin x =0 (oTkyza x = 7k, k € Z)
WIH cos 2x = 0,5 (oTkyaa x = :!:—g- + mm, m € Z). Bce HailneHHBIE KO-

HH MOXHO 3amucaTh B 60/ee KOMITaKTHOM BHZe (HanpHMep, pacCMOTPEB

o mn
COOTBETCTBYIOLME MM TOUYKHU €AHHHMYHON OKPYKHOCTH): X = =3 nEZL
Taxum obpasom, HY>KHO HaliTu BCe 3HAYEHUS [TapaMeTpa a, IPH KaXAOM

mn
U3 KOTOPEIX KOPHAMH ypaBHeHUdA (1) ABIAIOTCA yMCIa X = —, h€Z, |

3 ’
mn

TOJBKO OHH. [locTaBHM X = 3

B ypaBHeHue (1):

2mn

aco
573

+ |aj cos iv;_n +cos2mtn = 1.
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TToCcKONMBKY IpH JII060M n € Z cnipaBeJIMBb PABEHCTBA

cos2nn =1, cos4—?1 = cosylrl #0

(4TO JIErKO AOKa3aTh, BOCIIOIB3OBABIIMCE €/IMHMYHON OKPY)KHOCTBIO, IIPH-
MeHVB Itepe6op win GopMyJIbl IPHBEACHHA), MOIy4uM a + |a| =0, orkyza

a < 0. CrneaoBarenbHO, €C/IH YHUCAA X = %ﬂ, n € 7Z, ABAAIOTCA KOPHAMU
ypaBHeHud (1), To a < 0. Ho U3 aTOoro BoBce He cjlesyeT, 4To npH a <0
ypaBHeHHe (1) He MMeer ApYTHX KOpHe#. Ilo3aToMy HyXHO paccMoT-
peTh, Kakue KOPHH UMeeT ypaBHeHHe (1) nipu a < 0. B aToM ciydae OHO
NpPUHHUMAET BHJ aCOos2x — acos4x + cos 6x = 1. TlpuMeHHUB GOPMYJIbI
PasHOCTH KOCHHYCOB M KOCHHYCA YABOEHHOT'O aprymMeHra, Iocje YIpo-
I[eHHH MoayIuM 2asin3xsinx — 2sin?3x =0, oTKyzia Jubo sin3x =0,

60 asinx — sin 3x = 0. KopHsaMu ypaBHeHus sin 3x = 0 ABIAIOTCA YHCIA

_mm
X==3, me Z, COBIAAAIIHe ¢ KOPHAMH ypaBHeHHA (2). YpaBHEHHE

a sin x —sin 3x =0 npeobpasyerca K BUAY asinx — 3 cos® x sin x + sin® x=0,
OTKYZAa
sin x(a — 3 cos? x +sin® x) = 0.

M3 Noc/IefHETO ypaBHEHUA TIOIYYMM, YTo JK60 sinx = 0, mubo cos® x =

a+1 .
=~ - KopHu ypaBHeHUA sinx = 0 npHHaAIeXaT MHOMXECTBY 4HCEN
m

ﬁ “r
X="3", M€ Z. 3HauuT, YyTOOH ypaBHeHUE (1) He HMeNO APYTHX KOPHEH,

a+1
KpOMeE 3THX YHCeJ, HY)XXHO yTOoOBl THOO ypaBHEHHE cos?x = Z BOBCeE

] m
He HMeJIO KOpHeii, THOO ero KOpHAMH Gwm TOJIBKO YHCIA X = —5—, MEZ.

mm
Ecm x = —3=, meZ, 1o 6o cos? x=7 (H toraa a = 0; sICHO, 4YTO MpH
a =0 JpyTHX KopHeii HeT), b0 cos? x = 1 (uto npu a < 0 HEBO3MOXKHO).

1 1
YpaBHeHHE cos? x = 912 He umeer KOpHeH, eciu 1160 at? <0 (otxyna

7] 4
a <—1), mb ajl

TpeboBaHMe 3aJa4H BHIIIOJIHEHO, TOMBKO eciH a=0 win a < —1.
OtBer: (—x; —1) U{0}.

Ynpaxknenusa K §1.2

1. a) Halizure Bce 3HaUEHHUA MMapaMeTpa a, [IpH KaXAO0M H3 KOTOPHIX
ypaBHeHHe x> — (@ — 5)x% — 5ax =0 uMeeT POBHO IBa PA3/MYHEIX KOPHS.

6) HaiiguTe Bce 3HaueHHMs MapaMmeTpa d, IPU KaXAOM H3 KOTOPHIX
ypaBHEHHE x3 4+ 2(a + 3)x% + 12ax = 0 uMeeT POBHO ZiBa pa3IMYHBIX
KODHH.

2.
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2. a) Haiigure Bce 3HaYeHMs NapaMeTpa d, MPH KKAOM U3 KOTOPBIX
ypaBHeHus x2 + 3x —9a+ 18=0u x2 + 6x — 13a + 25 = 0 UM€FOT XOTA 65
OHH O6IIMI1 KOPEHD.

6) Haiinure Bce 3HavyeHMA napaMerpa a, MPH KaXKIOM K3 KOTOPHIX
ypaBHeHMs X2 —x —5a+ 8=0 1 x%2 + x — 8a + 12 = 0 UMeIOT XOTA 6Bl
OZMH ObLHIA KOPEHB.

3. a) Haiigure Bce 3HaueHust napamerpa d # 0, IpH KaXAOM H3 KO-
TOPHIX IIOJIO}KHTeJIbeI Bce abcimccel 06X ToYeK rpadpruKoB GYHKITHIA

fO)=—5"%= 2+2 Hg(X)—"—
6) Hatizure Bce 3HaueHHsa napamerpa a # 0, NpH KaKJOM H3 KOTO-
PBIX IIOJIO}KHTeJIbeI Bce abciycchl OOmMX ToveK rpadpukoB ¢yHKIM

a
— x T e
FOO =g ng0=5
4. a) Haiiaure Bce 3HaueHUs napaMeTrpa d, PH KAKJOM H3 KOTOPBIX
x a A d
YPaBHEHUA ——— =—0 K S~ = —X UMEIOT XOIf 6Bl OZIMH ODIHMIT KOPEHD.

6) Halizute Bce 3HayeHUs MapaMeTpa a, PH KAKAOM H3 KOTOPHIX

4x 4a ”
BHEHUS] —— = —— =X HMEKT KOpDEHb.
ypa Wl =AU T =XH X0TA 6B OAKH OOIIHIT KOpEHb

5. a) Haiigure Bce 3HaueHMA rapaMerpa a, IPH KaXJO0M H3 KOTOPBIX
8 ax 9 ax ”
YPaBHEHMA = 0" M T~ = & HMEIOT XOTs 6Bl OiuH OOIMIT KOPEHb.
0) Haiigure Bce 3HayeHUA IapaMmeTpa d, NPH KOKIOM H3 KOTOPBIX
4 ax S5 ax o
YPAaBHEHUS - = — "~ H 17— = — "~ HMEIOT XOTH 6b! OZIKH OO KOpEHb.

6. a) HaliznTe Bce 3HaueHUA NapaMeTpa d, PH KAKIOM M3 KOTOPBIX
MHOXXECTBOM pELIEHH HepaBeHCTBaA

x>+ 7x+12
—(@a—4)x—4a

<0

ABJAETCA 00beAMHEHME IBYX HEIEPECEKAIOIMXCS HHTEPBAJIOB.
6) Haiigure Bce 3HaueHHA NapaMerpa d, MPH KAKIOM H3 KOTOPHIX
MHO>XECTBOM PEILIEHHIT HepaBEeHCTBA

x> —2x—-3
—(a—1x—a

<0

AB/IAETCA 00BeIMHEHHE ABYX HEllepeceKaroIMXCsl MHTEPBAJIOB.
7. a) Hanizure Bce 3HaYeHuA NapaMerpa d, MpH KOKAOM U3 KOTOPHIX
MHOXECTBOM pelleHHI HEPaBEeHCTBa

x2—(@a—3)x—3a
x?2—(a—-5)x—>5a

<0

ABJNsieTcss OObeJMHEHNE ABYX HElEePEeCEKaIHXCA HHTEPBAJIOB.
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6) Haiijaure Bce 3HaYeHWs napameTpa d, IIPY KaXJOM U3 KOTOPBIX
MHOXXeCTBOM pellleHHI HepaBeHCTBa

x*—(a—4)x—4a
x?—(a+6)x+6a

ABNAETCA 0ObeJHHEHHE JByX HelepeceKalonMXxcs HHTEPBaJIOB.
8. a) Ilpu KaykaOM 3HaAYeHHH IlapaMeTpa a pellnTe HepaBEHCTBO

<0

> a.
x—a

6) Ilpu KakAoM 3HaUYEeHUH TMapaMeTpa a pellTe HEPaBEHCTBO

~—o2g > 24

9. a) Ipu KaxJ0M 3HAYEHHH NTapaMeTpa a PEIINUTE HepaBEeHCTBO

15
ax +2a > 1.

6) [IpHx KaKZOM 3HAYEHHH NapaMeTpa a pellrTe HEPaBEHCTBO
3 2
ax+3a = 37
10. a) Haiigure Bce 3HayeHHUA napameTpa b, IIpH KaXAOM H3 KOTOPBIX
$yHKUMA
_ 10x*+9x+8
Y = = @b—Dx+1
ornpejeieHa Ha BCell YHUCIOBOM NPAMOM U IMPHHUMAET TONBKO IIOTOXH-
TeJIbHbIE 3HAaUEHMA.
6) Haiymure BCe 3HayeHuWs napameTpa b, NpH KaKIOM H3 KOTOPBIX

yHKIMA

_ 5x*—6x+7
Y = 3x2—(5b—2)x+3
onpezejeHa Ha Bcefl YMCJIOBOYW IPAMON M NPHHUMAET TOMBKO IOJIOXH-
TeJIbHbIE 3HaYeHM .

11. a) HaiiauTe BCce 3Ha4YeHUA NapaMeTpa a, NpH KaxJoM H3 KOTOPBIX
ypaBHEHHeE +/ 5ax 4+ 7a=_3x + 7 UMeeT X0TA OBl OUH KOPEHb.

6) Hailaure Bce 3HaueHMs NapaMeTpa d, NPH KaXAOM H3 KOTOPBIX
ypaBHeHHe +/2ax + 3a=2x + 3 umeer X0TA 66l OZUH KOPEHb.

12. a) Haiigute Bce 3HaUeHHUA IapaMeTpa a, IIpH KOKIOM U3 KOTOPBIX
MHOXXECTBOM pelleHUii HepaBeHCTBa (x — 3a +4) v x +a+2 <0 ABndaerca
OTpe30K YHCIOBOM NPAMOW, J/IHHA KOTOPOro paBHa |al.

6) Hajymure Bce 3HaueHMA INapaMmeTpa d, NPH KaXJO0M H3 KOTOPBIX
MHOXXECTBOM pellleHUii HepaBeHCTBa (x —2a + 1) v/ x 4+ 2a — 1 < 0 AB/AeT-
Cf1 OTPE30K YHC/IOBO} MPAMOW, A/IMHA KOTOPOTo paBHa |al.
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13. a) HaliauTe BCe 3HaueHMs napaMeTpa a, IPH KAX/JOM U3 KOTOPHIX
ypaBHeHMe (x —2a)+v/x —5a+12=0 uMeeT eIMHCTBEHHbIIi KOpeHb.

6) Haiigure Bce sHaueHHA napame*rpa a, IpH KaKJOM H3 KOTOPBIX
ypaBHeHUe (X +4a)vx — 3a— 7=0 uMeeT eJMHCTBEHHBII KOPEHB.

14. a) Hatizure Bce 3HayeHHA napame'rpa a, IPH KaXJI0M U3 KOTOPHIX
ypaBHeHue (ax? — (a? 4 8)x + 8a)vx+ 3 =0 uMeer POBHO ZBa pasyHy-
HbIX KOPHS.

6) Hapmm"e BCE 3HAYEeHMA napaMe'rpa a, TIPH KaKJOM M3 KOTOPBIX
ypaBueHHe (ax? — (a? + 6)x + 6a)Vx =0 uMeeT pOBHO JBa pa3iHy-
HBIX KOPHS.

15. a) Hailamte Bce 3sHauYeHUA napamMeTpa a, HPH KaXAOM M3 KOTOPBIX
HepaBeHCTBO (x — 2a+ 1) v/ x — 3a < 0 UMeeT eIUHCTBEHHOE pellieHHe.

6) Hailizure Bce 3HavyeHWs mapaMeTpa d, NPH KaXAOM M3 KOTOPBIX
HepaBeHcTBO (x 4 3a + 1) v/x + a < 0 UMeeT e MHCTBEHHOE PeLIeHHe.

16. a) Hatiaure Bce 3HayeHWS MapaMeTpa d, HPH KaaOM K3 KOTO-
PHIX ypaBHeHHe 10cos 2x = (a® + 13a + 20) sinx + 10 uMeeT Ha oTpesKe
[0; 27t} poBHO 4 KOpHs.

6) Haliaure Bce 3HaueHMs mapameTpa d, IPH KAKAOM H3 KOTOPBIX
ypaBHeHHe 2c0s2x + (a? — 2a — 4) sinx = 2 uMeeT Ha otpe3ke [0; 27]
POBHO 4 KOpHA.

17. a) Haiigute BCe 3HaYeHHA NapamMeTpa a, IPH KaXAOM M3 KOTOPHIX
ypaBHeHHe (3sinx —a — 1)(3sinx + 2a — 1) = 0 uMeeT Ha otpeske {0; 27]
POBHO 2 KOPHH.

6) HaiizpTe Bce 3HaYeHWs NapameTpa a, NPHU KaXAOM M3 KOTOPBIX
ypaBHeHHe (9sinx — a — 5)(9 sinx 4 2a + 1) =0 umeeT Ha oTpeske [0; 27]
POBHO 2 KOpHH.

18. a) Haiigute Bce 3Ha4YeHNA NapaMeTpa a, IPH KaXKAOM H3 KOTOpPHIX

571
YUCJIO 7 HE ABJJAETCA KOPHEM YpaBHEHUS]

(x—57”)(x—10n)\/a2+7a+11+cos551€ — 0,

a Yueio 107 ABAAETCA KOPHEM 3TOrO YpaBHEHUS.
6) Haliz1Te Bce 3HAYEHNs IAPAMETPA A, IPY KAXIOM M3 KOTOPBIX YHC-

77
JI0 77 He ABAETCS KOPHEM ypaBHEHUA

11x

(x-——)(x 147t)\/a —7a—4+4+4cos 720,

a YHCJIO 147 siB/sAeTCA KOPHEM 3TOrO ypaBHEHHA.
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19. a) HaiizuTte Bce 3HauYeHHA napameTpa b, NNpU KaKA0M H3 KOTOPBIX
npsmasd y =b nmeeT ¢ rpagpHKoM GyHKIHH

__ 18sinx+17
Y = 17sinx+18

x0Ta 6Bl OHY OOIIYIO TOUKY.
6) Haiizyte Bce 3HayeHUs napameTpa b, NpH KakA0M M3 KOTOPBIX Npsi-

Mad y =b uMeeT ¢ rpapHUKOoM QyHKIHH

__17sinx+7
~ sinx+11

XOTA OBl OZHY OOILYIO TOYKY.
20. a) Haiizute Bce 3HaYeHUs napameTpa a, NpH KaXKA0M H3 KOTOPBIX

ypaBHeHHE 7 cos? x — (7a +9) cos x +9a =0 umeeT x0T 661 OFHH KOPEHD.
6) HaiisuTe Bce 3HaueHUWs IapaMeTpa d, NMPH KaKJOM H3 KOTOPBIX
ypaBHeHHe 3 cos? x — (3a + 8) cos x + 8a =0 UMeeT xoTa 6b OAHMH KOPEHbD.
21. a) HaiiguTe Bce 3HaYeHUs TapaMeTpa a, MPpH KaX/A0M U3 KOTOPBIX
HY OAHO H3 4yHcesl —3 U 1 He AB/iAeTCA KOPHEM ypaBHEHHS

(x +2x—3)V 6423 £ a2 _ 14a +44 = 0.

6) Haijure Bce 3HaueHUA IlapaMeTpa d, IIPH KaX/JOM M3 KOTOPBIX HH
OZHO M3 YHCeNn —7 U 5 He ABIAETCA KOPHEM YpaBHEHHA

(% + 2x — 35)V/ 25+2x-35 | g2 _ 9q — 53 = 0.

22. a) HaiiguTe Bce 3Ha4YeHUA IlapaMeTpa a, IIPH KaKA0M U3 KOTOPBIX
HepaBeHCTBO

(7 —49)((0,5) ™ —8)((0,2) ¥ —125)(3" —3-279) <0

HMeeT POBHO JBa pellleHUs. YKaXuTe 3TH PeLlIeHUA 1A KaXA0ro U3 Hail-
JE€HHBIX 3HaYeHHH napaMeTpa.

6) Haliszure Bce 3HauyeHHs NapameTpa a, NPH KaXJoM H3 KOTOPBIX
HepaBeHCTBO

(6 —6)((0,25) ™ —64)((0,5) ™ —4-8(3*-27") <0

MMeeT POBHO /iBa pelleHHA. YKaKUTe 3TH PEelleHUA AT KaX/I0ro U3 Hau-
JeHHBIX 3HaYeHHUil NapaMeTpa.

23. a) Haiigure Bce 3HaUYeHWs IlapaMeTpa d, NpH KaXJA0M U3 KOTOPBIX
ypaBHEHHE

logs(ax? — (a—2)x+7) +logy,(7x* — (a—2)x+a) =0

umMmeeT Gojiee ABYX KOpHEH.
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6) HaiiguTe Bce 3HaYeHWs MapaMeTpa d, IPH KaXKJOM M3 KOTOPBIX
YPaBHEHHE

logc,,5 (ax®—(a— 3)x—2) +log, 2x®—(@—3)x—a)=0

nMeeT 6osee AByX KOpHEM.
24. a) Haiiaure Bce 3Ha4YeHUA NapaMeTpa d, IPH KaXXA0M H3 KOTOPHIX
TOJIbKO OZHO M3 YHcea 2 U 3 ABJAETCA pelieHHeM HepaBeHCTBa

(x% —5x+6) logo,3 39+ (x—2)a? —16a(x—2)?) > 0.
6) HalizuTe Bce 3HayeHWA mapaMeTpa d, MPH KaXAOM M3 KOTOPHIX
TOMBKO OZHO M3 YHCeN 3 U 4 ABJAeTCA PellleHHeM HeEpaBeHCTBa
(x* ~ 7x +12) log, ; (72 + (x — 3)a® — 17a(x — 3)%) > 0.

25. a) Haiizure Bce 3HayeHuA NapaMeTpa d, IPH KaKAOM H3 KOTOPHIX
moboe pellleHHe HEPABEHCTBA log, x?g log,(4x + 5) siBAsETCA pelIeHHEM
HepaBeHCTBa 16x2 < 25a%.

6) Haiizute Bce 3Ha4YeHMS MapaMeTpa d, NPU KaKJOM M3 KOTOPBIX
moboe pelueHHe HepaBeHcTBa log, x? < log, (6x 4 7) sBseTCa peleHEHeM
HepaBeHcTBa 9x% < 49a*.

26. a) Haiizure Bce 3HaYeHNs NIapaMeTpa a, NP KaXXJOM M3 KOTOPHIX
ypaBHEHUSA

sin3x +2(Ja| — 2) sin®? x = asinx

sin3x 4cos2x = 14 2sinxcos2x

HMEIOT OHO H TO YK€ MHOXXECTBO KOPHEH.
6) HaizauTe Bce 3HaueHWA NapaMeTpa d, NPH KaKJIOM M3 KOTOPBIX
ypaBHEHHA

4cos® x +|a —4](1 + cos 2x) = a cosx + cos 3x

2cosxcos2x = cos3x+cos2x+1

HMEIOT OZHO H TO YK€ MHOXXeCTBO KOPHEM.
27. a) HaiiauTte BCe 1napel uKcesn a M b, AA KayKA0H U3 KOTOPHIX UMEET
HE MEHee IIEeCTH PellleHUH (X; y) CHCTeMa ypaBHEHHH

bx(2x—y)+(y—-1D(@x—y)=bx+y—1,
4x*+ y? +axy = 1.

6) Haiinute Bce nape yHcen a U b, 11 KaXJ0M U3 KOTOPHIX UMeeT He
MEHEEe BOCBMH pellleHH# (X; y) CHUCTeMa ypaBHEHHH

X2—y?+alx+y)=x—-y+a,
x2+y2+bxy = 1.



I'naBa 2. KBagpaTHbIM TpeXwWIeH B 3ajadyax ¢ [rapaMeTpoM
M HeCTaHJapTHBIX 3aJadax

Perienye 3HaYUTEbHOM YaCTH 33/]a4 € MApaMeTPOM U HECTaHAapTHbIX
3a/la4 CBOJUTCA K HCCIeJ0BAaHHIO KBaJpaTHOro TpexwieHa. JTH 3aJa4H
MOXXHO pas/ie/IHTh Ha ABe 60/bIlIHe IPYIIIbL:

— 3a/]a4M, A1 pelleHHs KOTOPBIX A0CTaTOYHO UCC/IEJOBAHMA JUCKPH-
MHHaHTa U, B HEKOTOPHIX CAy4yasax, NpuMeHeHus ¢opMmyn Bueta (K aToM
CPYIIIie OTHOCATCA 3a/layi, B KOTOPbIX ZUCKPUMHHAHT KBaJpaTHOI'O TPEX-
YileHa SIBASETCA MOJHBIM KBaJpaTOM; 3a/laud Ha oIpezesieHHEe 3HAKOB
KOPHEl KBaJpaTHOIO TpexwIieHa; ypaBHEHMA U HEPABEHCTBA C HECKOJb-
KUMH IIEpEMEHHBIMH, KBa/IpaTHBIE OTHOCHTE/IBHO XOTs OBl OZIHOM M3 HHX);

— 3a/]a4H, CBA3aHHBIE C MCC/IeIOBAHHEM PacllONOXeHHA KOpHel KBa-
PaTHOIO TPeXwIeHa OTHOCHTEJBHO 33JJaHHBIX YHUCEJ, M CBOAMMEBIE K HHM
IIOCJIe HEKOTOPHIX IpeJBapUTeNbHBIX AeHCTBHUM, NpexJe BCEro 3aMEHb!
IiepeMeHHOH.

§2.1. UccneaoBaHHe AHCKpUMHHAHTA U ¢opmyssl Buera

B atom naparpade 6yZyT pacCMOTPEHBl ypaBHEHHA U HEPaBEHCTBA,
KJIIOYEBOH Heeil pellieHHA KOTOPHIX ABadeTca UCCieAoBaHYe JUCKPHMH-
HaHTa KBaJpaTHOro TpexwieHa. B cambix NpOCTBHIX Cay4assx AUCKPHUMM-
HAHT KBaIpaTHOIO TPeXWIeHa ABAAEeTCA NOAHBIM KBaJpaToM, YTO ITO3BO-
JisieT B ABHOM BHJ€ NOJYYHTH KOPHH TpexwieHa H OTBETHTH Ha BOIIPOC 3a-
Zayu. B 6onee CJIOKHBIX 33/laYyax YUCNO HEM3BECTHBIX NPEBOCXOAUT YHCJIO
ypaBHEeHHI WIH HEPaBEHCTB, HO CTENEHD TI0 KpaiiHel Mepe o/[HOM Iepe-
MeHHOI B OZJHOM H3 ypaBHEeHHI1 WK HEPABEHCTB paBHAa /IBYM, YTO II03BO-
JiseT paCCMaTpHBaTh TAKOe YpaBHEHHE WIH HEPABEHCTBO KaK KBaJpaTHOE
OTHOCHTEJIBHO 3TOH mepeMeHHOH.

[lpu pelieHHH 3a/a4, CBA3aHHBIX C OINpeAE/€HHEM 3HAKOB KOPHEM
KBaJIpaTHOT'O TpexwieHa, IOJe3HBIMH OKasbiBaioTcsa ¢opMynsl BHera:

b c

X;+x9= —o X1 Xp = (3Zeck x; ¥ X, — KOpHH KBa/JpaTHOI'C TpeXwieHa
f(x)=ax?+bx+c, a#0). Us atnx dopMyn wieayeT, YTO KBaJPATHBIHA
TpexwieH UMeeT KOPHH pa3HEBIX 3HAKOB B TOM H TOJABKO TOM C/Iydae, eC/IH
C r

7 < O (rorga, pasymeetcs, ac < 0 M ywIOBHE CYLIeCTBOBAaHHA KOPHEH,
T.€. YCJIOBHE TOAOXKUTENbHOCTH AUCKpUMHMHaHTa D = b? — 4ac, Oyzet
BBHIIIONHEHO «aBTOMaTHYeCKH», IIOCKOABKY B 3TOM C/ydae b? — 4ac > 0;

TakK 9TO ZUCKpHMHHAHT MOXXHO HE BBIYHUCIATDE, €CCIH TOJBKO HE TpEGYETCﬁ
HCKaTb CaMH KOpHH TPEX‘UIEHa). JlBa pasIHYHBIX KOPHA OJHOI'O 3HAKa
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KBaJlpaTHHH TpexwieH 6yAeT UMEThb, TOJBKO €CIH % >0u D >0 (3zecp
YCJIOBHE TOJOXHUTENbHOCTH AUCKPUMHUHAHTA, T.€. YCJIOBHE CYLIECTBO-
BaHUA KOpHEH, yxe spaseTcsa obszaTenbHeIM). Oba 3Tux KOpHA OyayT
TOJIOKUTEBHE], €C/IH UX CyMMa I0JIOKUTeNbHA (T. €. ZOTIONHUTENBHO BhI-

b
TO/IHEHO YCIOBHeE — > 0 WK 3KBUBA/IEHTHOE EMY ab > 0); ob6a kopHs 6yayT
OTpHLaTeNTEHBIMH, €CTH HX CYMMa OTpHLaTeNibHa (T.e. JOMOMHHTENIBHO

b
BEINOTHEHO ycioBHe — < 0 wiM sKBHBaleHTHOe eMy ab < 0). B s3agauax

TaKoro poja INnpuMeHeHHe (QOpMYJbl KOpHel KBaJpaTHOIO ypaBHEHHUS
C MOCAEAYIONIHM BBUIMCHIBAHHEM COOTBETCTBYIOLIMX (YacTO HppalHo-
HaJIBbHBIX) HEPABEHCTB OOBIMHO NPHBOAMT K I'POMO3JKHUM BBIKI3JKaM H
CYLIeCTBEHHO YZ/MHAeT pemieHHe. OCHOBHBIE YTBEPXAEHUA O 3HaKax
KOPHEH KBaJpaTHOro TpexwieHa Ternepb MOXHO NPHBECTH B KOMITAKTHOM
3anMcu € MIOMOIIBIO CyeAyIonlel TabM bl

YTBEpXAeHHMA O 3HaKax KOpHEH KBaJpaTHOro Tpex'wieHa Heobxoaumeble
fx)= ax?+bx+c (a #0, D=b%— 4ac) M IOCTATOYHBIE YCIOBMSA

1) f(x) umeeT ZBa KOPHSA PasHbIX 3HAKOB ac<0
D>0,

2) f(x) umeeT ABA pasIMYHEIX KOPHA OJIHOTO 3HaKa { ac>0
D>0,

3) f(x) ¥MeeT ABa pa3NTMYHEBIX NOAOKUTENEHEIX KOPHA ac>0,
ab<0
D>0,

4) f(x) iMeeT ABa pasIHYHbIX OTPHLATEIBHEIX KOPHS ac>0,
ab>0

ChopMynHpoBaHHEIE YTBEPXKIEHHUSA MO3BOJAIOT OTBeYaTh H Ha bosee
CJIOXKHbIe Bornpockl. HanpuMep, A OTBeTa Ha BOIPOC 0 HEOOXOAMMBIX U
ZIOCTATOYHBIX YCIOBUAX TOIO, YTO MHOrowieH f(x) =ax?+ bx + ¢ uMeeT
XOTA 6Bl OAUH NONOXKUTENBbHBIM KOPEHD, HY)XHO, BOOOIIIE FTOBOPS, pacCMOT-
peTh nAThL ciaydaeB: 1) a =0 u muorowieH f(x)=bx + ¢ UMeeT NoIOKU-
TeJIbHBIM KOpeHb; 2) a # 0 u MHorowreH f(x)=ax?+ bx + ¢ uMmeeT fBa
pa3MYHBIX NOJOXKHUTEIBHBIX KOPHSA; 3) a # 0 1 MHorowieH f (x) MMeeT /ipa
KOPHA pa3HbiX 3HAKOB; 4) a # 0 1 MHOrowieH f (x) UMeeT iBa KOpHsi, OAHH
M3 KOTOPEIX paBeH HY/IO, a APYrou NoJoxHuTeNeH; 5) a # 0 U MHorowwieH
f (x) umeeT pOBHO OZMH KOPEHb, IIPUYEM 3TOT KOPEHD TOJOKUTEIEH.
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Popmynsl BueTa MOXXHO MCIIONB30BaTh M /A BBIYUCJIEHMS KOPHEH
HEMPUBEAEHHOI'O KBaJpaTHOIO ypaBHeHUsA. B camoM fiene, nyCcTh ZaHo
KBaJpaTHOE ypaBHEHHE ax? + bx + ¢ = 0, KOPHAMH KOTOPOTO SBJIAIOTCA
YyHCiaa X; M Xy. Torpa, Kak ye OTMeYasnoCh, CIpaBeAJHBB QOPMYJH
Buera:

Ecnu yMHOXUTH 00e yacTH nepBOro ypaBHEHHA CHCTEMEI Ha g, a 06e ya-
CTH BTOPOIO YPAaBHEHHMA Ha a2, TIOJYYHM CHCTEMY, KOTOPYIO MOYKHO 3aIIM-
caTh Tak:

(axy) + (axy) = —b,

(ax;)(axy) = ac.

Takum obpasoM, ecyiM HAHTH [Ba YHCJA, IIPOM3BEIEHHE KOTOPHIX DPaB-
HO ac, a cymMma paBHa --b, To 3T0 OyayT yHucia ax; ¥ ax,, NOC/Ie Yero
OCTaHeTCA KakJ0e M3 HalJeHHBIX YHCesl pasgesinTh Ha a U MOJIyYUTh KOp-
HHU JaHHOTI'O ypaBHeHHUA. [IpH onpeseieHHOM HaBhIKE TaKWe BHIYHC/ICHUA
JIETKO TIPOBOJSTCA YCTHO: Ha «pOib» aX; H aX,; NPETeHAYIOT [eluTe-
M 4YMCIa ac, W, nepebHpast «I0 BO3pacTaHHIO» BO3MOXHBIE Ae/IHTeNH
Toro uyuciaa (HayuMHasAd C IPOCTEMIIEro — €IHHHMIBI), MOXHO JAOBOJIb-
HO OBICTPO NOMYYUTH OTBET. Tak, A1 BHIYHCJIEHUS KOpHEM ypaBHeHM:
8x? — 73x + 9 =0 HaijzeM cHayaja ABa YHCIA, NPOU3BE/IEHNE KOTOPHIX
paBHO 8-9=72, a cymMa paBHa 73. ¥Y>Ke IIPOCTEHILHH JeTUTe/Nb YuCaa 72
[IO3BOJIAET NONYYUTE OTBET: 1-72=72, 1+ 72=73. Ocrasocs pasaesurs

. 1
HajiieHHEIe YMCIa HA 8 M TNOJNyYUTh KOPHM /JaHHOIO YPAaBHEHWS: g M

72
g = 9. PaccMOTpHM erle OfMH IpHMep, BEIYHCINB KOPHM ypaBHEHUA

9x? — 15x + 4 = 0. Jyin 3TOro CHayaja Haiizem ZBa YHCIa, IIPOM3BE/IE-
HHEe KOTOpHIX paBHO 9 -4 =36, a cyMmMa paBHa 15. Ilepebupas mapwnt
Aemureneit yncaa 36 «1o Bo3pacTaHHIO» MeHbllero zenurens (1 u 36,
2118, 3 u12), yxe Ha TpeTbeM «1lIare» HaXOAHM HCKOMBIE YHCAa, CYMMa

KOTOpBIX paBHa 15: 310 3 1 12. PazfenuB KaxJoe M3 HUX Ha 9, MoayIuM

3 1 12 _ 4
KOPHU JdHHOTO YPAaBHEHMA: § =3 H o = 3.
ypaBHeHMA 4x? + 5x — 6 =0 HaiiZieM ABa YHC/a, IPOU3BEJEHHE KOTOPBIX
paBHO 4 - (—6) = —24, a cymma paBHa —5. [TockosibKy IpoH3BeAEHHE
ABYX 3THX 4YHMCesl OTPHULAaTeNbHO, OAHO U3 HHUX ABJACTCA MOJMOKUTENIbHBIM,
Apyroe — otpHLaTe/NbHpIM. CyMMa 3TUX YHCE TaKkKe OTpHLiaTe/lbHa, I0-
3TOMY MEHBIIHI JenuTenb yncia 24 6yaem «OpaTh» CO 3HAKOM «ILTIOC», &

OonBHINI — CO 3HAKOM «MHHYyC»: 1 1 —24, 2 1 —12, ... Ha TpeTbeM «iare»

JlJ1s. BBIMMCIIEHUS KOpHEU
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TIOJIyYa€eM ZiBa YHcaIa, CyMMa KOTOpBIX paBHa —3: 3To 3 U —8. Pazjenus

bl 3
KaXJoe H3 3THX YHcesl Ha 4, HaiileM KOPHHM JAHHOIO ypaBHEHMA: 2 ¥

—8
2 = —2. PazymeeTcd, 3TOT NpHeM NPHMEHHM TOJBKO B T€X CNydasx,

KOIZia KOPHM KB&/JpaTHOI'O ypaBHEHMA paliHOHAIbHBL.

INepeiigemM Teneps k Honee CIIOKHBIM 33/1a4aM.

IIpumep 1. HaliTH BCce 3HAYeHHUA MapameTpa a, A1 KaKI0ro U3 KoTo-
PHIX GObLIMI KOpeHDb ypaBHEHUs x2 — (14a — 1)x + 49a® — 7a=0 B nATh
pas bosblile, YeM ero MEHBIIHH KOPEHb.

Pentenue. PaccMOTpHM JaHHOe ypaBHEHHE KakK KBaJjpaTHoOe C Iiepe-
MeHHOU X. VI3 ycyioBuA 3a/1a4H C/iefyeT, UYTO 3TO ypaBHEHHE AO/KHO UMETh
[iBa pa3jMYHBIX KOPHA, YTO BO3SMOXHO B TOM U TOJBKO TOM Ciay4ae, ec-
JI1 AUCKPHUMUHAHT D ypaBHeHMA NoAoxKUTeNeH. [IycTh X; U X5 — COOTBET-

. . 14a—1—+D
CTBEHHO MEHBIIH M O0MbLIMIT KOPHU ypaBHeHus. Torzaa x; = 5 )
14a—1++/
X = 4a 2 +vD . [lockONBKY

D = (14a - 1)*—4(49a* — 7a) = 1,

IIOJIyYUM, 4YTO X; = 7a — 1, x5 = 7a. [lo ycinoBUIO X, = 5Xx;, IO3TOMY
7a=5(7a—1), orkyga a = 25_8
S

OTBeT: a= 28"

3amevyanue. KopHH ypaBHeHMS MOXHO OBUIO HalTH, BOCIIOAB30-
BaBIIKMCh GOpMy/laMu BHeTa: MX npoMsBeseHHe paBHO 49a2 — 7a, T.e.
7a(7a ~ 1), acymma paBHa 14a — 1, T.e. 7a + (7a — 1). Ciie1yeT OTMETHTD,
YTO B HEKOTOPLIX ciydasx 3HaHue GopMys Buera mosBonseT OwicTpee
TOJMYYUTE OTBET, OAHAKO IIPU OTCYTCTBHMH JO/DKHOM NMPaKTHUKH PelleHUs
NOZOGHBIX 337124 JIyYIIe «4eCTHO» BHIYUC/IATD AUCKPHMHUHAHT.

IIpymep 2. HaiiTh Bce 3HayeHUA IapaMeTpa a, MPH KaKIOM M3 KO-
TOpbIX ypaBHeHHE X2 — 2(a® — 4a + 1)x + 4 = 0 UMeeT /Ba pasIHYHBIX
OTpULiaTeNIbHBIX KOPHS.

Pemenue. O6osHaunm a” — 4a + 1 yepes b i paccMOTpHM ypaBHEHHe
x% — 2bx +4=0. JTo ypaBHeHHe WMeeT [Ba pasINYHbIX KOPHA B TOM M
TOJABKO TOM C/Iy4ae, eC/IH ero IUCKpUMHUHAHT D nonoxuresieH (WIH, YTO

TO Xe, eCJI -E— =b?% — 4> 0). Vs dopmyn BHera wieAyeT, YTO €CIH 3TO
ypaBHEHHe MMeeT /iBa Pa3iM4HbIX KOPHSA, TO 3TH KOPHH — OAHOrO 3HAKa,
TaK KakK UX IIPOM3BeIeHHE PABHO NOJOXKUTENbHOMY YHCAy 4. OTpHULIaTeNb-
HbIMH 3TH KOpHH OyayT, eCcJIM MX cyMMa OTpHliaTesbHa, T. €. ecu b < 0.
Jlo6aBHB K Noc/ejHEMY HEpaBEHCTBY YCIOBHE IOJAOKHUTEIbHOCTH YHCJIA
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D
—4' , IIOJIYIHM CUCTEMY

b <0, b<0,
b2—4>0 R Y Gp_2kb+2) >0

PelieHre BTOpOro HepaBeHCTBA CHCTEMEI — OOLE€IHHEHHE ABYX JIydei
(—o0; —2) U (2; +0):

C y4eToM mepBoro HepaBe€HCTBA CHUCTEMbI IOAYYHMM, yTO b < —2,
T.e. a* —4a+ 1< —2, orkyaa a® — 4a + 3 < 0. KOpHAMH KBaJpaTHOIO
TpexwleHa B JIEBOM 4aCTH MOCJAeJHEro HepaBeHCTBa ABJAIOTCA YHC/A
1 u 3. 3HaumT, (a —1)(a—3) <0, otkyga a € (1; 3):

af

OteeT: (1; 3).

ITpumep 3. 411 KaxJ0ro sHa4€HUA NapamMeTpa a HaWTH KOPHH ypaB-
HeHuA arcsin(ax? — ax — 1) 4+ arcsinx =0.

Pentenue. [lepenuiinemM ypaBHeHHe B BHIE

arcsin(ax? —ax—1) = —arcsinx
Y BOCIIONIb3yeMCA HEYETHOCTBIO apKCHHYCa:
arcsin(ax® —ax — 1) = arcsin(—x).

APKCHUHYCHI ABYX YHCeJ1 pABHBI B TOM H TOJBKO TOM C/Iy4ae, ec/IH 3TH YUCaa
pPaBHbI (3TO caefyeT, HallpUMep, U3 Bo3spacTaHuAa QYHKIUM Yy = arcsint)
H MOAY/b KXA0r0 U3 HUX HE NPEBOCXOAUT eIUHULHL (B CITY paBeHCTBA
YHCeJI NI0CNeJHee orpaHiyeHe JO0CTAaTOYHO 3aMnHCaTh TOJABKO /IS OGHOTO
M3 HUX). Takum 06pa3oM, NPHUXOAHUM K CHCTEME

ax?—ax—1= —x, ax’—(a—1x-1=0,
OTKyAa
-l <1, RAERINEST
[TepBoe ypaBHeHHe cHCTeME! siB/geTca MHbo JuHeHHBIM (IIpH a = 0), 1H-
60 kBagpaTHEM (TIpH a # 0). PaccMoTpuM 06a atux caydas. Ilycrs a =0.
B aToM cnyyae cuCTeMa NIpUMET BHJ
x—1=0,

x| < 1 OoTKyZa x = 1.
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IIyctsb a # 0. B aToM ci1ydae KOpHAMH ypaBHEHHNA CHCTEMBEI SABJIAIOTCA YHC-

]- _r _r
nax;=1ux,=— (MX MOXKHO HAiTH, BOCIIONE30BaBIIMCE GOPMYNION

KOpHei KBaJPaTHOrO YpaBHEHYA WK dopmynamu Buera). [list neEpBOTO
U3 HUYX HEPABEHCTBO CHCTEMB! BHIIOJIHEHO, a AU BTOpOro 370 HepaBeH-

CTBO IPUMeET BH]

—%l <1, oTkyza %‘ < 1w, 3HauwT, |a| > 1. Eoma=-1,

70 Xy =x; = 1. B a € (—o; —1) U[L; +00), ypaBHEHHE HMEET /iBa KOp-
Hil.
OTBeT:! {—-(1;; 1} npu a € (—«; —1)U[1; +); {1} npuae[-1;1).
Tpumep 4. HaliTi BCe 3HaYeHuA napamerpa d, Ui KQKAOI'0 U3 KOTO-
2

xt—2x—1
B e ———————————
pBIX YPaBHEHHE T 9x+2

PelreHue. 3aMeTHM, YTO JIeBast 4acTh ypaBHEHHNA onpe/eena IpH Jifo-
6oM gelCTBUTEIEHOM 3HAYeHHH nlepeMeHHO}, IIOCKONbKY JUCKPUMHHAHT
KBapaTHOTO TpeXwIeHa B 3HaMeHaTene apobu oTpHuarelen H, Cleno-
BaTeNTpHO, He obpamaercs B Hy/b. PacCMOTPHM /jdHHOE ypaBHEHHE KaK
ypaBHEHHE BTOPOH CTENEHH C riepeMeHHO X, MpUBeJsA ero K Cranapt-
HOMY BHAY. BBIIOIHMM HeoOxoAUMBIE TTpeobpasoBaHuA: x2-2x—1=
= a(x? - 2x+2), otyaa (@ — Dx* —2(a—Dx +2a+1 =0.IMpua=1
ypaBHeHue NpuHUMaeT BHA O- X + 3 =0 u He uMeeT KopHei. I[Ipu a#1
ypaBHEHHE fIBIAETCsA KBA/ZpaTHBIM U HMEET XOTH 6bl OOUH KOPEHb B TOM
1 TOJBKO TOM C/Iyyae, eCiH ero AUCKpUMHHAHT D HeoTpHLaTe eH (50078

= g uMeeT XOTA Obl OAHH KOPEHB.

YTO TO XK€, eC/IH % > 0). IToCKOABKY

2 =@-1’-@-D@a+D) =—(a-Dia+2),

nonygaeM HepaseHcTBO (a — 1)(a +2) < 0, 13 KOTOpOro € y4eTOM yCJIOBUsA
a# 1 HaxoauM, 4to a € [—2; 1).

+ -1 +

—92 " i a

OtseT: [—2; 1).
3aMeuyanue. AHAJOrHYHbBIM 0OpasoM MOXHO, HE npuberas K MpuUMe-
HEHHIO IIPOM3BO/IHOM, HANTH MHOXECTBO 3HayeHH 11060 ApoOHO-KBA-
. a;x? +byx+¢
paTH4HOM QYHKIMY, T.€. QYHKUHHM BUAA Y =~ 5 , Tie xot1s Obl
a,x*+byx+c,
OIMH U3 KO3)GHUIIHEHTOB a; WIH dy OT/IMYEH OT HYJIA (nocieaHee yCIOBHE
MOXKHO KOPOTKO 3allicaTh Tak: aj + a; # 0). Boobine, Kak Mbl yBUAMM B
[anbHeifleM, pacCCMOTPEHHE YpaBHEHHA ¢ HECKOILKMMH HEU3BECTHBIMH
KaK KBaJpaTHOTO OTHOCHTEBHO OAHOH M3 HHX OKAa3blBAETCA BecbMa 3¢-
$EeKTUBHBIM H [JIs1 pEIieHHA 60J1€€ CIOXKHBIX 3a/a4Y.
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Ilpumep 5. HaliTu Bce 3HaueHUA NapameTpa a, Ipu KaXKAOM M3 KOTO-
pbix ypaBHenue 121% + (3a%2 —a +4) - 11¥ — 5a — 2=0 HUMeeT eJ1HCTBeH-
HEI KOPEHb.

Pemienuie. Czrenaem 3ameHy nepeMeHHOH. [lycth t = 11%. YpapHeHue
npumer Bug t2 + (3a® — a + 4t — 5a — 2 = 0. [Tockonbky 11* > 0 mpu
moboM ZeHCTBUTE/LHOM 3HAYEHMH IIEPEMEHHOM, 33Ja49y MOXKHO Iepe-
$opMynHpoBaTh TAaK: HAWTH BCE 3HAYEHHA MAPaMeTpa d, NMPH KaKIOM
U3 KOTOPBIX YpaBHEHHE t2+ (3a®? —a+ 4t —5a — 2 =0 umMeeT eauH-
CTBEHHBIH IOJIOXKUTENbHEINA KOopeHb. EC/iM 3TO ypaBHeHHE MMeeT KOPHH
t; M t,, TO MX CyMMa paBHa —3a? + a — 4. JJUcCKPHMHHAHT KBaZIpaTHOTO
TpexwieHa —3a? + a — 4 orpuuarenes (oH paBeH —47) ¥ KO3PPHUIMEHT
IIpH BTOPOH CTENEHH a OTpULAreseH, nostomy —3a’ +a — 4 <0 npu
J060M JEHCTBUTENIBHOM d. 3HAYMT, t; +t, < 0, U TOIBKO OJUH KOPEHb
ypasHenusa t2 + (3a® — a+ 4)t — 5a — 2 = 0 mMoXeT GBITh MOIOKUTEJIEH.
i 3TOoro HeobXoAMMO M AOCTATOYHO, YTOOL! GBLUIO BHIIOAHEHO YCIOBHE
t1t, <0, T.e. —5a—2 <0, orkyaa a > ~0,4.

OrBer: (—0,4; +x).

IlpumMep 6. HaliTu Bce 3HaYeHUA IapaMmeTrpa d, AJIs KaK/0T0 13 KOTO-
PBIX cHCTEMA YPaBHEHUIT

x+4y =1,
x% 4 20xy + 100y? — 8ax — 80ay +97a® + 144a+ 64 = 0

YIMeeT €JUHCTBEHHOE pPENIEHHE.

Pemtenye. Jlna toro 4yrobbl OTBETUTH HAa BOMPOC 33Ja4yil, MOKHO
Y3 IepBOrO ypaBHEHWsA BBIPA3UTL X 4Yepe3 Y, MOACTABHTH ITONTy4YEHHOE
BBIPaYXEHHE BO BTOPOE ypaBHEHHE H PacCMOTPETD €ro Kak KBaJpaTHOE OT-
HOCHTEJILHO IIepeMEHHOH y. JJaHHaA cuctema 6yeT UMeTh € JHHCTBEHHOE
pellieHiie B TOM Y TOJBKO TOM Cy4ae, ecy AUCKPUMHUHAHT MTOJTy4€eHHOTO
ypPaBHEHHs paBeH Hy/mo. [IpMpaBHAB AUCKPUMHHAHT K HY/IIO H PEIIUB II0-
JIyYEHHOE YpaBHEHMe C NepPEeMEHHOH a, HaiileM OTBeT. BEIK/Ia KK MOXKHO
YIIPOCTHTD, €CJIM 3aMETUTD, YTO IIE€PBBI€ TPHU CJIAaTaeMBIX B JIEBOH YacTH
BTOPOr0 YpPaBHEHHA CHCTEMEI IIPEACTARISTIOT cCo60# KBaapaT CyMMEI YHce
x u 10y, a —8ax — 80ay = —8a(x + 10y), B ciIy Yero 3to ypaBHeHUe
MOJKHO TPMBECTH K BUAY (x +10y)% —8a(x +10y) +97a>+ 144a+64=0.
Ecnmm mocnezHee (KBaJpaTHoe OTHOCHUTENBHO t = x + 10y) ypaBHeHUe
MMeeT Ba pa3/iMYHBIX KOPHA t; U Ly, TO U AaHHaA cucrema 6yaeT HMeTb
JiBa pellleHMs, IMTOCKOIbKY KaX/Jas U3 CHCTEM

x+4y =1, x+4y =1,
x+10y =1, " x+10y =1,
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6yzer MMeTh POBHO OAHO pelleHVe M 3TH PeLICHMS ABJAIOTCA pa3iiy-
HeMU (06bsacHMTE mNoyemy). CiesoBaTe/IbHO, JaHHAA CHCTEMa HMeeT
€IMHCTBEHHOE pellleHHe B TOM H TOJBKO TOM CJydyae, eCld ypaBHEHHe
t2 — 8at + 97a% + 144a + 64 = 0 UMeeT €AMHCTBEHHLIN KOpeHb. [locnea-
Hee BO3MOXHO, TOMBKO €C/IM JUCKpUMHHAHT D 3TOro ypaBHEHHA paBeH
D

Hymo (WiH, 4TO TO XKe, ec/iy 7= 0). INockonbKy

D 2 2 2 2
7= 16a” — (97a* + 144a + 64) = —(81a” +144a+64) = —(9a+8)7,

YCJIOBHE paBeHCTBa HYMO JHCKpUMHHAaHTa BBHIITOAHAETCA TOJBKO IIPH

a=—§.

-8
OrBeT: 0= 5

ITpumep 7. HaliTy Bce 3HaYEHUs NapaMeTpa d, AJs1 K&KJ0ro U3 KOTo-
phIX Ipu 06OM 3HaYEHUH TTapaMeTpa b ciicTeMa ypaBHEHHH

bx = y +az?,
(b—6)x+2by =42+4

vmeer X0TA 651 0HO peleHye (x; y; 2).

Pemenye. 3/iecbk MBI BCTPEYaeMCS € JOBOTLHO TUIIMYHOM JJIS1 HECTaH-
JApTHBIX YPABHEHU 1 HEPABEHCTB (B TOM 4YHC/I€ COJEpXKalliX NapaMer-
PBI) CHUTYaI{Med: YMCI0 ypaBHEHHH MeHbllle YHMC/a HEH3BECTHLIX, Aa K TO-
My e CHCTeMa CoePKUT napaMerp. [TocMOTpeB Ha CHCTEMY BHUMATE/Ib-
Hell, BUIMM, YTO OTHOCUTEIBHO IMEPEMEHHBIX X U ¥ OHA AIBJIAETCS JIMHEH-
HoOii. BLIpasuB U3 NepBOro ypaBHEHHS y 4Yepes X, MOay4yuM y = bx — az?.
[ToAcTaBHUM 3TO BHIPa)XKEHHE BO BTOPOE YpaBHEHHE CHCTEMEI, IIEpeHeceM

Bece c/laraeMble B JIEBYIO YaCTh U BHIHECEM 3a cKOOKH x. TToIyuyuM cHcTeMy
y = bx — az?,
(2b2+b—6)x — 2abz® —42—4 = 0.

Ecmu 2b2 +b—6#0 (.e. b# -2 u b# %), MOXHO (Ha4aB cO BTOPOTO

yPaBHEHUA) JOBONBHO JIETKO MOA06paTh pelleHHe CHCTEMEl IpU Jio6oM
4b

4
2b%2+b—-6’ 2b2+b—6"
Taxum obpasom, npu b7# —2 u b# % cucTeMa MMeeT xoTs Obl OIHO pellle-

Hue (BHe 3aBHCHMOCTH OT 3Ha4YeHUl napaMeTpa a). OcTaercs HAMTH BCe
3HaYEeHHs IMapaMeTpa a, MPH KOTOPBIX CHCTEMA MMEET pellleHHA KaK Ipy

3HAYEHUM MapamMeTpa a, HallpuMep x= 2=0, y=bx=

b=—2, Tak u npu b= % [Mycrek b= —2. Toraa cucreMa NpuMeT BH/|

y = —2x —az?,

az?—z—-1=0.
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Jta cucTeMa UMeeT pellleHHs, TOBKO €C/IH ee BTOpoe ypaBHEHHE HMe-
eT xoTa 6b OIUH KOPEHBb Z,. B camMoM Jene, B 3TOM ciy4ae, BeIOpaB
B KayecTBe x Jioboe AeHCTBUTENBHOE YHUCIO X, M3 IE€pBOr0 ypaBHe-
HUA NOMYYUM y = —2X, — d22, W pellleHHeM CHCTeMbl IpH JoboM a
6yzer (xg; —2xp — azg; %p). Takum 06pazoM, Hy»KHO HCC/Ie[0BaTh BTOPOe
ypaBHeHHe cHcTeMEl. OHO fABAsETCA NUGO MHMHEeWHBIM (NpH a = 0), mibo
kBagpatHbIM (pH a # 0). Paccmorpum oba atux ciaydad. [lycrs a = 0.
Torla KOpHEM BTOpOTO ypaBHEHHs fipiseTcs 2 = —1, U cucrema 6yzaer
MeTh pemeHHs. Ilycthk a # 0. Torsia Bropoe ypaBHEHHE HMEET XOTH
OBl OAMH KOPEeHb, TOABKO €C/IM ero AMCKpUMHHAHT D, HeoTpHIlaTesIeH.

1
TockoneKy Dy = 1 +4a, nonyyum, yro 1+4a >0, oTKyaa a > — 2 3HAYMT,
npu b = —2 cucrema UMeeT XoTd OBl OJHO pellEHME TONBKO B CIydYae

1 3
a > —7. llycts Tenepnb b= 5+ JJaHHYIO CHCTEMY B 3TOM CIy4ae MOXHO
nepenucaThb Tak:

y= %x —az?,

3az2 +4z+4 = 0.

VicciegoBaHHe 3TOH CHCTEMBI MPOBOJAUTCS aHANOTMYHO HMCCIEAOBAHHIO
npeablayLe: ey a =0, To cucTeMa IIPUBOAUTCA K BUAY

_ 3
y"_Ex:
z=-1

1 ¥MeeT 6eCKOHEYHO MHOTO pelleHHH; echH a # 0, BTOpoe ypaBHEHHE CH-
CTEMBI AIBJAETCH KBAJPaTHLIM, H CHCTEMa UMeeT XOTA OBl OJHO pellleHye
TOJMBKO B C/IyYae HEOTPUIATEBHOCTH AUCKPUMHHAHTA Dy 3TOro ypapHe-

1
HUA. VI3 ycnoBHS HEOTPULATEIbHOCTH Dy MonyyuM a < 3" 3HA4YUT, JaHHaA
cucTeMa UMeET X0TA OBl OIHO pellleHHe IpU MoO0M 3HAYEHUM NapaMeT-

1 1
pa b TOMBKO IpH BEIIOTHEHHWH 060MX HepaBeHCTB a > —; U a < 3, OTKY/a

4 3’
1 1:|
ac|—=; 5 |-
%3
11
OtBerT: [——' ~E
4’3
B Tex ciyyasx, KOrjia IaHO OAHO ypaBHeHHe (HepaBeHCTBO) C HECKO/Ib-
KHMH I€peMEHHBIMH, YacTO YZAAeTcs OTBETUTh HA BOIPOC 3aJa4yM, pac-
CMOTpER 3TO ypaBHEeHMe (HEepaBeHCTBO) KaK KBAJPATHOE OTHOCUTEIBHO
OZIHO} U3 ITepEMEHHLIX M HCC/IeI0BaB AUCKPYMHHAHT COOTBETCTBYIOIIErO
KBaJIpaTHOTO TpexwieHa. JTa ujes ABIdeTcs KIIYEBOH Kak AJIA ypaBHe-
HUI M HEPABEHCTB C NTapaMeTpoM, TaK U /i1 He COAepKalliX IapaMerpa

3 EF32014. Marematvika. 3agava C5
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YPaBHEHHHM U HEPABEHCTB C HECKOJIBKUMH II€PEMEHHBIMH, PEIIEHHE KOTO-
pbix TpebyeTcs HaliTH.

[Tpu pemenyny NoAO6GHBIX 33/1a4 MPUXOAUTCA BO MHOTHX CTy4asx BO3-
BOAWUTH B KBaJpaT CyMMY TPeX uHces. HalloMHMM COOTBETCTBYIOIEE Ipa-
BIWIO: KBaJpaT CYMMEI TPEX 4HCe/ paBeH CyYMME KBaJpaToOB 3THX 4HCe,
CJIOXKEHHOH C CyMMO# BCeX BO3MOXHBIX Y/IBOEHHBIX IOIAPHBIX ITPOM3Be-
Aenuii atux yucen: (a +b+c)?2=a?+b? +c? + 2ab + 2bc + 2ac. 3ta dop-
MYyJia JOKa3LIBAETCS ITIepeMHOKeHHeM ckobok (a +b +c)(a+b+¢) v npu-
BeZIEHHEM IMOAOOHBIX C1araeéMplIX.

Ilpumep 8. HaifTy HaMMeHblllee 3HAYEHUE MapaMeTpa d, AJS KOTO-
poro cywectByet xXota Onl ogHA mapa (x; y) TAKUX 4Yucea X U y, 4YTO
x2+2y?—xy—ax+ay +a*<1.

Pemrenre. PaccMOTpHUM JaHHOE HEPABEHCTBO KaK KBaIpaTHOE C Tepe-
MEHHOM X, Iepenucas ero B suge x> — (y + a)x + 2y% +ay + a®> — 1 <0.
INockonbky koadduieHT MpU BTOPOH CTENEHH IMePEeMEHHOMN MOJI0XKUATe-
JIEH, KBaJIPATHLII TPEXWIEH B JIEBOH YacTH HEpPABEHCTBA MOXET IMPUHH-
MaTh HEIOJIOXKHUTENbHbIE 3HAYEHHUA B TOM H TOJIBKO TOM CJIy4Yae, €CH €ro
JAUCKPHUMHUHAHT D, HeoTpuriareneH. [10CKOABKY

D) = (y+a)®>—4@y* +ay +a?-1),
0C/Ie PACKPBITHA CKOOOK U MpUBEAEeHUA MMOAOOHEIX CllaraeMbIX MOTyYHM
D; = ~7y%—2ay —3a® +4.

PaccMotpyM D) kak KBaApaTHBIA TPeXWIleH OTHOCHTENBHO Y. [TOCKOIb-
Ky kK03¢PHUMEHT NMpH BTOPOI CTEMeHH 3TOTC TpeXWIeHa OTPULATEEH,
MPUHUMATL HEOTPHLATE/NbHEIE 3HAYEHHUA OH MOXET TOJBKO B TOM CIy-
yae, eCId €ro AUMCKpUMHHAHT D, HeoTpUUaTe/leH (WM, 4TO TO e, ecnu

D D
Tz >0). Tak kak —;}—2— =a? — (—7)(—3d? + 4), noce yIIpoIweHH it MPUXOAM

K HepaBeHCTBY 28 — 20a” > 0, otkyaa a? < 1,4 u |a| < 4/1,4. 3uauwur,

a€[—+/1,4; y/ 1,4], ¥ HauMeHBIINM BO3MOXXHBIM 3HAYEHUEM Iapamer-
pa a asiseTca —4/1,4.

OtseT: —4/1,4.

IIpumMep 9. HaitTH Bce 3Ha4YeHWsi mapaMmeTrpa a, JUiA KaXKoro H3 KO-
TOPBIX CYUIECTByeT XoTA 6Bl oAHa mapa (x; y) TaKuxX 4YHCcea X U y, 4TO
3x? + 2xy + y? — 4x — 4x cos(ma) + 4 cos*(na) +4=0.

PereHnHe. PaccMOTpUM fjlaHHOe ypaBHEHMe Kak KBaJpaTHOe C Iepe-
MEHHOH X, TIEpEUCcaB €ro B BH/IE

3x2+2(y — 2— 2cos(ma))x + y%> + 4 cos?(na) + 4 = 0.
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ITO YpaBHE€HHE HMeeT KOPHHU B TOM H TOJIBKO TOM ciaydae, eciH ero Juc-

D
KpUMHHAHT D; HeoTpuuareaeH (WIH, YTO TO XKe, eCH Tl > 0). ITockonn-

D
Ky 71 = (y — 2~ 2cos(ma))? — 3(y? + 4 cos?(na) + 4), nocie pacKpbITHA
CKOOOK M NpHBEJEHUS MOJOOHEBIX C1araeMbIX IOJTy4HM

D
Tl = —2y? — 4y — 4y cos(na) — 8 cos®(rra) + 8 cos(ma) — 8.

D “r
U3 yciaoBus — > 0 mociie HeCT0XKHBIX MpeoGpa3oBaHuil NoTyyaeM Hepa-
4 P

Bercteo y2 + 2(1 + cos(ma))y + 4 cos?(ta) — 4cos(ma) + 4 < 0. Jlepas
YacTh 3TOTO HEPABEHCTBA Ipe/cTaBider coboil KBaJApaTHHIM TPEX'JieH
OTHOCUTEJNBHO ¥, KO3pPHUIIMEHT IIPH BTOPOH CTENE€HH KOTOPOro IOJO-
xuTeneH. [IpUHMMATh HEIOIOXWUTEIBHbE 3HAYEHHA 3TOT KBaJpaTHBIM
TpPexX4IeH MOXXET TOJBKO B TOM CJy4ae, eCld €ro AMCKpPUMUHAHT D,

HeoTpHLaTeNIeH (WIH, YTO TO XKe, eCnH % > 0). Tak kKak

D, 2 2

2= (1 4 cos(ma))* — (4 cos“(ma) — 4 cos(ma) +4),
1OC/e PACKPHITHA CKOGOK M NpHUBEJEHHA NMOAOOHBIX C/laraeMeIX MOJIY-
YUM % = —3 cos’(ma) + 6 cos(ma) — 3, oTKyAa % = —3(cos(ma) — 1)2
ITockonbky —3(cos(ma) — 1)2 < 0 nmpu mofoM 3Ha4YeHNH HapameTpa d,
YCI0BHE % > 0 BeIMONIHAETCA, TOABKO eciu —3(cos(ma) — 1)2=0. Takum

obpasom, cos(7ta) =1, otKyAa ma=27n,n€Z, u a==2n, n€Z.

OTtBerT: 2n, n€Z.

B 3axmodyeHH€e pacCMOTPHM He coZepxalljiie napaMerpa ypapHeHHe 1
CHCTEMY YPaBHEHHH C HECKOJIbKUMU NepeMeHHEIMH. Kak MBI yBHAHM HU-
xKe, KIIoUEeBasa ues — pacCMOTPeHHE JaHHOTO YPaBHEHHSA U KaKOro-TO
Y3 ypaBHEHUI CHCTEMBI KaK KBaJpaTHOTO OTHOCHTEIbHO OJHOH U3 Iepe-
MEHHBIX M HCC/IeS0BaHMe ero AUCKPUMHHAHTA — OKa3bIBaeTcs 3 PEeKTHB-
HOI M B 3TOM CJIy4ae.

INpumep 10. Haitti Bce TPOHKHU (X;y;2) TaKUX yucel X, Y, 2, YTO
2x2+5-4% +logiz—4x-2Y —2xlog,z—2"*!1 +1=0.

Pemnenne. PaccmoTpyM ZaHHOE ypaBHEHME Kak KBaJpaTHOE C Iepe-
MEHHOM X, IIepericaB ero B BH/E

2x? ~2(2-2” +log, z)x+5-4" +logiz -2 +1=0.
ITO YpaBHEHHE NMEECT KOpPHH B TOM M TOJIBKO TOM cayyae, €CcnH ero J1c-

D
KpuUMUHAHT D; HeoTpuuaTeseH (WIH, YTO TO XKe, €C/IU —41 > 0). TTocKonbKY

3:
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D
'le =(2-2Y +log,2)2 —2(5-4" + Iog%z — 2Y*1 1 1), nocne packpeITHA

cxo6OK U NpHBeAEHHA MOAOOHLIX CIaraeMbIX HOJYYHM
D 1

2 =64 +4-27-logyz+2-27" —logiz— 2.

D 1
2
BeHCcTBO 64 — 4(log, 2z +1)2 + logg z +2 < 0. JleBas yacTb 3TOTO Hepa-
BeHCTBa Npe/crapiser cobol KBagpaTHBIH TPeXWIieH OTHOCHTENbHO 27,
KO3QPUUMEHT MPH BTOPOH CTENEHH KOTOPOrO IMojoXKuTeneH. Jiia Toro
YTOOLI 3TOT TPEXWIEH MPHHHMAJ HENOJIOXUTEIBHEIE 3HAYEHUS, HEOOXO0-
AHUMO, YTOOLI ero AMCKpUMHHAHT D, GBLI HeoTpHIiaTeNeH (WIH, YTO TO K€,

W3 ycnoBua —- > 0 nocjie HECJIOKHBIX NMpeobpazoBaHUE MOJIyYaeM Hepa-

D 2
vy > 0). 3aMeTHM, YTO 3TO YCJIOBHE HE ABIAETCS JOCTATOYHBIM, IIOCKO/Ib-

Ky 27 npyHMMaeT He Bce JeHCTBHUTEIbHEE 3HAYEHHA, a TOABKO IOJIOMH-
TeJIbHBIE, 1 3TO, BO3MOXXHO, IIPHUAETCS YYUTHIBATE B JanbHereM. Tak kax

D
72 =4(log, 2+ 1)*>— 6- (log; 2+ 2), MoCIe PaCKPHITHS CKOBOK ¥ NPUBEIE-

D

HUA NOJOOHBIX C/TaraeMblX MTOTyYHUM 743 =—2 logg z + 8log, z — 8, oTkyzna
D

Tz = —2(log, z — 2)2. Ilockonbky —2(log, z — 2)? <0 npu moboM 3Haye-

D
HUM Z, YCIOBHE Tz = 0 Bpmonnsiercs, Toabko ecau —2(log, z — 2)? =0.
D

Takum o6pasom, log, 2= 2, oTkyza z = 4. B 3toM ciyyae zz— = 0, KBaJ-
paTHBIM TpexwieH 6 - 47 — 4(logy, 2 + 1)2Y + log% 2+ 2 OTHOCUTEJIBHO 2Y
SIBJIIETCS TIOZIHBIM KBaZ[paTOM U HEPABEHCTBO

6-4” —4(log, z+1)2” +logiz+2 < 0

MpUBOAWTCA K BUAy 6+ (2Y — 1)2 < 0. [Nocneanee HEPABEHCTBO BHIIIOJIHEHO,
D
TOJIBKO ec/ii 2Y =1, otkyza y =0. 3T0O 03Ha4YaeT, 4YTo 1 Tl =0, a 3HayMT,
ypaBHerHe 2x% — 2(2-2Y +log, 2)x +5-4 + Ioggz —2Y*1 4+ 1=0 umeer
2-2Y +log, z
2

€/IJMHCTBEHHBIH KOpeHb X = , e 2=4, y =0, U, ciiefoBaTeb-

HO, x =2.

OtBeT: (2;0; 4).

IIpumep 11. Peniute cucremy
(2—x)(3x—22)=3—2z,
y2+3y =x%2-3x+2,
y%+2? = 62,

2 < 3.
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PelueHye. PackphiB CKOOKH B IEBOM 4aCTH IE€PBOro ypaBHEHHSA, ITOCIe
YTIPOLIEHHI W IPUBeAEHNsA NMOAOOHEIX C/laraeMbIX MOAYYHM ypaBHEHHE

3x%2—2(z+3)x+32+3=0.

PaccMOTpUM MOJMYYeHHOE YpaBHEHHE KaK KBaJpaTHOE OTHOCHTEIBHO Te-
peEMEHHOH X. DTO ypaBHEHHE UMEET KOPHU B TOM U TONBKO TOM cnyqae

ecIH ero AUCKpUMHHaHT D HeoTpyuaTteleH (WIH, YTO TO XKe, ecnu = >0).

D
Hocxoany — =22 — 3z, IPUXOAMM K HEPABEHCTBY 22 — 32 > 0, oTKyza
2(z—3)20. PeumB HEPaBEHCTBO, ITOIYYHM, yTo 2 <0 WM 2 2> 3.

+ — - 4
0 3

TpeThe ypaBHEHHE CHCTEMBI MOKHO Nepemnycarh B Buze (2 — 3)2+y?=
=9, otkyaa (z — 3)2 < 9. INocresHee HEPABEHCTBO MOXHO pellaTh pas-
HBIMH crioco6aMy, HaIpUMep, nepeias K HepaBeHCTBY |z — 3| < 3 Wi —
T0CjIe PacKpHTHA CKOOOK U IIPUBEIEHHSA MOAOOHBIX ¢/laraeMeIX — K Hepa-
BEHCTBY 22 —- 62 <0, oTkyaa z(z — 6) < 0. PenuB HEPABEHCTBO, HalzeM,
yro 0 <2<6:

s
Z

+ l - _ +
0 6 'z

VYUTHIBAsA HEPABEHCTBO 2 < 3 IAHHOM CUCTEMEI, TOMy4YHM, 4TOo 0 <2< 3.
Ho nockonbky 2 < 0 WIH 2 > 3, IepEMEHHAs 2 MOXET IIPUHUMAaTh TONBKO
npa 3padenus: 2 =0 wiM z = 3. PacemoTpum 06a 3tux cayvad. Ipu z2=0
IIepBO€E ypaBHEHHE AAHHON CHCTEMBL IIPHBOAMTCA K BUAY x2—2x+1=0,
win (x —1)2=0, oTkyza x = 1. Tperbe ypaBHeHUE CUCTEMEI IPHHUMAET
npu tom BuA y2 =0, orkysa y =0. [lpu x =1 u y = 0 Bropoe ypae-
HEeHUEe JaHHOM CHCTEMEI, OYEBH/HO, BBLIIOIHEHO. 3HAYMT, TPOHKa YHCE
(1; 0; 0) aBageTCs peleHHeM cucTeMEL [1pH 2 = 3 nepBoe ypaBHeHHE /laH-
HOM cucTeMHl npuHUMaer Bua (2 — x)(3x — 6) =0, orkyaa x = 2. Toraa
BTOpOE YPaBHEHHE CHCTEMEBI IIpHHHMMaeT BHJ y2+3 y 0, otkyaa y =0
WIH ¥y =~—3, a TPeThe ypaBHEHHE ITPUHHMAaET BUJ y2=09, orkyna y =23.
3HauuT, y =—3, ¥ Tpoika yncen (2; —3; 3) — BTOpoe pelleHHe CUCTEMEL

OtseT: (1; 0; 0); (2; —3; 3).

Yonpaxuenus k § 2.1

1. a) HaiiguTe Bce 3HaYeHUs MapaMeTrpa a, 1A KaKA0T0o U3 KOTOPBIX
GonbLInii KopeHb ypasHeHus x2 — (6a — 1)x +9a* — 3a=0 B 9 pa3 6onp-
1le, YeM ero MeHbIIHH KOpeHb.
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6) Hailaure Bce 3HavyeHHUs MapameTpa a, AJA KaXXJOTO M3 KOTOPHIX
MEHBIIHI KOpeHb ypaBHeHua x2 — (8a — 3)x + 16a? —12a =0 B 10 pa3
MEeHbLIe, yeM ero 6O0BIINH KOpeHb.

2. a) Haiigute Bce 3Ha4YeHUs IapaMeTpa d, A KaKJOro M3 KOTOPHIX
GonbIMi KOpeHb ypaBHenms x2 — (10a — 19)x + 25a2 — 95a + 90 =0
MeHBbIIE 7.

6) Haiigute Bce 3HayeHUsA napameTpa d, AJiA KaXKIOIO K3 KOTOPHIX
60bIIME KOpEeHBb YpaBHEHHS x? — (4a — DNx + 4d% ~ 14a + 12 = 0 mMeHb-
me —4.

3. a) Haliaurte Bce 3HaYeHUs napameTpa d, AJs KaXAOF0 U3 KOTOPHIX
ypasrende (x + 2a)? + (x — 6a)? = 200 uMeeT ZBa pa3IMYHBIX KODHSH,
cpesiHee apuPpMeTHYEeCKOe KOTOPHIX PABHO 2.

6) Haiigure Bce 3HayeHUs IMapameTpa d, AJA KaXKIOTO M3 KOTOPHIX
ypaBHeHHe (x — 2a)? + (x — 4a)? = 242 umeer ABa Pa3JMYHbIX KOPHA,
cpesHee apupMeTHYECKOE KOTOPBIX PaBHO — 3.

4. a) Halizyte Bce 3Ha4YeHHUA MapaMeTpa d, s KaOKIOTO U3 KOTOPHIX
OTHOLIEHHE JHUCKPMMHHAHTA ypaBHEHUA ax? + x +2 =0 K KBajpaTy paz-
HOCTH €I'0 KOpPHeH paBHO 8 — 2a.

6) Haiigyte Bce 3HaYeHHsA MapaMeTpa d, AJiA Ka)Joro U3 KOTOPHIX OT-
HOLIEHHE AMCKPHMHUHAHTA ypaBHEHHA ax? — x +4=0 Kk KBaJpaTy pa3Ho-
CTH €ro KOpHel paBHO 4a + 12.

5. a) HailauTe Bce 3HAYEeHHA MapamMeTpa d, IPH KaKIOM M3 KOTOPBIX
ypasuen#e (a — 2)x? — 2(a — 2)x + 3 = 0 UMeeT eAUHCTBEHHbI KOPEHb.

6) Haiiaute Bce 3HaYeHWUs HapaMerpa d, IIPH KaXKAOM M3 KOTOPBIX
ypaBHeHMe (a+ 3)x? — 2(a + 3)x — 5 =0 uMeeT eJUHCTBEeHHbII KOpeHb.

6. a) Haiizure Bce 3HaYeHHs MmapameTpa a, MPH KAKIOM H3 KOTOPHIX
YpaBHEHHE ax? +4x + a = 3 umeet Gonee OAHOTO KOPHSI.

6) Halizure Bce 3HaueHMs mapameTrpa d, IPH KaXKIOM H3 KOTOPHIX
ypaBHeHMe ax? + 6x 4+ a = 8 uMeeT Gosiee OFHOTO KOPHSI.

7. a) Haligure Bce 3HaYeHUs NapamMeTpa a, MPH KaXKIOM M3 KOTOPHIX
ypasrenue (ax? — (a® + 16)x + 16a) v/x + 5 =0 uMeeT pOBHO ZBA pa3IHy-
HBIX KOPHI.

6) Haijsute Bce 3HayeHHsA mapaMeTpa a, MPH KaXKIOM H3 KOTOPBIX
ypasuenue (ax?— (a? + 9x +9a)vx+4 =0 umMeeT pOBHO JIBa pasIHy-
HBIX KOPH1.

8. a) HaiiauTe Bce 3HaYeHHA NMapaMeTpa d, IPH KaXKJIOM H3 KOTOPBIX
HepaBeHCTBO (a? — 1)x2 + 2(a — 1)x + 1> 0 BHLIIOTHEHO npM JoHboM 3Ha-
YeHHH X.

6) HaiiguTte Bce 3HayeHus NapameTpa d, NPH KaXAOM H3 KOTOPHIX
HepaBeHcTBO (a? — 4)x% + 2(a + 2)x — 1 < 0 BBHINOAHEHO TPH JOGOM
3HAYEeHUH X.
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9. a) HaiiguTe Bce 3HaYEeHHA IapaMeTpa a, IIpH KaXJIOM M3 KOTOPBIX
MOZY/Ib Pa3HOCTH KOPHeli ypaBHeHHs x2 — 6x + a? - 4a + 12 =0 npuHu-
MaeT HauGosbiee BO3MOXXHOE 3HAYEHUE.

6) HaiiguTe Bce 3HaYeHMs nmapaMeTpa d, [Py KaKJ0M U3 KOTOPBIX MO-
AY/b PAasHOCTU KOpHe# ypapHenus x2 + 4x — a? + 6a — 7 =0 npuHUMAaeT
HaHMeHEIIIee BO3MOXHOE 3HaYEHHE.

10. a) HaiinuTe Bce 3HaYeHUA IapaMeTpa d, [Py KaKAOM M3 KOTOPBIX
ypaBHeHue x2 + 2(a? + 7a + 3)x + 9 =0 umeer /Ba Pa3IMYHBIX ITONOKH-
TEJIbHBEIX KOPHA.

6) Haiiaure Bce 3HayeHHA ITapaMeTpa a, NMPHU KaKJOM M3 KOTOPBIX
ypasrenye x2 + 2(a? — 6a — 3)x + 16 =0 umeeT AiBa PazMyHbIX OTPHILA-
TEJIbHBIX KOPHS.

11. a) HaiiguTe Bece 3HaueHUA MapameTpa a, pH KaXKIOM H3 KOTOPEIX
ypasrenye ax? — (a + 1)x + 2a® — 5a ~ 3 =0 uMeeT ABa KOPHs Pa3HBIX
3HAKOB.

6) Haiigute Bce 3HaueHHsA MapaMeTpa a, NPH KaXXJIOM M3 KOTOPBIX
ypaeuenue (a2 —a— 2)x? — x +a? +a — 2 =0 umMeeT /iBa KOPHA Pa3HLIX
3HAKOR.

12. a) HaiiauTe Bce 3HaYeHHA NapaMeTpa a, MpU KaXI0M H3 KOTOPBIX
ypasrenue 4 cos® 3x —4(a — 3) cos® 3x — 2a + 5 = 0 umeer xors 6kl OAUH
KOPEHb.

6) Haiijaurte Bce 3Ha4YeHHs MapaMeTpa a, NP KaXXJOM H3 KOTOPBIX
ypaBHEHHE 4sin®5x — 4(a + 1) sin? 5x — 2a — 3 = 0 uMeeT x0TA GBI OAUH
KOpPEHb.

13. a) HaiizuTe Bce 3Ha4YeHUs llapaMeTpa a, NP KaXXJO0M M3 KOTOPBIX
ypasHeHue cos”? x — (a +2) cos? x —a — 3 =0 umeet xoTs OBl OAMH KOPEHb,
U YKa)KWTe KOPHH YPAaBHEHHA JUTA KaXK/JO0r0 M3 HalIeHHBIX 3HAYEeHHH a.

6) Hajijzurte Bce 3HayeHHA IlapaMmeTpa d, IpPH KaXKJIOM M3 KOTODBIX
ypaBHEHUE sin®x + (a — 6) sin® x — 4a + 8 =0 uMeeT X0oTA GBI OAUH KO-
peHb, U YKOKHUTE KOPHM ypaBHEHHSA U1 KaXXJOTO M3 HalEHHBIX 3HAYe-
HMH a.

14. a) Haiizure Bce 3HaYeHMA ITapaMeTpa d, IPH Ka)XXKIOM U3 KOTO-
phiX ypaBHeHHe cos 14x + 2(5a + 9) sin 7x — 110a + 43 =0 umeeT x0T ObLI
OZIUH KOPEHB.

6) HaiiguTte Bce 3HayeHWUs IapaMerpa a, NpH KaXIOM U3 KOTOPBIX
ypaBHenue cos 18x + 4(a — 1) sin9x — 20a + 69 =0 umeer x0T OB1 OAYH
KOPEHB.

15. a) HaiiguTe Bce 3Ha4YeHHsA IapaMeTpa a, [IpH KaXXJ0M H3 KOTOPBIX
ypaBHeHHe cos 2x — 2(a + 1) cosx —4a — 11 =0 umeer xo1a 6L1 OIH KO-
PEHB, ¥ YKAOXKHTE KOPHH YPaBHEHHA JUIA KaX/0T0 U3 HAlZEHHHIX 3HAYe-
HMH a.
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6) HaiigyTe Bee 3HaYeHHS TapaMeTpa d, [PH KaXKJI0M M3 KOTOPHIX ypas-
HeHMe c0s 2x + (2a + 9) sinx — 5a — 11 =0 umeeT X0TA 6Bl OUH KOPEHB, U
YKa&)KHTE KOPHH YPaBHEHMA IS KA&XKJOTO U3 HAMIeHHBIX 3HAYEHHH a.

16. a) [lya xaxg0ro 3HAYEHHA MapaMeTpa d HaHJHUTe KOPHH ypaBHe-
HuA arcsin((a — 1)x—1 - (a — 1)x?) +arcsinx =0.

6) J11 KaxZOro 3HA4YEHUs IapaMerpa d HaiguTe KOPHH YPaBHEHHs
arccos(ax? — (a + 1)x + 2) + arccos(—x) = 7.

17. a) HaiizuTe Bce 3HaUeHUs mapaMeTpa d, U1 Ka)X0ro U3 KOTOPLIX
2x% - 6x+3
x2—3x+4
6) Hafizute Bce 3HayeHMsa mapamerTpa a, AJIA KaKIOTO M3 KOTOPBIX
x2—4x+3 _a+2

x2—4x+7" 3
18. a) Haligure Bce 3HaueHHUs nmapaMeTpa a, A1 KaXJOTo U3 KOTOPBIX
(2a+1)x2—2(a+5)x+18a+9

ypaBHeHHe =a+ 1 umeet X0Ts OB OUH KOpeHb.

ypaBHEHHe HMeeT XOTA 6bl OJH KOPEHb.

ypaBHeHHe =3a nmeer xoTs 66l OZJUH KOpPEHb.

x2—5x+9
6) Hailzute Bce 3Ha4YeHuHs napamerpa d, JJI KaXKJOrO K3 KOTOPBIX
(a+1)x2+(5a+4)x+9a+9_2 6
ypaBHEHHe xz T Sy +9 = 44 UMeeT XOTHA Obl O/IHH KOpEHb.

19. a) Haiigute Bce 3HaYeHUA Napamerpa a, A KaKI0T0 U3 KOTOPBIX

npsAMas y = a uUMeeT x0T 6bl oHy o6Iyi0 TOUKY ¢ IpadpHKOM PYHKIIH
_gix+11
Y= 3gx—1"

6) Haiinure Bce 3HAYeHHA MapameTpa d, JJISL KaXJIOro M3 KOTOPHIX

IpAMas y =a uMeeT XOTA Obl OAHY O6INyI0 TOYKY ¢ rpaduKoM GYHKIMH
_tg’x+14
Y= Ztgx+1-

20. a) HaiiguTe BCe 3HAYEHUS MapaMeTpa d, MPY KaXKIOM H3 KOTOPHIX
ypaBsrenve 16* + (3a® + 5a + 7) - 4 — 2a + 3 = 0 uMeeT €AMHCTBEHHEI
KOP€Hb.

6) Haitavte Bce 3HAYeHUs MapaMeTpa d, MPHU KaXXIOM M3 KOTOPHIX
ypaBHeHHe 49 + (3a® —a +3) -7 —a — 2 =0 UMeeT eAMHCTBEHHbI
KOPEHb.

21. a) Haligure Bce 3HAYEHUs IIapaMeTpa d, IIPH KKJIOM H3 KOTOPBIX
ypasrente 36" — (8a — 1) - 6* + 16a” — 4a — 2 = 0 uMeeT eIMHCTBEHHEI
KOpeHb.

6) Haiizure Bce 3HaYeHHsA MMApameTpa a, MPH KaKIOM M3 KOTOPHIX
ypasHeHue 25 — (8a + 5) - 5* + 16a? + 20a — 14 = 0 UMeeT eJUHCTBEH-
HEI KOpeHb.

22, a) HaiiauTe Bce 3HAa4YEHHA lTapaMeTpa d, MPH KaKAO0M U3 KOTOPHIX
HepaBeHCTBO 4° — (3a — 1) - 2¥ + 2a? + a — 6 < 0 uMeeT eJMHCTBEHHOE
pelleHye.



§ 2.1. MccneaoBanyve qUCKpUMHHaHTa U GopMyibl Bueta 4]1

6) HailauTe Bce 3HaYeHUs MapamMeTpa d, IPH KaX/0M U3 KOTOPBIX Hepa-
BEHCTBO 9% —(3a—5)-3*+2a? —6a+4<0 UMeeT eIMHCTBEHHOE pellleHHe.

23. a) HailzuTe Bce 3HaYeHUA mapaMeTpa d, MPH KAXJI0M B3 KOTOPHIX
OOHH M3 KODHell ypaBHeHHA 16 — (4913 4+ 16911 - 4% 4 43915 = Gonbine
APYyTroro B TP pa3a.

6) HaiignTe Bce 3HayeHHsA MapaMeTpa d, MPH KaKJOM K3 KOTOPHIX
OZIMH M3 KOpHeil ypapHeHHA 25% — (125% ! 4 52473). 5% 1. 5%4-6 —( gom,-
Ile ZIPyToro B Ba pasa.

24, a) Haligyre Bce 3HaYeHUs mapaMeTpa d, MPH KAXK/JOM U3 KOTOPHIX
ypaBHEHHe logf4 x — (18a+ 5) log, , x + 81a* + 45a + 6 =0 umeer Apa pas-
JIMYHEBIX KOPHA, cpeJHee apudMeTHYecKoe KOTOPhIX paBHO 105.

6) Hailigute Bce 3Ha4YeHHUS mapaMeTpa d, MPH KaXJOM H3 KOTOPBIX
ypaBHEHLe logf6 x — (16a +19) log;¢ x + 64a2 + 152a + 90 =0 umeeT Ba
pasMYHEIX KOpHSA, CpeJiHee apudMeTHYeCKOe KOTOPBIX paBHO 8,5.

25. a) HalianTe Bce 3HaYeHUS mmapaMeTpa d, MPH KaOKIOM H3 KOTOPEHIX
HEPaBEHCTBO d logg x—{(a—2)log,; x —2>0 uMeeT eIMHCTBEHHOE peIlleHHE.

6) Haiizure Bce 3Ha4Y€HUA napameTpa a, MPH KaKIOM U3 KOTOPHIX Hepa-
BEHCTBO d logg x — (a+3)log x + 3 < 0 UMeeT eTUHCTBEHHOE pPeIlleHHE.

26. a) Haiigure BCce 3Ha4eHUs mapaMeTpa a, ISl KaXJ0ro U3 KOTOPHIX
CHCTeMa YpaBHEHHUH

{ x—3y=-1,
x% +6xy +9y? — 10ax — 30ay +125a% +60a+9 = 0
HMEET €IMHCTBCHHOE peLICHHe.

6) HalizuTe Bce 3HaYeHUs apaMeTpa a, U1 KaX/J0ro U3 KOTOPHIX CH-
cTeMa ypaBHeHHH

{ x+5y =3,
x%+8xy+16y? —8ax—32ay +25a%+12a+4=0
HMeEET €IHHCTBEHHOE pEILIEHHE.

27. a) HaiiauTe Bce 3HaUYeHUs MapaMeTpa a, /A KaXJA0r0 B3 KOTOPhIX
IpH Ar060M 3HaYeHHH napaMeTpa b cucTema ypaBHeHHIA

x+az? = by,
2bx+(b—6)y =82+8

KMeeT XOTA OBl ofiHO pelleHue (x; y; ).
6) HaiizuTte Bce 3HaYeHUs napaMeTpa d, JIA KaXI0r0 U3 KOTOPHIX MpH
moboM 3HaYeHHH napameTtpa b cucTema ypaBHeHH

2bx+y =a,
b—Dx+22+z= by

HMeeT X0TA OBl OIHO pelieHke (Xx; y; 2).
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28. a) Haligute Haubonpllee 3HaYeHHe napaMeTpa d, AJ1A KOTOpOro
cyllecTpyeT XoTsA Obl ogHa napa (x; y) TAKHX YHCes X U Y, YTO

xz-i-2_y2-i-ch—qcl.wc-i-ay+a2 < 3.

6) Halizute HaMMeHblllee 3HaYeHKe napaMeTpa a, i KOTOporo cyije-
CTByeT XOTsA 6B 0ZHa napa (x; y) TaKHUX YHCEJI X U y, YTO

23(2+2y2+xy—ax+ay+a2 <2

29. a) HaiiguTe BCe 3HaYeHUs TapaMmeTpa a, A1 KaKJ0ro U3 KOTOPHIX
cyuecTByeT XoTa 65 0iHa napa (x; y) TaKHX YHCeJ X U Y, 4TO

x2 — 4xy + 6y% + 2y + 2y sin(na) +sin’(wa) + 1 = 0.

6) HalizuTe BCce 3HaYeHHA mapaMmeTpa a, A1 KaXA0ro U3 KOTOPHIX Cy-
IIeCTBYeT XOTA Obl ofiHa nmapa (x; y) TakuX YHCel X U Y, UTO

11x% 4 6xy + y2 — 2x — 2x tg(ma) +tg*(ma) +1=0.
30. a) HaiiguTe Bce maphl (x; y) TaKuX 4HCeJI X H Y, YTO
x? — xlog,(xy) — 2x+0,5log>(xy) + 2 = 0.
6) HailiguTe Bce mapel (x; y) Takux YHCEJ X H ¥, 4TO
logZ ,(xy) — 4y logg, () +5y*+2y +1=0.
31. a) Haiigute Bce TpoMku (x; y; 2) TAKUX YHCEN X, Y, Z, YTO
log§’5x+2_y:2 +10-9°+2ylogysx—2y- 3t _2.3"+1=0.

6) Haiigute Bce TpoHku (x; y; 2) TakuX 4Hcel X, Y, 2, YTO

17-25* +log? y + 222 —8z-5* — 2.5 ~ 2zlogz y + 1 = 0.

32. a) HaiiguTe Bce 3HayeHUs IlapaMmeTpa a, IMpH KaKAOM M3 KOTO-
PhIX CylIecTByeT eJUHCTBeHHas Tpoika (x; y; z) AelCTBUTEIbHBIX YHCE
X, ¥, 2, YAOBJIETBOPAIOLIAA CUCTeMe YDABHEHHIA

¥ +y? =gz,
x+y+z=a.
6) HalizuTte Bce 3HaYeHHs napaMeTpa d, IIpH K&KJI0M U3 KOTOPBIX CY-

LleCTByeT eAUHCTBeHHas Tpoilka (x; y; 2) AeHCTBUTENBHBIX YHCe X, Y, 2,
YAOBIETBOPAIOIIAsA CHCTEME YPaBHEHHI

x24+4y? =x+y+z,
x+2y+3z=a.
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2z—y)(y+2)=4y+9,
(x—3Y¥+y+2=0,

x% 422 =4x,

z20.

2(y-2)(y —2)=2-2,

8x> +z=3xy,

4x?% + 22 = 4z,

z<2.

33. a) Pemunte cucTeMy

6) Pemnre cucteMy

§2.2. PacrionoxeHue KOpHei KBaipaTHOro TpexX4wieHa
OTHOCHUTEJIbHO AAHHBIX YHCEJI

BoMbIIMHCTBO 33Jay ¢ mapaMeTpoM NPeAronaraer OTBET Ha BOIPOC
O TOM, MpPH KaKWX 3HaYEHHUAX llapaMeTpa MHOXECTBO pelleHH ypasHe-
HUf, HEPAaBEHCTBa WIH CHCTEMEIl YAOBJIETBOPAET ONpeJeJeHHEIM YCIOBH-
aM. He ABNAIOTCA WCKIIOYEHHEM H 33Ja4dH, CBA3aHHBIE C MCCIEJOBaHU-
€M KBa/IpaTHOro TpexwieHa. Kak mpaBmwio, B Takux 3azadax Tpebyercs
HalTH BCe 3HaY€HMA NTapaMeTpa, IPH KaXKAOM H3 KOTOPBIX OfHH WM 06a
KOPHA X1, Xy (34eck B fanee 6yneM CUMTATh, YTO X < X3) KBaAPaTHOIO
TpexwieHa f(x) =ax?*+bx + ¢ (a# 0) GonplLIe WIH MeHbIIe JAHHOTO YKC-
Jia, IPHHAJJIEKAT JaHHOMY IPOMEXYTKY U T. 1. OBBIYHO BEIENSIOT CEMb
OCHOBHBIX CJIy4aeB PacroloKeHUs KOpHe# KBaJpaTHOro TpexwrieHa f(x)
OTHOCUTEIBHO JaHHBIX yHcea [ u m (I <m):

— oba KopH#a GoblIe JaHHOrO YKca [;

— o6a KOpHA MeHblIIe JaHHOTO YHC/IA M;

— oba KOpH#A NpHHaANeXaT AaHHomy uHTepBany (I; m);

— TOJIbKC MEHbIIUH KOpeHb IPHHAIEXAT AauHoMY uHTepsany (I; m);

— TONBKO GOMBIIKI KOpPEeHb IPUHAAIeXAT AaHHOMY HHTepBany (I; m);

~— OJIMH K3 KOpHEH MeHble JaHHOTO YKca l, a Apyroil kopeHs 6onbiie
JIAHHOTO YHCJIa m;

~— OJIJMH H3 KOpHel MeHblle IaHHOTOo YKcia [, a Apyroi KopeHs Gosblie
3TOro YMC/Ia,

Ui momydeHUss HeOOXOIMMBIX M JOCTATOYHBIX YCJIOBHE peanusalyu
KaXXJ0ro M3 3THX CIy4aeB MOXXHO BOCIO/Ib30BATHCS MATEPHAIOM MPeIbIY-
1ero naparpacga WiM CBOHCTBaMH KBaJPaTHOrO TpexwieHa. PaccMOTpHM
CHadasa, KaKk NMpHMEHHTh MaTepHal NpeAbiAyliero naparpada. Ilycrs,
Hanpumep, TpebyeTcsa HallTH HeoOXOAKMMBIE H IOCTAaTOYHEIE YCAOBUS TOTO,
4yTo 06a KOpHA KBaJpaTHOro TpexwieHa f(x) 6oiblue JaHHOTO 4yucia l.
O6osHaurmM x — [ yepes t. Torga x =t +1, a ycioBHe x > | 9KBUBAIEHTHO
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YCIOBHIO t > . BHIIONHKB 3aMeHYy TI€peMEHHOM, MOMy4uM KBaJpaTHbIHA
rpexwieH g(t) =a(t+1)? +b(t + 1) +c. Ocraercs HalTH HeoGXOAUMEIE K
[IOCTATOYHBIE YCIOBMS TOTO, YTO 06a KOpHA TpexwieHa g(t) MONoKUTeb-
HBL, T. €., npHUBeas g(t) K CTaHIapTHOMY BHAY, BOCIIO/Ib30BAThCA TabnuIlel
U3 IpeablAyIero naparpada. Caenaem 370. PackpbiB CKOGKH ¥ IIPHBE/S
nono6Hsie craraeMsle, noayduM g(t) = at? 4 (2al + b)t + al? + bl + ¢, win
g(t) = at? + (2al + b)t + f(I). Oba KOpHA KBaApaTHOTO TPexwieHa g(t)
OJIOKUTEbHEL, €C/TH
D > 0,

af (1) > 0,
a(2al+b) < 0.

Haiinem auckpumuHanT: D = (2al + b)? — 4a(al® + bl + ¢), otkyAa no-
c/le pacKphITHA CKOOOK UM NpHBeeHHsA NMOACOHEIX C/IaraeMBIX IOTy4HM
D =b? — 4ac. Takum 06pa3oM, JUCKPUMHHAHTHL TPeXwieHoB f(x) u g(t)
onuHakoBEL Iloc/ieZiHee HABOAUT HA MEICJAbL O TOM, YTO B AaJbHeHIIeM
MOXKHO 06XoqUThCa 6e3 ¢popManbHOI 3aMeHBl IEPEeMEHHOMH, OrpaHHYHB-
IIKCh KCCIeOBaHHUEM TONLKO AAHHOTO TpexwieHa f (x). [lis aToro ocra-
eTCA NpWATh HarIAAHEIN CMBICT TpeTheMy HepaBeHcTBY a(2al +b) <0
CUCTEMBL. YCJIOBMSA OTPHLATEJPHOCTH MPOM3BEJE€HUA M YacTHOrO ABYX

yucen a ¥ 2al + b 3KBHBaIEHTHEI, TOITOMY NepeizieM K paBHOCHILHOMY

HepaBeHCTBY Zg-la_'_—b <0, otkyza 21 + g <0, wml+ % < 0, H, 3Ha4YHT,

b b
~5q L. TlockonbKy —35 - = Xo, TAE X — abcipcca BepIIMHBL napabobl

y = ax?® + bx + ¢, Ioc/AeHEEe HEPAaBEHCTBO MOXKHO IepentcaTe B BHIAE
xg > l. Takum o6paszom, HeOOXoIHMBIE H JIOCTATOYHEIE YCJIOBHS TOrO,
yTo 06a KOpHA KBaApaTHOoro TpexwieHa f(x) 6Gosiblre AaHHOTO 4YKCia [,
JaloTCs CHCTeMOM HepaBeHCTB

D >0,

af () > 0,
xp > L.

Paccyx/Jian aHalOrHYHO, MOYKHO ITOTyYMTh HeOOXOAHMBIE U JOCTATOYHBIE
YCOBHA /IS KOKJIOIO K3 yKasaHHBIX B Hayae naparpada ceMH ciydaeB
PacIonoKeHusi KOpHell KBaZpaTHOTO TpeXwieHa OTHOCHTEIbHO AAHHBIX
yrces (/11 HEKOTOPBIX M3 HUX 3aMeHy lepeMeHHO IpyUAeTCs ielaThb ABa-
K/IBI, IEPeXo/id CHadaia K KBaJ[paTHOMY TpeXwieHy oT t = x — [, a 3areM —
oT t = x — m). IIpH 3TOM c/lefyeT KMETh B BHAY, YTO YCJIOBHE IIOJIOXKH-
TeJbHOCTH AHCKPHMHHAHTa B pAJE Cy4aeB MOXHO OIYCTHThb. B camom
Iesle, HAIPHMep, HepaBeHCTBO af (m) < O o3HayaeT, YTo YKciIa a K f(m)
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HMEIOT pasHble 3HakW. IloaToMy ecl BeTBH mapabonel y =ax? + bx + ¢
Harpab/ieHEl BBepX (a >0), To y(m) = f(m) <0, T. e. cymecTByeT ToYKA
napabokl, pacronoxKeHHas Hinke ock abeiuce, 1, 3HaumT, napabona nepe-
CEKaeT 3Ty ocb. Cr1eJ0BATE/ILHO, B JAHHOM CJIy4Yae YCJIOBHEe HEOTPHIIATE b
HOCTH JMCKPHMHHAHTa (CylllecTBOBaHHA KOPHell Tpexwiena) 6yseT BhbI-
TONHEHO Kak Obl «aBTOMaTHYECKU»: OHO SIBJHETCA CJIeJICTBHEM HepaBeH-
crBa af (m) <0 ¥ NpH BEIKCHIBAHAH HEOBXOAUMEIX M JOCTATOYHBIX YCI0-
BHI1 MOXXeT GBITH onylleHo. /1 HaragHOCTH NpHBeIeEM HeOOXOAHMEIE
U ZIOCTaTO4YHbIe YCJIOBHMS JJIsi BCEX CEMH CTydaeB PaclioNOKeHUs KOpHeil
KBa/IpaTHOI'O TpeXwIeHa B BH/Je TabiaHLbl. 3aMeTHM, YTO, KaKk K yCJIOBHE
TIOJIOXKUTEJIPHOCTH MCKPUMHHAHTa, HEPaBEeHCTRBA I X B PAZle CTy4aeB
He HYXHBHI (nmonpobyiite 06bACHUTD TOYeMY).

YTBEpKAECHUSA O PACIIONOXEHHH KOPHEH X; M X5 (X <X5) KBa-
ApaTHoro TpexwieHa f(x)=ax?+bx+c (a#0, D=b%—4ac, HeobxoauMele u
AOCTaTOYHbIE YCIIOBHA
x0=—55) OTHOCHTEJIBHO AaHHEIX uncen l mm (I<m)
1. O6a xopua Gonbuie gaHHOrO yMcna l; 1< x; < x, D>0
af(l)>0, @
2. O6a KOpHA MeHbIle AaHHOrO YUCIA 1M: X; < Xy <M D>0
af(m) >0, (2)
Xg <m
3. O6a KopHA NpuHaAIeXaT AaHHOMY MHTEPBATY D >0,
(m):l<x;<xy<m af(l) > 0
@3
af(m) > 0, 3)
l<xyo<m
4. TombKO MeHbLINH KOPEHDb IIPUHAIEKUT AaHHOMY af(l) > 0,
uHTepBany (I; m): l<x; <m<x, af (m) < 0 4)
5. Tombko 60/bIIMET KOPEHD NIPUHAIEXUT JaHHOMY af(l) <0,
uHTepBany (I; m): x; <l<x,<m af(m) > 0 (5)
6. OiuH U3 KOpHel MeHBIIIEe JaHHOTO Yucia [, a af (1) < 0,
APYTOoit KOpeHb Gobllle JAHHOTO YHUC/IA M (6)
af(m) < 0
x;<l<m<ux,
7. On¥H U3 KOPHEl MeHblIe JaHHOTO YMcaa I, a af) <0 (@
APYTOi KOpeHb 6ObLIE 3TOr0 Yicaa: x; <l < x,
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O6paTHM BHHMMaHHe Ha TO, YTC BCe HeoOXOnHMMEIe H JJOCTATOYHBIE
YCJIOBHA BBITKCAHBL B IPEAIIOIOXKEHHH, YTO KB3/IPATHBIH TPEXWIEH HMEET
[Ba pa3MYHBIX KOPHA M HEPaBEHCTBA, KOTOPHIM YAOBJIETBOPAIOT ITH
KODHHM, ABJAIOTCA CTporkMu. IIpH HeoBXoAMMOCTH HEPaBEHCTBO AJI
AMCKPHMMHAHTa MOXeT GbITh 3aMeHEHO Ha HeCTporoe, a CIy4ai, Kor/a
OOWH ¥3 KOpHeH TpeXwieHa paBeH KaKoMy-TO M3 4kcel | Wik m, pac-
CMOTpeH OTAeIbHO (KOO COOTBETCTBYIOHiee HEPaBeHCTBO 3aMEHEHO Ha
HecTporoe). KpoMe TOro, B yCJIOBHMAX KOHKDETHBIX 3a/1a4, KaK MpaBHIIO,
He OroBapHBaeTCs, YTO pedb HAET MMEHHO O KB3/[paTHOM TpexwieHe
FO)=ax?+bx +c, u crydait a =0 Tarxe TpebyeT OTAEIBPHOIO PaccMOT-
peHusL.

Kax y)ke OTMeYa/I0Ch, IPUBEEHHYIO BhIlne TabJHIy MOXHO IOy IHTh,
OCHOBBIBASICh TOJBKO Ha CBOMCTBAX KBaJpaTHOro TpexwieHa K rpadide-
CKHX TIpe/iCTaB/IeHHAX. B onpeeleHHOM CMBIC/IE TaKOk MOAXO/ ABJAETCA
Goee HArVIAAHBIM ¥ [IO3BOJIAET HCXO/A K3 TpeOGOBaHKH KOHKPeTHOH 3aa-
YK BBITHCBIBATH HEOGXOAMMEBLE M IOCTATOYHbIE YCI0BUA 6e3 HCIonp30Ba-
Hus Tabnunel. CaenaeM ato. Ilo-npexHeMy OyzeM CUUTaTh, YTO X) H X
(x1 < X,) — KOPHM KBaJIpaTHOTO TpexXwieHa

f(x)=ax?*+bx+c (a#0), D= b2 —4ac, xy= _iba = ﬁ%

TIpeArnonoXuM [/ ONpeZie/IeHHOCTH, 4To a > 0 (cnyyant a <0 paccmart-
pHBaeTC COBEPUIEHHO aHaJOTHYHO), T. €. YTO BETBH mapabonbl, SBJIAO-
meitcs rpa¢uKOoM QYHKUHH Yy = ax? + bx + ¢, HatipaBJieHBl BBepX. B 3TOM
c/y4ae KBaJpaTHHIA TpexwieH NPHHUMAET MOJIOXKUTE/IbHbIE 3HAYEHA Ha
npoMexytkax (—oo;x;) H (Xp; +), a oTpHLaTe/IbHbIE 3HAYEHHA — Ha
npoMexyTke (x;; X,). Ycernophe «06a KOpHs KBa[paTHOIo Tpex'ieHa f(x)
Goiblle JaHHOro YHcaa l» osHavaet, yto D > 0 (xopHH CYIIEeCTBYIOT) H

y‘ yl\

I A/\ mo_
N X1 Xo X5 MRS
: 1

- |

X I
{

a) 6)

Puc. 1
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le(—w;x), Te. f()>0mul<x; <xy (cm. puc. 1a). Tem cambiM, HEMeeT
MECTO CHCTeMa
a>0,

D >0,
f) >0,

xg > L

O6paTHO, MyCcTh JaHa NOCAeTHAA CHCTeMa. Yciopue D > 0 O3HayaeT,
YTO KBaJApaTHBIH TpexwieH f(x) HMeeT [Ba pa3/M4HBIX KOPH:; YCJIOBHE
f(D) > 0 o3HavaeT (B cwiy HepaBeHcTBa a > 0), 4yto [ € (—o0; x1) wiu
[ € (x3; +), HO M3 ycnoBus [ < X, cnegyer (MOCKONBKY Xg < X,), 4YTO
l <x,, T.e. l € (—»; x;), H, 3Ha4YUT, 06a KOPHs KBa[paTHOTO TpexwieHa
f(x) 6onbie I. Cryyait a < O (cM. prc. 16) paccMaTpHBaeTCA AHAIOTHYHO:

a<o,
D >0,
f) <o,

xg > L.

3aMeTHM, 4TO B KaKJOM Cily4ae yucaa a K f(I) ofHOro 3HaKa, YTo
MOYKHO 3amlKcaTh ¢ NOMOLIbIO HepaBeHCTBa af (1) > 0 ¥ BMeCTO JBYX CH-
CTEM pacCMaTpHBaTh OAHY crcteMy (1). Mtak, o6a kopHs 6o/bIe yKcia
B TOM K TOJIBKO TOM CJIy4ae, eC/IM KMeeT MecTo cHcreMa (1). AHAJIOrMYHO
oba KOpHA KBa/IpaTHOI'C TPEXWIeHa f (x) MmeHpllle YKCaa M B TOM H TOJTBKO
TOM CIy4ae, eciH (puc. la u 16)

(a >0, a<o,
D >0, D >0,
"
fmy>o0, ) fem <o,
\ Xp < m Xo < m,

T. €. (IIOCKONBKY YHC/Ia d ¥ f (m) oAHoro 3HakKa) ec/ii UMEET MECTO CHCTe-
Ma (2):

D >0,
af (im) > 0,
Xg < m.

IToHATHO, 4TO 06a KOpHA NPHHAZJIEKAT JaHHOMY NpOMexXyTKy (I; m) B
TOM M TOJIBKO TOM CJIy4yae, ec/ii HMeloT MecTo obe crctemsl (1) u (2), uto
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fosiee KOPOTKO MOMKHO 3aIIHCaTh C NOMOIIBIO onHOH cucTeMHI (3):

D >0,

af (1) > 0,
af (m) > 0,
[ < x5 <m.

[MTogo6HEIM 06pa3oM AOCTATOYHO MPOCTO MONYYHTH HeoOXoAHUMEIE K
[OCTATOYHBIE YCJIOBHA JJIA KXJOTO H3 OCTaBIIMXCA CydaeB paclo/o-
EeHUs KOpHel KBajpaTHOTrO TpeXwIeHa OTHOCHUTEIBbHO JAHHBIX JHCE]L
HaymuaTh BBHIMMCHIBATh 3TH YCJOBUSA HYXXHO C ONpPeAENE€HHA 3HaKa f(x)
B Ka)KJ0il K3 JaHHBIX Todek | U m. 3aTeM CJefyeT YyCTaHOBHTh, HYXHEI
JA YCIOBUA Ha AWCKPMMHHAHT M abCLMCCYy BepUIMHBL nmapabosnsl. Kak
yXe OTMeYanoch, B ClIy4yae €C/H BETBH napabosbl HampaB/IeHbl BBEPX
(COOTBETCTBEHHO BHH3) H XOTA OBl B 0/{HOH K3 JaHHBIX TOYEK KBaZipaTHEBIH
TpexwieH f(x) Ao/MKEeH NPUHUMATh OTPHUIATENIPHOE (cooTBEeTCTBEHHO
[OIOXKUTENBHOE) 3HAYEHHE, YCJIOBHE NOI0KUTEBHOCTH ANCKPHMKHAHTA
6yfeT BEINOTHEHO «aBTOMATHYECKU»: Be/lb B 3TOM CJy4ae B CHJTy HETpPE-
PBIBHOCTH KBaZPAaTU4YHOH QyHKIHH napabona, sBgomancsa ee rpagu-
KOM, 06f3aTE/LHO IepeceKaeT ock abCLECE, T. €. KBaJApaTHEIH TPeXWIEH
f(x) uMeeT KODHHM, M, 3HA4YMT, €r0 JUCKPUMHMHAHT MOJOXHTE/IEH. Kak
IpaBwiIo, B TAKUX CIy4YasaxX u yClIOBHe Ha abcrccy BepUIMHEI apabosibl
3alKCLIBATH He HYXHO. B camoMm Zesle, HaiaeM, HarmpuMeD, HeOOXOAMMEIE
H JOCTATOYHBIE YCJIOBHA TOrO, YTO TONBKO MEHBLIHH KOPEHb NpHHAZTE-
»KaT JaHHOMy HHTepBaty (I; m), pacCMOTpPEB /iBa Ciyqad: d => 0 (puc. 2a)
u a <0 (puc. 26).

Y Y,

/o

X1

o=

e L)

a) 6)
Puc. 2

HauuHaeM c onpeaesieHus 3Haka f(x) B KaxJ0H U3 TOYEK [ um. Ecm
a >0 (puc. 2a), to f(1) >0, f(m) <0. B cwiy nocieAHero HepaBeHCTBa
f(x) npUHHMaeT OTPHLIATEIbHOE 3HAYEHHE, 3HATHT, napabosa, BETBH KO-
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TOPOH HallpaB/ieHHl BBepX, 00sA3aTebHO mepecedyer och abeLrce, B yeIo-
BHE ITOJIOXKHUTEILHOCTH JHUCKPUMHUHaHTa OyZeT BLIIIOJHEHO. AHAIOTHYHO
ecu a <0 (puc. 26), To f(l) <O, f(m) > 0. ITonoxenue abcLKECCH BEPIIH-
HBI Tapabosel TPH 3TOM, KaK BHJHO, HE MrpaeT HUKAKOH POJIM: Ha PHCYH-
Ke 2a OHa HaXO[JUTCA cripaBa OT M, Ha pPHCYHKe 26 — cieBa oT m. To, 4To
Heo6XOAMMEBIe U JOCTAaTOYHEIE YCJIOBMS B JAHHOM CJIy4ae ZIaloTCA TOMBKO
ABYMA HEpaBEHCTBAMHM, MOYKHO 0BOCHOBaTD H 60/1ee popmanbHo. B camom
Jene, ec/iu

a>qQ,
f >0,
f(m) <0,

TO 3TO O3HaYaeT, 4To [ € (—o; x)) Wik [ € (x,; +), a m € (x;; x;). Ho
[ <m, 3HaumT, [ € (—x; x;), T.e. [ <x; <m < x,, 4T0 U TPeGOBATOCE.
YuuTEIBasd, 4TO B 060MX Ciy4anx YyHuoIa a 1 f(I) oAHoro 3Haka, a 4mcaa
a ¥ f(m) pa3sHBIX 3HaKOB, HEOGXOAMMEIE K JOCTATOYHEIE YCIOBUS TOIO,
YTO TOABKO MEHBIIHM KOpeHb KBaJ[paTHOTO TpexwieHa f(x) mpHHaze-
¥KaTt JaHHOMy HHTeppaty ([;m), MOXKHO 3amHcaTh € IIOMOILBIO OJHOM
CHCTeMEI (4):

af () > 0,
af (m) < 0.

HeobxoauMele ¥ fOCTATOYHBIE YCJIOBUSA /71 OCTABINKMXCA CIy4aeB 5—7
PacCIoNOXEHUA KOPHEH KBaJpaTHOTO TPeXwieHa OTHOCHTEIbHO JAaHHBIX
YHCesl JIETKO MOAYYAIoTCA aHa/JIOrM4YHBIM ODOpa3oM C MOMOMHIBIO CBOICTB
KBaJApPaTHOTO TPeXWIeHa K HaIAAHO-TpapHYeCcKHX peACTaB/IeH .

- - o~

a)

Puc. 3

4 EM22014. Matematuka. 3anadva C5
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Toneko GonBLIME KOpeHb KBaApaTHOroO TpexwieHa f (x) mpHHaAIexar
JaHHOMY HHTepBany (I; m),

a>0, a<0,
euw (puc. 3a) § f() <0, wm (puc. 36) { f(1) >0,
f(m)>0 fm) <0,
a 3Ha4YMT, UMeeT MecTo cucTeMa (5):
af () <0,
{ af(m) > 0.

OnvH U3 KopHE#H MEeHbIIe JaHHOTO YHCJa I, a Apyroil KopeHb Bosblie
JAaHHOTO Yyucia m,

a>0, a <0,
ectd (puc. 4a) { f(1) <0, wm (puc. 46) { f(D >0,
fim) <0 f(m) >0,
a 3HaYHT, HMeeT MecTo cucTeMma (6):
af 1) <0,
af (m) < 0.
% l
a)
Puc. 4

OnyH K3 KOpHeil MeHbIle JaHHOro YHGIa [, a Apyroi KopeHs 6onbine
3TOro YHCJA,

a <0,

f >0,

a>0,
fb<o

a 3HaYMT, UMeeT MecTo HepaBeHcTBO (7): af (1) <O0.

ecnu (puc. 5a) { win (puc.56) {
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Y Y

Py - —
<o
-

Puc. 5

3aMeTHM, 4YTO $OpMaIbHOE pelleHHe TaKHX 3a/a4 ¢ IIOMOILBIO GOpMY-
JIbl KOpHE# KBaJpaTHOTO ypaBHEHHs OOBIYHO (3a MCK/IIOYEHMEM 3a/a4, B
KOTOPBIX TMCKPUMHHAHT SIBJISETCA NOJHBIM KBaJpaTOM, PacCMOTPEHHBIX
B npeipIAyleM naparpade) npMBOAHUT K JOBOJIBHO IPOMO3JKUM CHCTEMAM
UppalHOHabHbIX HEpPABEeHCTB (B OT/IMUME OT M3JI0XKEHHOIO METOAa, HpH
HCII0JB30BAHHM KOTOPOTO, KaK IPaBWIO, HPUXOAUTCA HMETh ZI€JI0 JIMIID C
JIMHEHHBIMM M KBaJpaTHBIMM HEpaBEHCTBaMH).

[TepeiizeM K npyUMepam.

ITpumep 1. HaifTy Bce 3HaueHHsA HlapaMeTpa d, IIpH KaXKJIOM M3 KOTOPBIX
ypaBHeHHe (a—4)x?—3ax+a—2=0 UMeeT ZiBa KOPHS pa3HBIX 3HAKOB.

PeuieHue. M3 ycioBusa 3a1a4y ¢jieyeT, YTO ypaBHEHHE JOKHO UMETD
IIBa KOpHA, no3atoMy a # 4. Iycte f(x) =(a—4)x*—3ax+a—2, x, 1 X,
(3; < x,) — KOpHM KBaApaTHoro Tpexwiena f (x). Ecim a >4, To BeTBH na-
pabosrl, saeistomeiica rpaduxoM GyHKIMM y = f(x), Hanpas/ieHsl BBEPX
u Torga f(0) <0 (puc.6a); ecm a < 4, TO BeTBM napabonsl HarpaBIeHbl
BHM3 U Torza f(0) >0 (puc. 66).

y!\ yJ\

s ¥

Xy V’Cz

Puc. 6

4-
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3HaYMT, HeOOXOAMMEIE M OCTATOYHEIE YCJIOBUSA TOTO, YTO OZIMH M3 KOp-
Hell TpexwieHa f(x) MeHbllie JaHHOTO YKMCJIa HyJb, a IPyroi KopeHb 60/1b-
e 3TOro uMcaa (WIM 4TO JaHHOE YHUCJIO HyAb JEXUT MeXTy KOPHAMMH
KBaJpaTHOro TpexwieHa f(x)), aaroTca AByMsA cHcTeMaMH

a> 4, a<4g,
fo<o0 ™™ 1f0>o.

JTO O3Ha4daeT, 4TO YMciaa d — 4 v f(0) AOMKHEI UMEeTh pasHbIE 3HaKH,
yTo 60Jjlee KOPOTKO MOXHO 3amMcaTh ¢ NOMOINBLIO OZHOTO HEPAaBEHCTBa
(a — 49 f(0) <0. Mockoapky f(0) = a — 2, NpUXOIUM K HEPABEHCTBY
(a —4)(a— 2) <0, pelieHreM KOTOpPOro spjsgeTca uHreppan (2; 4).

OtBeT: (2; 4).

IIpumep 2. HaliTk Bce 3HaYeHUA napaMeTpa a, IIpy KOTOPBIX ypaBHe-
nue x2 — (4a 4+ 3)x + 3a + 4 =0 uMeeT Ba KOPHA PasHLIX 3HAKOB, MOIY/b
KaXJO0r'o M3 KOTOPBIX MeHbllie 5.

Peirenwue. [TycTb

f(x) = x*—(4a+3)x+3a+4,

x; M x5 (x; <x;) —KOpPHH KBaJApaTHOro TpexwieHa f(x), crapmimil Ko-
adduiieHT KOTOPOro, HE 3aBUCALIMI OT HapaMeTpa, MONOXKUTENIEH, H,
3HAYHUT, BeTBH napabonsl, sipysioweiics rpadukoM GyHKIUM y = f(x), Ha-
fipaBJieHb! BBEPX. YCJIOBUE 33/1a4M OyZeT BHITIONMHEHO, ec/M X € (—5; 0), a
x5 € (0; 5) (puc. 7).

Puc. 7

JnA BeITIONHEHUA yOIOBUA x; € (—5; 0) Heo6xXoguMO ¥ JOCTaTOYHO,
YTOOB! BHITIO/IHSATUCh HEPABEHCTBA

f(=5) >0,
f(O) <.
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Jlna BemiONHEHUs yeaoBUA X, € (0; S) Heo6XoAMMO ¥ AOCTATOYHO, YTOOBI
BHITIOTHAJIMCh HEPABEHCTBA

f(0) <O.
BMecCTO ByX CMCTEM MOXKHO 3aIIHCaTh OJHY:

f(5) >0,

£(0) <O.

IMockonbky f(0) =3a+ 4, f(—5)=23a+ 44, f(5) =14 — 17a, nonyyaem
CHUCTEMY

{ﬂm>a

23a444 > 0,

44 4
14—17a > 0, otkyza —53 <a<-g3.
3a4+4<0,

34 _4
OTtseT: —33 3).

ITpumep 3. HaiiTi Bce 3HayeHMs napameTpa d, NpHU KaxaoM M3 KO-
TOPHIX HEPABEHCTBO X2 + ax + a? + 6a < 0 GyzeT BHIIONHEHO AJis JIIO6Oro
3Ha4YeHUs X, npuHagIexaulero uHrepsany (0; 4).

Pemenme. [Tycts f(x) =x?+ax+a*+6a, x; ¥ x; (x; <X) —KOp-
HM KBaJpaTHOTO TpexwieHa f(x). Crapumii k03bPHIIMEHT KBaJpaTHOIO
TpexuneHa f(x) MONMOKHUTENEH, 3Ha4UT, BETBM napaboibl, ABJIAIOLIEHCA
rpaduxoM ¢yHKIMM y = f(x), HanpaeneHs BBepx. B atom ciydae f(x)
MOXeT NPMHMMAaTh OTpHIlaTebHble 3HAaYeHHs TOMBKO Ha IIPOMEXYTKE
(%33 x5). [ToaToMy ycnoBue 3aauy 6yZieT BEIIOMTHEHO, €Ci X S 0<4 <X,
(x; MoxeT 6BITH paBeH 0, a x;, MOXeT ObITb paBeH 4, NOCKOJIBKY peyb HAET
O CTPOTOM HEpaBEHCTBE, KOTOPOE JOKHO BBHIIOTHATHLCA Ha MHTEpBAJIE,
a He Ha oTpe3ke). HeobxomuMble M AOCTAaTOYHBLIE YCJIOBUA TOrO, YTO

x; <0< 4 < x,, AAIOTCA CUCTEMOH { f0) <0, [Tockoneky f(0) =a”+ 64,
f@<o.
f(4) =a*+10a + 16, nocneaHAA CHCTEMA MPUBOAUTCA K BUAY
a’+6a <0,
{a2+10a+16 <0,

OTKyZa, Pas/IOKHUB JIEBYIO YaCTh KAX/OTO0 HEPABEHCTBA HA MHOXHTENH,
YOIy YUM

a(a+6) <0,

(a+2)(a+8)<0.
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B cOOTBETCTBHMH CO CBOMCTBAMHU KBA/IpaTHOIO TpeX4ieHa pelleHNeM fiep-
BOT'0 HEPABEHCTBA NOJYYEHHOM cHcTEeMBI ABIseTCa OTpe3ok [—6; 0], a pe-
[ieHHeM BTOPOro HepaBeHCTBa — oTpe3oK [—8; —2]. CrneaoBarennHoO, pe-
mieHue CHCcTeMbl — OTpe3ok [—6; —2]:

—_— -

-8 -6 -2 0 a

OTtBer. [—6; —2].

ITpuMmep 4. HaiiTu Bce 3HayeHMA napaMeTpa d, Npv KaX/JOM M3 KO-
TOpHIX JI060e pemenue HepaBencTsa (@ — 2)x2 — (2a+3)x+a+1>0
IIpUHAAIEXUT oTpe3ky [—1; 1].

Pemenue. Iycte f(x) = (a — 2)x? — (2a + 3)x 4+ a + 1. PaccMoTpumM
aBa cayvada: 1) a=2; 2) a # 2. Eciu a = 2, mHorowieH f(x) npuHu-
maeT BHA f(x) = —7x + 3 u HepaBeHCcTBO f(x) > 0 BHINOJHAETCSH, €CIH

3
—7x4+3>0, oTkyza x < - AcHo, 4TO He Bce pelieHUa 3TOro HepaBeHCTBa

fipyHaziexart otpe3ky [—1; 1]. 3HauuT, a =2 He yZOB/ETBOPAET YC/IOBHIO
3agauu. [lycTb Teneph a # 2. B atom ciydae f(x) sBiaseTca KBaJApaTHHIM
TpexwieHoM. O603HauMM yepes x; U X, (x; < x,) ero KOpHH, yepes D —
€ro JUCKPMMMHAHT, Yepe3 Xy, — abcuuccy BepINMHBI [1apabonkl, ABJAI0-
metica rpadukom dyHkumMy y = (a — 2)x% —~ (2a+3)x+a+1. [Mpua>2
crapmii Ko3$QULMEHT KBaApaTHOTO TpexwieHa f(x) monoXKuTeneH.
3uayut, ey D > 0, 10 f(x) > 0 npu x € (—; x1) U (xy; +%), a ecmm
D <0, To f(x) >0 npu moboM gelcTBUTENBHOM X. Cl1eA0BaTeNbHO, HPH
a > 2 Bce pelieHusa HepaBeHCTBa f (x) > 0 He MOryT npyHaA/IeXKaTh OTpes-
Ky [—1; 1]. ITpu a < 2 crapmwui# k03¢$PUIIHEHT KBaJpaTHOTO TpeXwieHa
f(x) oTpunaTeneH, ¥ OH MOXeT IIPMHUMATh HOJIOXKUTENbHEIE 3HAYEHHA
TONMBKO Ha MHTepBajne (x;; x,). CiegoBaTeNbHO, YCOIOBHE 33Ja4yu 6yzer
BBITIONTHATBCA, ecyit —1 < x; < x, < 1, T.€. eCIM KBaJApaTHBIM TpexwieH
f(x) uMeeT ABa paszsAWYHBIX KOPHA, MEHbIIMH M3 KOTOPHIX HE MEHbLIE
yncina —1, a Gonpmuit He 6onbmie yucna 1. B arom cayyae (puc. 8)
HeOOXOIMMBbIE ¥ IOCTATOMHBIE YCIOBUSA JAIOTCSA CUCTEMOH

(a <2,

D >0,
f(=1) <0,
f() <0,
\—1 <xo <1l

>
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y

Puc. 8

[Tockonbky D = (2a + 3)? — 4(a ~ 2)(a+ 1) =16a + 17, f(-1) =
=a-2+4+2a+3+a+1=4a+2, f)=a—-2—-2a—-3+a+1=-4,

Xg= 52(%'_*__—3)-, TOC/IEAHAA cCcTeMa NPUBOAUTCA K BUAY
(a <2,

16a+17 > O,

4a+2 <0,

-4 <0,

2a+3
l—l < a=2) <1,

-

OTKYZQ, YMHOXHMB BCE€ YacTH MNOCJIEAHEro HEPABEHCTBA CHCTEME Ha

a — 2 <0, nocye nipeobpazoBaHMil NONYIUM

fa<2,

17
a> —Té,

-

ag—%’

17 1
U, 3HAYUT, ~16 <a< —5-
17 1

OTBeT: T —5].



56 Inasa 2. KsajpaTHbIM TpeXWwIeH B 3aja4ax C napaMeTpoMm

ITpumep S. HaiiTu Bce 3Ha4YeHMA [MapaMeTpa a, IpH KaKJ0M M3 KOTO-
pbix ypaBHeHMe (a — 3)x? —2(a+ 3)x — a — 3 =0 umeet xoTA OBl OAUH
KOp€Hb, MEHbLUHH 1.

Pewenue. Ilycts f(x) = (@ — 3)x% — 2(a + 3)x — a — 3. PacemoTpum
nBa ciayyan: 1) a=3; 2) a# 3. Eci a =3, gaHHoe ypaBHEHME sIBJIA€eT-
cA JIMHEeMHBIM ¥ mpHMHMMaeT Buj —12x — 6 =0, otkyza x = —0,5 < 1.
3HaYuT, a = 3 YAOBJETBOPSET YCJOBHIO 3ajauu. [Iycte Temepp a # 3.
B atom ciyyae f(x) siBsieTcA KBagpaTHHIM TpexwieHoMm. O6o3HaduuM
yepe3 x; M x5 (x; < x;) €ro KopHu, yepe3d D — ero AUCKPUMUHAHT, Ye-
pe3 xy, — abcijyiccy BepUiMHH napaboel, ApaAmomeics rpapuKkoM QyHK-
o y = (a— 3)x?—2(a + 3)x — a — 3. YonoBue 3aza4uu 6yaeT BBIIOTHEHO,
ecy:

— f(x) UMeeT eAMHCTBEHHBIN KOPEHb, M 3TOT KOPEHb MeHBLIE 1;

— f(x) umeeT ABa pa3nMYHBEIX KOPHS, OAMH U3 KOTOPHIX MeHblIe 1, a
ApyroH 6onkiie wim paseH 1;

— f(x) nmeet Ba pa3TUYHBIX KOPHSA, KOKABIH 13 KOTOPBIX MeHbile 1.

PaccMOTpHM Bce 3TH BO3MOXHOCTH. i TOro 4toObl KBaJpaTHBIM
TpexuwieH f(x) umen xots 66l OMMH KOpEHb, JO/DKHO BLIIOIHATHCA Hepa-

BeHcTBO D > 0, %;0, rae %= (a+3)2+(@—3)(a+3)=2a(a+3).

D _ . _ "
Ecm 2= 0, .e. a=0 mubo a =—3, KBaJpaTHBIN TPEXWIEH UMEET €1MH-

. a+3
CTBEHHBIH KOPEHb X =Xg = ——_3- ITpu a =0 2TOT KOpeHb paBeH —1; npu
a=—3 oH paBeH 0. B o60ux cly9afx KOpeHb MeHblle 1, nostoMy a=0 H
a = —3 YAOBJETBOPSIOT YCIOBHIO 3a/1a4H.

Ecnu % >0, To f(x) uMeeT ABa pa3nuyHbIx KOpH:A. [Ipearnonoxum,

yTO OAMH M3 HuUX paBeH 1. Torma a —3 — 2(a + 3) —a — 3 =0, oTkyzAa
a = —6. B 3T0M c/Iyyae AaHHOe ypaBHeHHe pUMeT B —9x? + 6x +3=0,
wm 3x%2 —2x—1=0. KopHAMUY 110C/IeAHEr0 YpaBHEHUA SIBJIAIOTCA YHUCTIa

lu -—%. [TockonbKy —331— < 1, spauenue a = —6 yZOBRJETBOpSieT YCIOBHIO
3a/1a4u.

Octanoch McCieJoBaTh CIy4yad, KOrja aHHOe YpaBHeHHe MMEET JBa
PAa3MUYHBIX KOPHA, HM OAMH M3 KOTOPHIX He paBeH 1. OAvH M3 KOp-
Hel MenbIle 1, a gpyroit 6onbme 1 B TOM ¥ TOJNBKO TOM CJIydae, eclu
(a —3)f(1) <0 (cm. cucremy (7). Tax xak

f(1)=a—3—-2(@@+3)—a—3=-2a—12,

riocieiHee HepaBeHCTBO npuMer Buj (a — 3)(—2a — 12) < 0. Paszgenus
obe 4YacTH 10JyYEeHHOTO HEepaBEHCTBA Ha —2, NpHAEM K HEpPABEHCTBY
(a—3)(a+6) >0, oTkyza noaIy4IuM, 4To a € (—oe; —6) U (3; +=).
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O6a KopHA MeHbllIe 1 B TOM M TOJBKO TOM ciay4dae (cM. cucTeMy (2)),
eCJ

D
Z >0,
(@a—3)f(1) >0,
x0< ]._.,
OTKYyZa
2a(a+3) > 0, a(a+3) > 0,
(@a—3)(a+6) <0, WK (@-3)(a+6) <0,
a+ 6
—3 <1, 7—3 < 0.

Pemienyie nocneaHer cucremel: (—6; —3) U (0; 3). Takum o6pazom,
a€ (—w; —3]1U[0; 40).
OtBeT: (—; —3]1U[0; 4 ).

YnpaxHenus k §2.2

1. a) HaiiauTe Bce 3Ha4Y€HUA napamMeTpa d, Npy KaXX/JO0M M3 KOTOPbIX
ypaBHenue (a — 2)x? — 4ax+a — 1 =0 uMeeT [Ba KOPHS Pa3HbIX 3HAKOB.

6) Haligute Bce 3HayeHHA MapaMeTpa d, IIPU KaXXAOM M3 KOTOPBIX
ypaeHenue (a+2)x* — 5ax +a — 3 =0 uMeeT /Ba KOPHS Pa3HbIX 3HAKOB.

2. a) Haiizute BCce 3Ha4YeHHA napaMeTpa a, P KaXXJO0M M3 KOTOPBIX
ypaBuenue (a? —9)x? — (2a® + 5a — 9)x + a + 3 =0 uMeeT ABa KOPHA pas-
HBIX 3HaKOB.

6) Haiigute Bce 3HaY€HMA niapamMeTpa a, MPU KaKIOM M3 KOTOPHIX
ypaBuenme (25 — a?)x? — (4a% —a — 7)x + a — 5 =0 umeer ABa KOpHA
Pa3HBIX 3HAKOB.

3. a) HaliguTe Bce 3HaYeHUA napaMeTpa a, MpY KaXJOM M3 KOTOPBIX
ypaBHenue ax? — (a + 1)x + 2a* — 5a — 3 =0 uMeeT /iBa KOPHA Pa3HBIX
3HAKOB.

6) HailjzuTe Bce 3HayeHMs mnapameTpa d, IPH KaKJIOM M3 KOTODBIX
ypaBHeHue (a? —a — 2)x?% — x +a? + a — 2 =0 umeeT ABa KOPHA Pa3HBIX
3HAaKOB.

4. a) HaiimuTe Bce 3HAYEeHMA napaMeTpa d, HpH KaXXJO0M U3 KOTOPBIX
ypaBHenue (a? —a)x? — (a — 2)x — a — 6 =0 uMeeT ABa pa3JMIHBIX KOPHS,
OIUWH U3 KOTOphIX Oonblle 1, a Apyroii — MeHsbl1le 1.

6) HaiiauTe Bce 3HaYeHMA flapaMeTpa d, IIPM KaK/JIOM M3 KOTOPBIX
ypaBHenue (a® — a — 6)x* — 2ax + a®> ~ 9 = 0 umeeT ABa PasTHYHBIX
KOPHS, OIUH U3 KOTOpPEIX 6onbmie —1, a Apyroit — MeHble —1.
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5. a) HaiimuTe Bce 3HagYeHUs MapaMeTpa d, IPH KOTOPHIX ypaBHEHHE
x? — (2a — 5)x+a— 7=0 uMeeT ABa KOPHA Pa3HLIX 3HAKOB, MOAY/b KaX-
ZIOTO M3 KOTOPHIX MEHbILEe 3.

6) Haiigure Bce 3HaYeHHs NapaMmeTpa d, pH KOTOPBIX YpABHEHHE
x? - (3a — 7)x +a — 4 =10 uMeeT Ba KOPHA pa3HbIX 3HAKOB, MOLYJb
KaXJOT0 U3 KOTOPHIX MEeHbIIe 2.

6. a) Haiimure Bce 3HaYeHHsa rapaMeTpa da, NpH KOTOPHIX ypaBHEHHE
(2a - Dx% — (a— 3)x +a+ 5=0 uMeeT JBa KOPHA PasHBEIX 3HAKOB, MO-
ZyNb KaKJ0T'0 U3 KOTOPEIX 6osbite 1.

6) HaiiauTe Bce 3HA4YE€HHA napaMmeTpa d, IpH KOTOPHIX ypaBHEHHE
(a+ 1)x? ~ (2a+ 1x + 2a — 5= 0 uMeeT ABa KOPHA Pa3HEIX 3HAKOB,
MOZYNb KaXXJ0TO U3 KOoTOpeIX 6oablie 4.

7. a) Haligute Bce 3HayeHUs napameTpa d, HpU KaXJI0M M3 KOTOPBIX
ypaBHenue (a—1)x?—2(a+ 1)x —2a — 1 =0 umeeT ABa pa3TUYHEIX KOP-
HA, KaKJBIH M3 KOTOPBIX Oosbiie —2.

6) HakizuTe Bce 3Ha4YeHHA mapaMeTpa a, NpU KaXJOM H3 KOTOPHIX
ypaBHeHHE

(a—2)x*+2(a—6)x—2a—18=0

HMMeeT JBa Pas/IMYHBIX KOPH, KaXIbIM U3 KOTOPBIX Oobiie —4.

8. a) HaliauTe BCce 3Ha4YeHHA napaMeTpa d, IpH KaX/OM U3 KOTOPbIX
ypaBHeHue (a+ 1)x%+2(a — 1)x — 2a + 1 =0 uMeer ABa Pa3INYHEIX KOP-
Hf, KaKJBpIH M3 KOTOPBIX MeHblIe 2.

6) Haiigute BCe 3HayeHHs MapaMeTpa a, NPH KaXJIOM M3 KOTOPHIX
ypaBHeHUe (a + 2)x? — 2(a + 4)x — 2a + 7 = 0 uMeeT ABa pas3iM4YHBIX
KOPHSA, KOKABIM U3 KOTOPBIX MeHbILe 4.

9. a) Haiizute Bce 3HaYeHMA napaMeTpa a, pH KaX/JO0M M3 KOTOPHIX
ypaBHeHne (a — 3)x% — 2(a + 3)x — 2a — 3 =0 uMeeT ABa Pa3IMIHBIX KOP-
HSf, NpUHagIeXXaiux uHTepsaty (—2; 1).

6) Haiigute BCce 3HayeHHMA NapaMeTpa a, NpM KaXIOM M3 KOTOPHIX
ypaBHeHHe (a — 5)x? +2(a+ 1)x — 2a + 1 = 0 umeeT ABa pasjM4HBIX
KOPHS, IpMHaAnexalux unrepsaiy (—1; 2).

10. a) HaliauTe BCe 3HaYeHUs apaMeTpa da, Py KaKAOM M3 KOTOPHIX
ypaBHenme (a+ 6)x2+2(a — 6)x — 2a + 6 =0 umeeT ZBa pas3TUYHBIX KOP-
HA, MOAY/b KaXJI0ro U3 KOTOPEIX MeHbIle 2.

6) Haiigure BCe 3Ha4YeHMA napaMeTpa d, [PH KaKIOM H3 KOTOPBIX
ypaBhenue 2(a + 5)x? + 2(a — 7)x — a + 4 =0 uMeeT ABa Pa3IMYHBIX
KOPHS, MOAY/AbL KaXJ0ro U3 KOTOPHIX MeHbIIe 1.

11. a) HajiiguTe BCce 3HA4YeHHUs NapaMeTpa d, Ipy KaKJIO0M M3 KOTOPhIX
HepaBeHCTBO X~ — (@ — 5)x+a? — 4a — 5 < 0 6yzieT BHINOMHEHO A1 11000
I'0 3HAa4YeHKA X, NpHUHAaIexKallero uHrepsaity (—4; 0).
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6) Haiiaure Bce 3HaYe€HHA mapamMeTpa d, IPU KaXKAOM M3 KOTOPHIX
HepaBeHCTBO X2 + (@ — 4)x + a? — 2a — 8 < 0 GyjeT BHIOJIHEHO AJis
m060ro 3HaYeHUA X, NpHHaZIexamero UHTepsaily (0; 4).

12. a) HailizuTe Bce 3HaYE€HHUA flapaMeTpa a, IPH KaKJ0M U3 KOTOPBIX
HepaBeHCTBO 4x2 4+ 2(a — 2)x + a? + 2a — 8 < 0 6yZeT BHIIOIHEHO /151 JIIO-
6oro 3Ha4YeHKs X, HpHHAAIexamero Hurepsany (0; 2).

6) Haiiaure Bce 3HaYeHMA mapameTpa d, IPU KaXJOM H3 KOTOPBX
HepaBeHCTBO 4x2 —2(a— Dx+a*+4a—-5<0 OyzeT BHIIOJIHEHO AJIA
Job0ro 3HaYeHHs X, IpUHaAIexanero uHreppaity (—2; 0).

13. a) Haiiaure BCce 3Ha4YeHUA I1apaMeTpa a, NPy KaKA0M M3 KOTOPhIX
mo6oe pemieHye HepaBeHcTBa 4(a — 3)x? — 2(2a + 1)x + a > 0 npuHazjie-
JKUT 0Tpe3ky [—2; 2].

6) HaiiguTe Bce 3HaueHUA napaMeTpa d, IPHU KaKA0M H3 KOTOPBIX JII0-
6oe pemenue nepasencTBa 9(a — 1)x* — 3(2a + 5)x + a + 2 > 0 npunaz-
JIeXXUT oTpesKy [—3; 3].

14. a) HalizuTe Bce 3Ha4eHUA 1apameTpa a, IpH KaXJ0M U3 KOTOPbIX
nmoboe pemenye HepaseHcTBa (a — 4)x? — 2(2a — 1)x + 4a — 4> 0 npu-
Ha uiexxut otpesky [—0,5; 0,5].

6) HaiizuTe Bce 3HaYeHHA NapaMeTpa a, IPH KaXKAOM U3 KOTOPbIX JIIO-
6oe pemenue HepaBescTBa (a — 5)x? — (2a — 3)x +a — 2 > 0 npunaze-
»ut oTpe3ky [—0,25; 0,25].

15. a) Haiigure BCce 3HaYeHUA napaMeTpa a, Ipy KaXXJ0M U3 KOTOPBIX
ypaBHeHMe (a + Hx?+4(a+ Dx+2a+ 2 =0 umeer x0T 6B OJUH KO-
peHb, Gonpminii —2.

6) HaiizuTe BCce 3HaYeHMA napameTpa a, [IPU KaXXJOM U3 KOTOPBIX
ypasrenue (a+3)x*+2(a — 3)x — a + 3 =0 umMeer x0T bl OAUH KOPEHb,
6onbmuii —1.

16. a) HaiiauTe BCce 3HaUeHUA napamMeTpa d, IIpU KaX0M U3 KOTOPBIX
ypaBHeHue (a — 4)x? — 6(a — 2)x + 7a — 10 =0 umeeT x0T Obl OZHH KO-
peHb, MEHbIIUH 3.

6) HaiiznTe Bce 3HaYeHUA napameTpa d, IPU KaXJOM M3 KOTOPBIX
ypaBHeHue (a — 2)x? — 4(a + Dx + 2a + 2 = 0 umeer x0T OB OAMH
KOpeHb, MEHbLIMHA 2.

§ 2.3. 3azaun, cCBOAMMBIE K MCCJIeJOBAHUIO
KBaZIpaTHOI'0 TpexwieHa

B atom mnaparpade OysyT paccCMOTpeHHI 3ajayH, PeIIeHHE KOTOPBIX
CBOAUTCA K HCCJIEZIOBAHHIO PacCIoIOKEHHA KOpHel KBaJpaTHOIO TPEXWIEHA
OTHOCUTEIbHO HEKOTOPBIX YHCE/ TOJMBKO NOC/Ie ONpeAeNeHHbIX peBapy-
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TeJILHBIX AeMcTBuil: anrebpanyeckux npeobpa3oBaHuH, 3aMeHBI NIEPEMEH-
HOIi M T.7. CyIeCTBEHHHIM HpH PeLIEHMH 33/a4 TaKoro poja sBjser-
CA YMEHME NPOBOAUTH IIPABIJIBHEE PACCYXJEHMA M JE/1aTh JIOTHIECKH
060CHOBaHHBIE BHIBO/BI, a KIIOYEBEIM MOMEHTOM — riepepOpMy/IMPOBKA,
NoC/ie KOTOPOM JaHHaA 3ajada CBOAUTCA K 3a/lade HA MCC/Ie]OBaHKe
pacronoxeHuss KOpHeH KBaApaTHOTO TpexuyneHa. Hanpumep, ana Toro
yTOo6Bl OTBETHTH Ha BOIIPOC O CYIIECTBOBAHMM KOpHEH KBaJApaTHOro
OTHOCHTEJIbHO SiNX ypaBHEHHA C flapaMeTpOM, HYKHO BBECTH HOBYIO
fIepeEMEHHYIO, TIOJIOKUB ee paBHOM Sinx, IOJy4YHThb KBa/ZlpaTHOe ypas-
HeHHe OTHOCHUTEJhHO HOBOM mepeMeHHOM M C yYyeTOM TOro, 4YTo 3Ta
[epeMeHHasA NPMHMMAEeT 3HadeHWs TONAbKO M3 orpeska [—1; 1], naiu
3HAYEHHA MapamMeTpa, IpH KOTOPbIX XOTA OB OfMH KOPEHb HOTy4YE€HHOIO
KBaJpaTHOTO ypaBHEHUA NpUHALIEXUT oTpe3ky [—1; 1], paccmoTpeB Bee
BO3MOXHEIE cy4au: 06a KOpHA npuHaziexar oTpeaky [—1; 1]; Toabko
MEHbIIMI KOpeHb NMpUHaZIeXHUT oTpesky [—1; 1]; Tonbpko ConbIuuil Ko-
peHb NpuHAAIEXUT oTpe3Ky [—1; 1]; ypaBHEHHe MMeeT €IMHCTBEHHEIH
KOpeHb, KOTOPHIM NpuHaMIexuT orpe3ky [—1;1]. TumiuHoN ommOKoi
OpH pelleHHH noAOOHBIX 3aZad fAB/IAETCA WIHOPMPOBAHHME IPHUHA/IEX-
HOCTHM KOPHeH NOJyYEHHOrO KBaJpaTHOTO ypaBHeHMA oTpesky [—1;1]
M BHIIIMCHIBAHME TOMBKO YCJIOBHMA HEOTPHLATEIBHOCTH AUCKPUMHHAHTA.
[Toaromy pelteHre KaxJ0H Takol 3ajauu LenecoobpasHo JeMUTh Ha ZBa
3Tana, NepBLIi U3 KOTOPHIX COCTOMT B CBE,EHHH JaHHOH 3a/1a4M K 3a/1a4e
Ha MCCIeJOBaHME KBaJpAaTHOIO TpexuyieHa (C cOOTBETCTBYIOLIEH mepe-
$OpMYIMPOBKOIL), 2 BTOPEIM ABJIAETCA CaMO MCCIEIOBAHHE TTOTyYEHHOrO
KBa/IPATHOTO TPeXWieHa ¢ IOMOLILI0 CGOPMYIMPOBAHHEIX B peAblAylIeM
naparpage TeopeM.

IMpumep 1. Haitty Bce 3HayeHUA napaMeTpa d, NpH KaXJO0M U3 KO-

TOPHIX HEPABEHCTBO —o— a(1-a)
P P a—ax—2

> 0 BHINIONIHEHO IS AIO0BIX 3HaYeHUH

nepeMeHHOH x U3 orpe3ska [—1; 1].

Pemenue. [1OCKONBKY 4YacTHOE JABYX 4Yuces IOJNOXHTEJBHO B TOM
Y TOMBKO TOM CIy4yae, eC/i MONOXUTEAbHO MX IPOM3BEJEHHE, JaHHOE
HepaBeHCTBO MOXXHO nepenucatk B BHe (ax —a(l—a)) (@®>—ax—2)>0.
ycre f(x) = (ax —a(l — a))(@® — ax — 2), x; ¥ x3 (x; < X,) —KOPHH
KBa/IpaTHOrO TpexwieHa f(x). 3ameTuM, 4T0 KO3GGHUMEHT NpH x’ B
BeIpakeHHH f(Xx) paBeH —a? u, crefoBaTeNbHO, HenonoxurteneH. Ecmu
OH paBeH Hym0 (T.e. a =0), To HepaBeHCTBO npuHUMaet By 0 >0 u He
nuMmeeT pemeHuii. Ecm a # 0, BeTBU napabosnel, sB/sgolienca rpagukom
$yuknuu y = f(x), HarpaBieHH BHM3, ¥ 33a9y MOXHO mepedopMyniu-
pOBATh TaK: HAMTH BCe 3HaYEHMA NIapaMeTpa d, IPY KaK/IOM U3 KOTOPbIX
HepaBeHcTBO f(x) > 0 BEMOAHAETCA A1 JII0O0r0o 3Ha4eHHUA X U3 OTpe3ka
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[—1; 1]. [TocneaHee MMeET MeCTO, TOJBKO eC/IH

f(-=1 >0, (@ —2a)(@®+a-2) >0,
f() >0, a’(@®>—a-2) > 0.

PemM nepsoe HepaBeHCTBO CHCTEMEL, IPHUBEASA €ro K BHAY
aa—2)a—1D@+2)>0

OTKyZa {

H NIpHUMEHHWUB METO/, HHTEpPBAIOB:

—
R T
S T

PellleHue nepBoro HepaBeHCTBa CHCTEMBI: (—oo; —2)U(0; 1)U (2; +).
PemivM BTOpoe HepaBeHCTBO CUCTEMBI, IPHUBEAS €r0 K BHIY

al@a—2)(a+1) >0

H NIPUMEHHWB MeTO/, HHTEPBAJIOB:

TR T

> HNRAES
-1

EL L .%

PelieHye BTOpOro HepaBeHCTBa CHCTEMBI: (—oo; —1) U (2; +20).

Pelmienue cuctemsr: (—oo; —2) U (2; +20)

OTtBeT: (—o0; —2) U (2; 4-0).

Ilpumep 2. Haiitu Bce 3HayeHuUs mapaMeTpa d, [IpH KaXJOM M3 KO-
TOpHIX ypaBHeHHe x* + 2(a — 1)x3 + 4x?% + 8(a — 1)x + 16 =0 umeeT He
MeHee ABYX pas3/JMYHBIX OTPUIATeIbHBIX KOPHEH.

Pewenue. 3aMeTHM, 9TO Yucio O He AB/IAETCA KODHEM YPaBHEHHA.
I[ToaToMy MOHO paszesUTh obe YacTH YpaBHEeHUA Ha X2, [oc/le 4ero Ie-

PErpyInupoBaTh cjaraeMble: x2 + i—f— +2(a—-1) (x + g) + 4=0. Ob603Ha-

YHM

4 _
x+;—t, 1)

2, 16 _ o
TOTAa X+ prial B 8 ¥ ypaBHeHHe NpUHIMaeT BH],

t24+2(a—-1Dt—4=0. @),

TeM caMbIM 3aja4y yAai0Ch CBECTH K MCC/IEAOBAHUIO KBAJIPATHOTO TpeX-
wieHa f(t) =t%+2(a — 1)t — 4. [Tonpo6yeM yCTaHOBUTH, KAKHE 3HAYEHHUSA
MOKeT NpHHHMaTk IlepeMeHHasA t. M3 ypaBHeHus (1) Jierko ciezyer,
YTO 4YMCIa X W t ogHOro 3Haka. KpomMe Ttoro, ypaBHeHMe (1) MOXXHO
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nepemnucarb B BUje X2 — tx +4=0. [loc/eaHee ypaBHeHHe HMeeT KOPHH
TOJBKO B CJIydae HEOTPHLaTEIBHOCTH ero AUCKpUMuHaHTa D = t* — 16,
T.e. ecnn t2 — 16 >0, oTkyza |t] = 4, T.e. t € (—; —4] U [4; +). [Ipu
3TOM eCJH t € (—o; —4) U (4; +), TO ypaBHEeHHE x? — tx 4+ 4=0 6yner
HMMETh Ba pa3MHYHbIX KOpHA, ewd t = +4, To eJUHCTBEHHBIH KODEHB.
TakuM o6pa3oM, eciu ypasHeHHe (2) MMeeT TOJBKO IOJOXKHTENBHbIE
KOpHHM, /laHHOE ypaBHEHMe OTPHMLATENBLHBEIX KOpDHEM HMMEeTh He MOXeT.
Ecu ypasHeHMe (2) MMeeT XOTA 6Bl OAMH OTPHLATENBHBIM KOpEHb, NPH-
Ha/UIeXKaIMI nHTepBany (— «; —4), To UICXOZHOe ypaBHeHre OyAeT IMEThb
o KpaiiHell Mepe IBa OTpULATeNLHBIX KOpHs. Tenephb 3ajavy MOXHO
nepedoOpMyIMPOBaTh TaK: HAWTH Bce 3HaYeHU:A ltapaMeTpa d, Npu Ko-
TophlX ypaBHeHHe (2) uMeeT xOTA Obl OJWH OTpHIATEJbHbIN KOPEHB,
IpHMHAAIeXKaUMH TpoMexyTKy (—o; —4). 3ameTnm, 4yTo f(0) =—4, cie-
ZIOBATE/ILHO, ITPH JII0OOOM 3HaYEHMH 1apaMeTpa a KBaApaTHBIM TpexwieH
HMeeT KOPHM pa3HBIX 3HaKOB. [lo3TOMy HCXO/lHOE ypaBHeHHE HMeeT He
6ornee ABYX pa3/JW4YHBbIX OTPMLATENbHBIX KOpHEN. POBHO ABa pa3MYHbIX
OTPULIATE/IbHBIX KODHA OHO OyzZeT MMETh B TOM CJIydae, €cJIM OTpHLa-
TeNbHbIHA KOpeHb KBaApATHOro TpexwieHa f (t) OyaeT cTporo MeHslle —4.
Jl1g 3Tor0 HeOOXOAMMO M AOCTATOYHO, YTOOB! BBHITOTHIOCH HEPABEHCTBO
f(—4)<0,T.e.16—8(a—1) —4<0, oTkysia a>2,5.

OT1BeT: (2,5; +).

3ameuyanue. [IpyBeeHHEI NpUMep IMOKa3blBaeT, HACKOJBKO BaXKHO
YUMTHIBATh OOJNACTh 3HAYeHWii HOBOH NepeMeHHOIl. JTa obnacTb A

4 - s
t=x+- OrUIa HalieHa ¢ MOMOUIBIO YCJIOBHUA CyIIECTBOBAHHMA KOpHEH

KBa/JI[paTHOro ypasHeHHA (T. €. YCIOBHA HEOTPHLATENbHOCTH AHCKPH-
MHHaHTa). AHAJIOTMYHO MOXXHO HalTH ofnacTh 3HaYeHWil nepeMeHHOM

[
t =kx + < [PH JOOBIX OTIHMYHBEIX OT Hynda k u [, mepemucasB paBeH-

l
CTBO t = kx + % B BH/E KBA/[paTHOTO yPaBHEHHA kx? —tx+1=0. Jlnn

TOr0 4YTOOHL! 3TO ypaBHEHHe MMENO XOTH OBl O/JMH KOpeHb, HeobOXoau-
MO M JAOCTATOYHO HOTpeb6oBaTh HEOTPHUIATEALHOCTH AHCKPHMMHMHAHTa
D =t% — 4kl, T.e. BHIONIHEHUA ycaoBHA t2 > 4kl, KOTOpPOE MPH OTpHIa-
TEJIBHOM TpOM3BeseHMM kil OyzeT BBHITOIHEHO JJ11 BCEX AEHCTBHUTE]Ib-
HBIX 3HayeHH# t, a ripu ki > O npUBOAUTCA K HepaBeHCTBy [t| > 2k,
OTKyfa t € (—oo; ~2vkl] U [2VkI; +). TakuMm obpasom, ecau kI > 0,

[

kx + | 22V kl. Tlpu monoXUTENBHBIX k ¥ | 3TO 2Ke HepaBEHCTBO

a+b
MOKeT OBITh MOJy4YeHO K3 HepaBeHcTBa Ko _—'2l:_ > v ab ana cpenHero

apupMeTHIecKOro M cpeJHero reoMeTpH4ecKoro ABYX HEOTpHIIATENb-
HBIX 4Yucea a M b, sABjsiouerocs cjieAcTBUEeM OYeBHIHOIO HEPABEHCTBa

TO
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(v/@ — vb)? > 0 u nonyyarouwerocs M3 NOCAEIHEro PacKpBITHEM CKO-
6ok M nepeHocoM ciaraeMsiX. [lepemucap HepasenctBo Komwu B BHze
a + b > 2v/ab, 3awnoyaeM, 9TO CyMMa AByX HEOTPHLATEJILHBIX YHCET
He MeHbllle YABOEHHOIO KOPHA M3 MX NpPOH3BeJeHHMA (3HAK paBeHCTBa
BO3MOXeH, TOJILKO €CJ/IM YHCJIa paBHbl). [103TOMY npH MTONIOXKUTENBHBIX K,

[ 1 x omyunm kx+£>2 kx-;lc—,'r.e. kx+;lc~22\/7<_l. Ecin ke k u | no-

JIOXKHUTENBHEI, & X OTPHLIATEILHO, TO (—X) IMOJOXKUTENABHO U ISl HETO BhI-

ITOJIHAETCA HepaBeHCTBO k(—x) + ﬁ > 2vkl, oTKyza 1oc/ie yMHOXKeHUs

Ha —1 nomyuum kx + % < ~2+vkl. 3uauwr,

kx + il > 2vkl. JlokasanHoe

[
IOByMs criocof6aMy HepaBeHCTBO IIO3BOJAET IpH 3aMeHe t = kx + ~ cpasy

3alHChIBATh B CJIy4Yae IOJIOKUTENHHOCTH k U | obiacTh 3HaYeHHIl HOBOH
nepeMeHHoii: [t] > 2vkl, Wi t € (—oo; —24/kl] U [2Vkl; 40).
PaccMoTpuM enle oauH rpuMep.
IMpumep 3. HaiiTi Bce 3HaYeHUA napaMeTpa d, IPH KaXKJI0M U3 KOTO-
PHIX YpaBHEHHE

1g%(2x% — 4x+3) + (3a®> + 5a+ 7) 1g(2x? — 4x+3) —2a+3 = 0

HMMeeT XOTA 6B OAUH KOPEHB.
Peltenue. BelgenvB 1o/IHEE KBapaTH 110/, 3HAKAMU norapu¢Mog, Iie-
penMileM ypaBHeHUE B BHe

18°(2(x—1)2+ 1) + (3% 4+ 5a + 7 1g(2(x — 1)*+ 1) —2a + 3 = 0.

Iycts t =1g(2(x — 1)* + 1). Hockoneky 2(x — 1)2 + 1 > 1, monyuum, ¥To
t > 0. Toraa AaHHOe ypaBHeHMe puMeT BUZ t2+(3a%+5a+7)t —2a+3=0
H 331241y MOXXHO lepedOpMy/MpOBaTh TaK: HallTH Bce 3HaYeHHs llapaMeT-
pa a, pH Ka)Ka0M U3 KOTOPbIX ypapHeHHe t2 + (3a2 +5a+ 7)t —2a+3=0
HMeeT XOTA OBl 0MH HeOTpHLIaTeNbHBII KOpeHb. O603HauYMM Yepes t; K t,
KOPHH KBaJpaTHOro TpexwieHa f(t) =t?+ (3a®+ 5a + 7)t — 2a + 3, cuu-
Tasd, 9To ty < t,. [paduxoM PyHkiuM y = f(t) apaserca napabona, BETBH

2 3a*+5a+7
KOTOPOH Halpas/ieHbl BBEPX, abclyicca BePIIMHBI ty = -

3aMeTHM, YTO AHCKPHUMHHAHT TpexwieHa 3a2 4+ 5a+7 oTpHULIaTeIeH
(oH paseH —59). CrezoBarensHo, 3a® +5a+7 >0, a t, <0 mpy o-
6om felicTBHUTENBHOM a. [losTomy eciu f(t) MMeeT eIMHCTBEHHBIH KO-
peHs (T.e. t; =t, =ty), TO 3TOT KopeHsb oTpuuareied. Eciu f(t) uMeer
[Ba PasiUYHBIX KODHs, TO MeHbIIMM M3 HUX OyzeT oTpMLaTeNeH, Io-
CKOJMBKY t; <ty < 0. CiegoBaTenbHO, Ana TOro 4yrobel 3ajada uMena
peleH’e, HEOOXOAMMO M AOCTATOYHO, YTOOGH BRHIMOJHAIOCH YCJIOBHE
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t, <0< t,, T.e. f(0) <O0. Ilockoneky f(0) =—2a+ 3, nonyyaem HepaBeH-
ctBo —2a+4+ 3 <0, otkygaa > 1,5.

OtseT: [1,5; +).

[Ipy MccresoBaHMM HEpaBeHCTB € [TApaMeTpaMu YacTO MPHXOAWTCA
paccMaTpHMBaTh 3HaYNUTEIBLHO OosiblIee YMCI0 BO3MOXKHBIX BAPHAHTOB.

IMpumep 4. HaiiTu Bce 3HaueHUA NTapaMeTpa a, MpH KaXJ0oM M3 KOTO-
PBIX 471 J1I060ro AeHCTBUTEIFHOTO 3HAaYEHHA X BHINIOJIHEHO HEPABEHCTBO
a(sin? x —3)?+2a+cos’ x < 4.

Pemrenne. O603uHaunM sin? x yepes t. Torga t € [0; 1], cos’ x=1—t 1
[laHHOe HepaBeHCTBO mpuMeT Buz a(t — 3)* + 2a+ 1 —t <4, oTkyaa mo-
cJle pacKpHITHA CKOOOK, NpuBeJeHU MOAOOHEIX C/IaraeMBbIX M 3alIHCH Jie-
BOH YacTHU B cTaHAapTHOM JJisl KBaJpaTHOIC HepaBeHCTBa BUAE NTONTYYHM
at® — (6a+1)t+11a — 3 < 0. Tenieps 334a4y MOXHO TlepepOpMyIMpOBaTh
TaK: HAUTH Bce 3HAYEHHA MapaMeTpa a, [JI1 KaKAOro U3 KOTOPBIX TpeX-
wieH f(t) =at? — (6a+ 1)t 4+ 11a — 3 GyneT OTPHLATENBHEIM TIPH JII000M
te[0;1].

PaccMOTpUM TpH OCHOBHBIX CJEydast.

1. Iycts a =0. B atoM ciydae f(£) = —t—3 u f(t) <0 npu n060M
t € [0; 1]. 3HaumT, a =0 ynoBaeTBOpsAeT TpeOGOBaHUIO 3aJa4H.

2. IycTs a > 0. B 3ToM ciiyyae BeTBH Napabosbl, ABAAIOUENCA rpady-
koM JyHKIMEU y = f(t), HanpasieHsl BBepX. C1eI0BaTeILHO, HeoOxoau-
MBIE ¥ JOCTaTOYHbIe YCJIOBHA OTPHLIATENLHOCTH f (t) npu irobom t € [0; 1]
AAl0TCA CHCTEMOM

a>01 a>0,
f(0) <0, orkyna 11a—3 <0,
f(1) <0, a—6a—1+11a—-3 <0,

Y, 3HA4YHT,
a>o0,

<3
a %1,
a<§.

M3 nocnegHei cucreMsl noayyuM O <a < TBT

3. Myctb a <0. B aTOM Ciiyyae peTBU napabossl, ABIAOLIeHca rpady-
kKoM ¢yHknuM y = f(t), HarmpaeireHs BHU3 U f(t) 6yseT NpMHHUMATh Ha
orpe3ke [0; 1] ToNBpKO OTpHUIIATENBHEIE 3HAYEHHA, JIUIIB €CH:

a) rpaduk PyHkIMM y = f(f) LETHKOM JIEXHT HiDke OcH abcumcc,

T. €. AUCKpUMUHAHT D=1+ 24a — 8a? orpuniarenex (puc. 1a);
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6) n1060i1 KOpeHb KBaIpaTHOI'O TpeXwieHa f (t) MeHblle HyJA: £y < <
<0 (puc. 16);

B) 060l KOpeHb KBaJpaTHOro TpexwieHa f(t) Gosblne €IMHMILBL
1<t, <t, (puc. 1B).

Y Y
| . t, t, o
0 1 t 0 1 ¢t
a) 6)
Y)
/—\ _
0 1/ 4 L, t
B)
Puc. 1

B ciayyae a) nmonyduM cuUCTEMY

a<?o,
14 24a—8a? < 0.

= E)o (2{%12).

Pemenune KBa/IpaTHOIO HEpPaABEHCTBA: (—00; 4

6—J§§)_

CnenoBaTe/ibHO, pellleHHe CUCTEMBI: (— o} Z

B ciyyae 6) HeoOX0oAMMBIE M AOCTAaTOYHbIE YCJIOBHA AAIOTCA CUCTEMOM

£(0) <0, 11a—3 <0,
\D>o0 O™ 11424a-8a%3>0,
6a+1
lt0<03 l 2a < 0.

& Er32014. Matemaruka. 3agava C5
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M3 nByX NepBLIX HEPaBeHCTB CUCTeMBI 3aK/io4yaeM, yto a < 0. C yuyeToM

1
< 0 nmony4umM, 4TO a > 5 PemmeHueM KBa/l-

6— 38 6-++/38
4 >

PATHOIro HEpPABEHCTBA ABJIAETCA OTPE3OK [ ) ] CpaBHPI]VI

6—+/38 1 6-—x/38< 1 J§§—6>1

6a+1
3TOro U3 HepaBeHCTBa 2a

2 M —e. Hpe,ZLHOHO)KHM 4TOo 2 STg Torna 2 ZgH
V382 2 , OTKyna 38 2 —— Ilocne,zmee HEpABEHCTBO HeBePHO. 3HAYUT, U
cAeNTaHHOEe JoNnylleHe HepepHo. Clie/J0OBaTeNbHO, 6_—4-“ > —%. [ToaTo-

[6 — /38 )
MY PellleHHeM CHCTeME! ABJIAETCA MPOMEXYTOK | —,—; 0 ).
B ciyyae B) HEOOXOAMMEIE Y JOCTATOYHEIE YCIOBHA JAIOTCA CUCTEMOL
(a <0, (a <0,
f(1) <0, 6a—4 <0,
D3>0, OTKYAA Y\ 1+ 24q—8a? > O,
6a+1
to > 1
\ 0 s \ " 24 > 1.
M3 ABYX NEPBLIX HEPABEHCTB CHCTEME] 3a1<.1110qaeM yto a < 0. [NocneaHee
+ 1

HepaBeHCTBO CUCTEMBI IIPHBOANTCA K BI/LlIy > 0. C yyeToM TOro, 4YTO

1
a < 0, U3 nocjieJHero HepaBeHCTBA MOAyYyaeM a < —3 PellieHuieM KBaJ-

paTHOTO HepaBeHCTBa ABJIAETCHA OTPe30K [ 6- 2 38. 6 +;/§§] . Bere 66110
JIOKa3aHO, YTO 6—_;/—§-§ > —-%. [Noatomy %—gg > —% U pellleHuH pac-

cMaTpHBaeMas clcTeMa He HMeeT.
OOpenyHAA Bce HalWeHHBHle 3HAYeHHA [apaMeTpa, ITOJNYYMM, YTO

3
aec (—00, Tl_)

3
OTBeT: (-—00' - ].
€ ' 11
3ameuyanue. PacCMOTpeHHBIH NpUMep INOKa3BIBaeT, HAaCKOJBLKO pas3-
BETBJIEHHOMH MOXeT OKa3aTbCA 33jla4ya, CBsI3aHHas ¢ UCCAeJOBaAHVEM pac-

moJioXKeHUs KopHeil KBajparHoro TtpexuieHa. Kpome artoro, ciegyer

6—/38 1

o6paTUTE BHUMaHHe Ha CPaBHEeHHe YHCesl 5 Mg arake opopMm-

JieHHe TAaKOro CpaBHEHHA B TEKCTe pellleHHA: Belh ¢ HeOOXOAHMOCTBIO
CpaBHEHHUSs [JOCTAaTOYHO «HEMPHUATHHIX» YMce] IPUXOAUTCA CTAIKUBaThCA
He TOJBKO [PHU pelieHWM 33Jad C TapaMeTpoOM, HO U MNpH pelleHUH
CaMbIX pPa3HBIX ypaBHEHMH U HepaBeHCTB (HanpuMep, 3aga4yu C3 EI'D no
MareMarHKe). B HEKOTODBIX C/Iy4yasiX [OCTAaTOYHO OL€eHWUTb KOpeHb (WiH
sorapu$M) ZBYMSA I[€JBIMH YHCIAMH, MEeXJAy KOTOPHIMH OH 3aKJIIOYeH,
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HO B AaHHOM CJiyyae M3 Toro, 41o 6 < v 38 <7, cne,aye'r TONBKO, YTO

J—e eJ_

0<+/38—-6<1, orkyna 0<—— <Z’H 3HaYMT, _Z< y

Il cpaBHeHMA C —% TaKoM ouemm HEeJOCTATOYHO, ITO3TOMY IMPUXOAWTCSA
YEeIWHATh KOPEHb M CPAaBHHMBATH €r0 C MOJIOXKUTEIbHBIM palOHAIbHBIM
YHC/IOM ITyT€M CpaBHEHHA KBaJpaTa 3TOTO PanHOHAIBHOrO Yucia C Mog-
KOpeHHBIM 4HCIOM. OGOPMHUTh TaKoe CpaBHEHHE Ha YMCTOBHUKE MOXHO
60 OT mMpOTMBHOro (Kak 3TO ObUIO ciesnaHo npu pasbope nmpHMepa),
anbo 3anucaB B YUCTOBHMKE MOCI€JOBaTEILHOCTE AEHCTBHI, OOpaTHyio
[pofe/IaHHON B YepHOBKKE: Be/b AOKA3bIBaTh HEPABEHCTBO MOXHO TOJIb-
KO ONMpasch Ha OYEBHIHOE BEPHOE HepaBeHCTBO. B rociesHeM ciyyae B
YHCTOBHKE CJIe/lyeT IPUBECTH TaKoOe 10Ka3aTeNbCTRO:

38<400=>\/ g <20 =>\/ —6< = =>‘/_;6 6=:»9:-4l/—§§>—%.

ITpumep 5. Haprm Bce 3HaYeHUA IapaMeTpa d, NPH KaXXJO0M M3 KOTO-
PHIX HepaBeHCTBO 4* —a - 2¥ —a + 3 < 0 uMeet XOT8 OBl OJHO pEllIeHKE.

Peutenne. [lycte t = 2%, t > 0. Torna naHHOe HEPABEHCTBO IPHMET
BUJ t2 — at —a+ 3 <0 u 3a71auy MOXXHO niepedOpMY/IHPOBATh TaK: HalTH
BCe 3HAYEeHWs MapaMeTpa d, NMpU KaXJOM H3 KOTOPHIX HEpPaBEHCTBO
t2 —at — a + 3 < 0 uMeer X0TA 6B OHO MOJIOXKUTENbHOE pemenue. O60-
3HaUMM 4epe3 t; ¥ t, KOpHU KBaIpaTHOro TpexwieHa f(f) =t*—at —a+3,
CYuTas, 4to t; < t,, Yyepe3d D —ero AHUCKpMMHHAHT: D = a’+4a—12=
=(a+6)(a— 2). 'padukom PyHxipu y = f(t) apasercs napabona, BETBH
KOTOpOil HanparJeHbl BBepX, aOcLUMCCOM BEpPIIMHB ABJIAETCA ty = %.

PaccMoTpuM Bce Tpu ciydasi, koraa f(t) < 0 xors 6B npu OAHOM I110-
JIOXKUTEIHHOM t.

Ciyuaii 1: t; <0 < t,. 3TO yC/IOBHE BHIIOJHAETCA B TOM M TOJIBKO TOM
crydae, ecau f(0) < 0. [Mockoneky f(0) = —a + 3, nony4yaeM HepaBEHCTBO
—a+3<0, oTtkyaaa> 3, T.e. a € (3; +«).

Y

Puc. 2

5’
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Cryuait 2: 0 <ty <t,. 3TO YCJIOBHE BHIIOJIHAETCA B TOM H TOJBEKO TOM
clydae, ecJiu

f(0) >0, —a+3 >0,
D20, T.e€. (a+6)(a—2) >0,
to > 0, %>o,

OTKyna 2 < a < 3, u, cJlef0BATENBHO, a € [2; 3).

Y

Puc. 3

Ciryqait 3: oMH M3 KOpHe# KBapaTHOro TpexwieHa f (t) paBeH Hymo.
B atoM cayuae f(0) =—a+3=0, otkysa a=3. Ho Toraa f(£)=t*—3t u
BTOPOH KOpeHb paBeH 3, T. €. 3HayeHHe d = 3 Taloke yAOBjeTBopseT ycJo-
BHMIO 33a49H. O0besHHAA pellleHHd, MOAyUYHM, YTOo a € [2; +).

OTtBerT: [2; +x).

Bo Bcex pellleHHAX, pacCMOTPEHHBIX BhIlIe, TpeGOBaIOCh JIUIb Olpe-
ACJMTh 3HaYeHue fapaMeTpa, IpH KOTOPBIX 3aaa4a MMEET Te€ HJIH HHBIEe
pemieHusi. CaMu pellieHHA NPH 3TOM HaxOAMTh He Tpebosaiock. [lepeii-
JIeEM Terepb K pacCMOTPEHHIO TeX 3a/ad, e HY)XKHO He TOJIBKO OIlpeJe-
JIMTL BCe 3Ha4YeHHsA IapaMmeTpa, IpH KOTOPHIX ypaBHeHUe WU HepaBeH-
CTBO MMeeT pellleHHe, HO M YKa3aTb AJis HalJeHHbIX 3Ha4eHH! nlapaMer-
pa Bce 3TH penreHHA. Kak yke oTMedanoch, UHOrAa 3THU 3a/1a4¥ KOPOTKO
$OpMYNHPYIOT TaK: pelliiTb YpaBHeHHe (HepaBeHCTBO, CHCTeMY) ¢ Iapa-
METPOM.

IIpumep 6. Halitu Bce 3Ha4YeHUs rapameTpa d, Npy KaXJ0M U3 KOTO-

DHIX ypaBHeHMe X + 1/ a? — x2 =1 umeeT XoTa 65l OfUH KOpEeHb, H YKa3aTh
KOPHHM YPaBHEHHUS AJ11 KOXKJ0T0 M3 HalAEHHLIX 3HaYeHUH a.

Petenwue. [NepenuineM ypasHeHue B Buae / a? —x2=—x+1 v BcrioM-
HHM, YTO KBaJI[paTHBIM KOpPHEM H3 YHCJa b Ha3pIBaeTcs Takoe HeoTpULla-
TeJbHOe 4HCJIO ¢, KBaAparT KOoToporo paseH b. [1o3ToMy OT nocieAHero
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ypaBHeHHUA MOXXHO ITepeiTH K cucTeMe

{az—x2=x2—2x+1, 2x2 - 2x+1-a%=0,

x<1.

a
—x+1320, oA {

Tenepp 3azauy MOXHO IepedOpMy/JIHpOBATh TaK: HAWTH Bce 3Ha-
yeHMs NapaMeTpa a, NPH KaXXJOM M3 KOTOPBIX KBaJApaTHEI TpeXuwIeH
f(x) =2x% — 2x 4+ 1 — a® uMmeeT XoTA 6B OJIUH KOPEHb, HE IIPEBOCXO-
AApil 1, 1 ykazaTb KOpHM I BCeX TaKUX 3HaYEHHH llapaMmeTpa d.
O6o3HauYuM yepes Xx; H X, (x; < Xx,) KOpHU TpexwieHa f (x), yepe3 D —ero
JUCKPHMMHAHT, Yyepe3 X, — aOCLMCCy BepIIMHB! 1apaboJibl, ABIAIOLIEH-
cs rpa¢pukoM GyHKIMM y = f(x), 3aMeTHB, YTO BETBH 3TOH napaboibl

Hampab/JeHH BeepX. Torza % =2a’-1, a xg = 0,5 < 1. M3 nocnezHero

C/IeZIyeT, B YACTHOCTH, YTO eciH f(x) MMeeT KOpHHM, TO IO KpaiiHeil Mepe
OAUH M3 HHUX MeHbllIe 1. Bo3MOXXHEI TpH CIydas.

1. PoBHO ofiMH M3 KOpHei TpexwieHa f(x) mMeHslle 1, T.e. x; <1 <x,.
Jlia 3TOro HeoOXOAMMO H OCTATOYHO, YTOOH! BHITO/IHAIOCH HEPAaBEHCTBO
£(1) <0. Tak kax f (1) =1 —a?, nonyyaeM HepapeHCTBO 1 — a? <0, oTKyna
1-4/2a2-1

> .

2. JIiobol M3 KopHel TpexwieHa f(x) meHpuie 1, T.e. x; < x; < 1.

B a3TOM CJiydyae HeOOXOAHUMEIE U IOCTAaTOYHEIE YCIOBUA JAIOTCA CUCTEMOM

la|>1, T.e.a€ (—o; —1) U (1; +). [Ipu 3TOM Xx=X; =

D>0, 2a*-132 0,
f(1) >0, orkyza 1-a*>0,
1
xq > 0, =
0 5 < 1.
M3 nociesHed cUCTeMBI NOAy4aeM, YTO a € (—1; —g U %; 1). Kop-
HAMHU JaHHOTO yYpaBHEHHMA MpPH 3THUX 3HAYE€HUAX MapaMeTpa ABJAIOTCA

1++4/2a%2-1

2
3. OnuH U3 KopHeii TpexwieHa f (x) paBeH 1. B atom ciy4ae f(1) =

=1—a?=0, oTkyAa a==1, ¥ BTOpOIi KOpeHs paseH O.
O6beguHAA pellieHUA, MOJyYMM OTBeT.

1—4y/2a*-1 1+4/2a*-1

OTBerT: 5 npH a € (—oo; —1) U (1; +0); 5 TIpH
Q] U [Q
2 2

IIpumep 7. Pemvts HepaBeHCTBO 144% — 2.12% 4 @ > 0 npu Beex
3HaYeHUAX d.

qHCIa

ae [—1 ;- ; 1]; IIpH MPOYMX d KOpHell HeT.
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Pemenwe. [Tycts t =121, I‘Iocrcom;xy |x| > 0, momy4yum, yro t > 1. Jlan-
HOe HepaBeHCTBO NpUMeT BMA tZ2 — 2t +a > 0. 0603Hath yepe3 t; U L,
(t; < t;) KOpHH KBazpaTHOro Tpexwiena f(t) =t>— 2t +a, yepe3 D — ero
JUCKPUMMHAHT, Yepe3 ty — abcLpccy BepIMHEL nTapaborbl, ABisAoLleiics
rpadukoM QYHKIMM y = f(t), 3aMeTHB, YTO BETBH 3TOIl rnapabosbl Ha-

[paeJjieHs! BBepX. Torza ‘2— =1—a, a ty=1. PaccMoTpuMm ciieaytonme ciry-
Yau.
Cnyqait 1: €0, T.e. 1—a<0, orkyna a > 1. B arom cayyae f(t) >0
I

IpH JIIOOOM t, a 3Ha4IuT, ¥ 1pu t > 1. Tem campiM, 121 > 1, otxyza |x| >0,
T.e, X € (—o0; +).

Cryvait 2: % >0, T.e.1—a>0, otkyga a < 1. B 3TOM cJiyyae KBaJpaT-
HBIH TpeXwieH f (t) uMeeT ABa pasIMYHBIX KOPHA t) U &, (t; <t;) U IPpHHU-
MaeT HeOTpUIIaTe/IbHbIe 3HAYeHHUs Ha ITPOMeXyTKax (—oo; t1] U [ty; +).
IMTocKOMEKY £y =1, yci0BME HeOTpHLaTENhHOCTH f (t) ipu t > 1, 6yzeT BB
IIOJIHEHO, UMb ecU t € [ty; +o). Hadias t, =14 +/1—a u caenas ob-
PaTHyIO 3aMeHY, IIPUX0oIUM IpH a < 1 k HepaBeHctsy 12X > 14+ /1 —gq,
otkyzaa |x| >log,,(1+v1—a), T.e

x € (—oo; —log;, (14 v 1—-a)]U[log;,(14+ v 1—a); +).

OtBeT: (—;+) npu a € [1;+»); (—o; —log;,(1 + V1—a)] U
Ullog,,(14+v1—a); +«) npu a € (—wx; 1).

3aMeTHM, YTO B IOCJIEIHEM MprMepe PaBeHCTBO ty = 1 MpH YCJIOBHH

> 1 NO3BOIMIIO UCKNAIOYUTH M3 PacCCMOTPEHHUA €llle LeIBIH Pl CIydaeB.

[ozBons wrtory, orMeTuM cieayioujee. JIro6yio M3 pacCMOTPEHHBIX
3aJ1a4 MOXXHO OBLIO pellinTh, HEMOCPEACTBEHHO BHIMHUIAS KOPHU COOT-
BEeTCTBYIOIUMX KBaJpAaTHBIX TpexwieHoB. OMHAKO IMOYTH BCerga BMECTO
CHCTEeMEI, coneprkalieii UMb THHeHHbe ¥ KBaJpaTHhe HepaBeHCTRa, IpH
TaKOM pellleHHH [TPHLIIOCH OBl KMETh AEsI0 C BeChMa I'POMO3AKUMH CHCTe-
MaMH HppaLMOHANBHEIX HEPABEHCTB, I7leé BEPOATHOCThL apudMeTHIeCKOH
olOKY AOBOJBHO BesiMKa. TeM He MeHee, M3y4YeHHbIE NMPHUEMBI, XOTA U
SIBJISIIOTCA AOCTAaTOYHO YHUBEpPCAAbHHIMH, B HEKOTOPHIX CIy4asX MOTYT
OKa3aTbCAd He CaMbIMM ONTHMaibHEIMHM. Y ene pa3 o6paTHM BHHMaHHe
Ha /Ba KJIIOYEBBIX MOMEHTa. Bo-NepBhIX, celaB 3aMeHy IepeMeHHOH,
HeoOXOAMMO yKa3aThb OO/MacTh 3HaYeHWii HOBOH mNepeMeHHON U 00si3a-
TeJBLHO nepedopMyIHpOBaTh 33Ja4y C yUYeTOM 3TOi o6aacTH. Bo-BTODEIX,
IIPY pEllleHHH 3aJa4 C NapaMeTpaMH cielyeT OCTeperaThbCcs «ITOABOAHBIX
KaMHel». B 3ToM cMbiciie 0cofy10 aKKypaTHOCTD U TILAaTe/IbHOCTh Cle/lyeT
[IPOBEPATh B TeX CIydasx, KOrja BHIIMCHIBaeMble HEpaBeHCTBa MOTYT
OBITE KaK CTPOTHMMH, TaK ¥ HECTPOrMMH (HalipuMep, eC/TH OMHUH U3 KOpHeH
KBaJpaTHOrO TpexwieHa MOXeT COBMNA/aTk C XapaKTEpHHIM 3HadYeHHeM
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| WM m U3 TeopeM IpepIAyIero naparpada). B aTUx c1y4asax, 4ToObl e
3aMyTaThCA, JIYYIlEe TMOMb30BaTbCA CTPOIMMH HEpaBEHCTBaMH, a CJIy4yau
x; =1 u (wm) x;=m (i =1, 2) paccMaTpuBaTh OTJEJIBHO, KaK 3To OBLIO
cAeNaHO NpH pelleHuM IpuMepoB 5 ¥ 6. M mocneanee. Pasymeercs,
pelleHye 3a/1a4 ¢ TapaMeTpaM, TpeOyIonMx Hecle0BaHuA KBaIpaTHOTO
TPEXWIeHa, HE OrPAaHHYMBAETCA TONBKO M3yYEeHHEM PacCIIOIOKEHHUA KOp-
Heli KBaJpaTHOrO TpeXWIeHa OTHOCHUTE/IbHO 33/laHHBIX YHCENT: 3/iech, KaK
MBI BUAEIH, NPHXOAUTCA NONb30BAThCA CAMBIMHM Pa3sHLIMH CBOMCTBaMU
u ¢aKTaMH, ONHpasch KaK Ha airebpanyeckue, Tak U Ha rpadpuyecKue
npeAcTaBjieHus. s yCITeIIHOrO pelleHrd TakUX 3a/a4y HY)XXHO IOoCTa-
paTbCs HAPACTUTH ONpe/ie/IeHHYI0 MaTeMaTHYecKyIo «MyCKyJIarypy», cAe-
JIaB TPUBOAMMEIE HIDKE YNPaXHEHWS — JOCTAaTOYHO Pa3HOOOpasHbe M
BMECTE C TEM CBA3aHHblE HMEHHO C KBaJpaTHBIM TPEXWIEHOM H €ro
cBOMCTBaMH.

YnpaxHeHus k §2.3

1. a) Haiiute Bce 3HayeHUs MapaMmeTpa d, IIpH KaKJOM H3 KOTOPBIX
2ax+a(1—2a)

2a®+2ax—1
MEHHO# X 13 oTpe3ka [—2; 2].

6) Hakigure Bce 3HayeHUS IIapaMeTpa d, NpH KaXJOM M3 KOTOPBIX
6ax—a(2—a)
a?—6ax —8

MEHHOM x U3 orpe3ka [—3; 3].

2. a) Haiignre Bce 3HayeHUA ImapaMeTpa a, IIpH KakKJOM H3 KOTOPbBIX
ypaBHerue 2x* + (a — 2)x3 + 2x? + (a — 2)x + 2 =0 uMeeT He MeHee JBYX
Pa3IMYHBIX OTPULIATEIbHEIX KOPHEH.

6) HaiizuTe Bce 3HayeHWA IlapaMeTpa a, NpH KaXJOM M3 KOTOPBIX
ypasrerte 2x* — (Sa+ 2)x + 2x? — (5a + 2)x + 2 =0 uMeeT He MeHee
ABYX PA3JIMYHBIX MONOXKUTENBHBIX KOPHEH.

3. a) HailjuTe Bce 3HayeHWA IapaMeTpa d, IIpY KaKJIOM M3 KOTOPBIX
ypaBrenue 1g2(3x% + 6x +4) + (5a®> —a+4) 1g(3x2+6x +4) —a—2=0
uMeeT xoTA OB OIMH KOpPEHb.

6) Haiizute Bce 3HayeHWA NapaMeTpa d, IpH KaXKJOM M3 KOTOPBIX
ypaBHeHUe

1g2(5x%2 — 10x + 6) + (3a% ~5a +6) lg(5x* — 10x +6) —4a+3 =0

vMeeT xoTs1 OBl O[UH KOPEHb.

4. a) HaiignTe Bce 3HayeHUA napameTpa d, [PHU KaX/J0M M3 KOTOPBIX
ypasuenve log(7x? + 1) + (3a® — a + 3) - logs(7x* + 1) + 4a®* —a* =0
UMeeT XOTs OB OlUH KOPEeHb.

HEpaBEeHCTBO < 0 BHIIONIHEHO 1A JOOBIX 3HaYeHHH nepe-

HEPaBEHCTBO > (0 BHNOJHEHO A1 JHOOBIX 3HAYEeHUH nepe-
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6) Haiigure Bce 3HayeHWs NapaMeTpa d, IPH KOKAOM M3 KOTOPBIX
ypasrenue logZ(4x? + 1) + (2a — 3a + 4) - logs(4x? + 1) + 9a% —a* =0
UMeeT XOTA 6Bl OIUH KOPEeHb.

5. a) HaliguTe Bce 3HavyeHUs napameTrpa d, IPH KaXKIOM H3 KOTOPbIX
ypasuenue 49* + (2a2 —a+ 6) - 7° + 2a% + a — 6 =0 uUMeeT eJUHCTBEH-
HBIH KOPEHb.

6) HatliznTe Bce 3HayeHWs napaMmeTpa d, NIPY KaXKJAOM M3 KOTOPBIX
ypaBHeHHe 25* + (2a% — Sa + 12) - 5° + 2a® + 5a — 12 = 0 ¥UMeeT enus-
CTBEHHBIH KOpEHb.

6. a) Haijgute Bce 3HayeHMA mapaMeTpa d, NP KOKJOM M3 KOTOPBIX
ypasrenye 36* —2(a+1)-6* +a®+2a—8=0 uMeeT e/IMHCTBEHHbIi1 KOPEHb.

6) HaiizyiTe Bce 3HayeHMA NapaMeTpa d, PU KaXKJOM M3 KOTOPHIX
ypaBuenue 9 — 2(2a + 1) - 3* + a? + 4a — 12 =0 uMeeT eAWHCTBEHHBIH
KOp€EHb.

7. a) HaliauTe Bce 3HaueHHs napaMeTpa d, IPH KaXKJOM H3 KOTOPBIX
A moboro AeHCTBUTEIBHOIO 3HAYEHWA X BHIIOJHEHO HEPAaBEHCTBO
a(cos?® x —3)? + 2a + 11 sin’ x < 44.

6) HalizuTe Bce 3HayeHWs mapaMeTpa d, IPU KKIOM H3 KOTOPHIX
Ana moboro AeificTBUTENBPHOIO 3HAYEHMA X BHITONHEHO HEPABEHCTBO
a(sin x — 3)*+ 2a + 88 > 22 cos? x.

8. a) Haligure Bce 3HayeHWs napaMeTpa d, NPU KaXKAOM H3 KOTOPBIX
HepaBeHCTBO 9 — (a — 1) - 3¥ — a + 4 < 0 uMeeT XoT1aA 6B OZIHO pelleHHE.

6) HaligTe Bce 3HayeHMsA napameTpa d, NP KaXXJAOM H3 KOTOPBIX
HepaBeHCTBO 49 — (a+1) - 7* —a + 2 < 0 umeeT x0Ts1 6B OIHO PeIlleHHe.

9. a) Haiiznre Bce 3HaueHNA IlapamMeTpa d, IpH KaXJIOM H3 KOTOPHIX
HepaBeHCTBO 5* — (a —5) - (0,2)* + 2 < a umeeT Xots 651 OAHO pelleHe.

6) Haliaute Bce 3HayeHWsA mapaMerpa d, IPH KaKAOM U3 KOTOPHIX
HepaBeHcTBO 4 — (a + 2) - (0,25)* < a + 5 umeeT X018 6B OZIHO pellleHye.

10, a) Pemyre ypasHeHue X + \/ a?—x242x—1=2.

6) Pelmte ypasserye x + v/ a2 — x2 + 4x — 4=3.

11. a) Pemute mepaberctso 25X —2-5M £ a>1.

6) PelliiTe HepaBEHCTBO 36 —2.6 +a>2.

12. a) Haiinure Bee 3HaYeHUs napaMeTpa d, IpY KaKJOM M3 KOTOPBIX
ypaBHeHHe v 2x —a +5=x — 2a +4 umeeT X0TA OB OIUH KOPEHb, H YKa-
YKHTe KOpHH YpaBHEHMA AJIA KaX0ro U3 HalieHHbIX 3Ha4YeHWH a.

6) HailzuTe Bce 3HayeHHA Mapamerpa d, HPH KAXKIOM M3 KOTOPBIX
ypaBHeHUe vV2x—a—4=x — 2a — 2 uMmeeT XOTA OBl OAMH KOpE€Hb, U
YKQXKXHTe KOPHHM YpaBHEHMA JJIS1 KAKJ0T0O U3 HaW/leHHbIX 3HaYeHUH d.

13. a) Haiiaure Bce 3HayeHM napaMeTpa d, MpH KaKJOM M3 KOTOPBIX
ypassenue 49 —2(a—1)-7* +a* —4a—5=0 uMeeT eIMHCTBEHHbI1 KOPEHb.
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6) HaiiguTe Bce 3HayeHud IlapaMeTpa @, IIPH KaXOM M3 KOTOPHIX
ypasHeHue 9* — 2(a —3) - 3* + a? — 8a + 7 =0 UMeeT eIVHCTBEHHBIH
KOp€eHb.

14. a) HaiizyTe Bce 3HaueHUs napameTpa a, IIpH KaKJOM H3 KOTOPHIX
7711 mo6Ooro 3HaYyeHWs X BHITIOIHEHO HEPaBEHCTBO

a? +2a —sin®x —2acosx > 2.

6) HaligrTe Bce 3HaueHUs napaMeTpa d, IpY KaX0M U3 KOTOPBIX [/
Jo60ro 3HaYeHUs X BHITOJHEHO HEPABEHCTBO

cos?x +2asinx —2a < a’—A4.

15. a) Haligute Bce 3HayeHWd nmapaMeTpa a, IpH KaXJOM U3 KOTOPHIX
Z/151 1I060ro 3HAaYeHWS X BHITIOJTHEHO HEPABEHCTBO

1+logs(x?+1) > logs(ax? +4x +a).

6) HaiifuTe Bce 3HaYeHUA TapaMeTpa a, NPH KaXJ0M U3 KOTOPHIX I/
moboro 3Ha4YeHUs X BHIITOJIHEHO HEPABEHCTBO

log, 5 (4x*+1) <2+ logg > (4ax? — 40x +a).

16. a) HaiiauTe Bce 3Ha4eHUs napaMeTpa a, IIpY KaXXZioM M3 KOTOPBIX
A1 J1I060ro 3HaYeHWs X BHITOJTHEHO HEPAaBEHCTBO

(a—1)-9+4(a—~2)-3"+a> 2.

6) HailinTe Bce 3HaueHWA lapaMeTpa d, IPpH KaXJ0M U3 KOTOPBIX /1A
mo6Oro 3HaYEeHUS X BHIITOJHEHO HEPABEHCTBO

(a—2)-25+4(a—-1) -5 +a< 1.

17. a) HaiizuTe Bce 3HayeHUs napaMeTpa d, IPYU KaXJA0M H3 KOTOPBIX
ypaBHeHue log; (9% + 9a) = x umeeT Ba pa3IMYHBIX KOPHA.

6) HaiignTe Bce 3HayeHUsA napaMmeTpa d, IIpU KaXAOM M3 KOTOPBHIX
ypaBHeHUe log, (4* — a) = x umeeT jBa pa3iUYHEBIX KOPHIL.

18. a) HalizyTe Bce 3HaYyeHUs nmapaMeTpa a, IpH KaKJIOM M3 KOTOPBIX

6x 9v3 .
ypasHeHHe x%+ o + cosa + 36 =0 UMeeT e JUHCTBEHHHH KOPEHb.
6) Haiaure Bce 3HayeHHMA MNapaMmeTpa d, IIPH KaXAOM M3 KOTOPBIX
2 2x 1 o
aBHeHUe X + + + 24/ 2=0 yumMeeT eIUHCTBEHHBLIH KOPEHb.
P Vsina €Osd P

19. a) Haiiaure Bce 3HayeHHs napameTpa a, IIpU KOKJOM U3 KOTOPHIX
ypaBHeHue x(x + 1)(x + 2)(x + 3) =a umeeT He MeHee TpeX pa3NYHBIX
OTPULIATEIBHBIX KOPHEH.

6) Haiizute Bce 3HaueHus MapaMeTrpa a, IIPH KKJOM M3 KOTOPBIX
ypaBHeHue a + x(x — 1)(x — 2) (x — 3) =0 umeeT He MeHee TPeX pas3uy-
HBIX ITOJIOXHUTEBHEIX KOPHE.
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20. a) HaiiauTe Bce 3HayeHUs mmapaMeTpa a, MpH KaKIOM M3 KOTOPBIX
HepaBeHCTBO 3— |x —a|>x? uMeeT x0T GBI OZIHO OTPHLIATELHOE PellleHHe.
6) Ha#ismre Bce 3HaYyeHUA TlapaMeTpa a, IpH KAKAOM H3 KOTOPBIX
HEpPaBEHCTBO 2 > [x +a| + x2 uMmeeT X0TA OB O/JHO NOJIOKHUTEILHOE pellle-
HHE.
21. a) Haiigure Bce 3HayeHUA lapamMeTpa a, IpH KOKAOM U3 KOTOPBIX
ypaBuenye |1 —ax|=1+ (1 — 2a)x + ax? umeeT eAMHCTBEHHBIH KOPEHb.
6) HaiiguTe Bce 3HayeHud apaMeTpa d, IIpU KaKJOM H3 KOTOPBIX
ypaBrense |(a + 1x — 2| = (1 + a)x* — 2ax + 2 ¥MeeT eJUHCTBEHHBIH
KOp€Hb.
22. a) HaiigyTe Bce 3HaYeHUs IapaMeTpa a, NNpH KaxJI0M M3 KOTOPBIX
HMeeT eJMHCTBEHHOE PellleHHe chcTeMa YpaBHEeHHUI
x+2y+xy+1=0,
axy+x—y+1,5=0.
6) HaiiguTe Bece 3HayeHUs TapaMeTpa a, Ipy Kak/0M U3 KOTOPBIX MMe-
eT €JUHCTBEHHOE pellleHHe CUCTEMA ypaBHEeHUHN
3y+2+xy =0,
x(yv+1—a)+y(2a—3)+a+3=0.
23. a) Haiigure Bce 3HaYeHMA apamMeTpa d, NpH KaX/0M H3 KOTOPBIX
MMeeT €/JUHCTBEHHOE pellleHHe CUCTeMa YpaBHeHUH
x2+y?=a,
xX—y=a.
6) HaiigyiTe Bce 3HayeHUs apaMeTpa a, Npy KaXXJioM H3 KOTOPBIX HMe-
eT eJUHCTBEHHOE pelIeHHe CHCTEMA YPABHEHUN
x2+ay =1,
3x+2y =3.
24. a) Haiigure Bce 3HaYeHHUs IapamMeTpa a, IpH KakJ0M H3 KOTOPBIX
He YMeeT pellleHHH cucTeMa ypaBHEeHHH
2x +a’y = a—2+a?
x+2y =2.
6) Ha#iaure BCce 3HayeHUs rapaMeTpa a, Ipu KaxJ0M U3 KOTOPBEIX HE
yMeeT pellleH’# cricTeMa ypaBHEHHH
2x + (9a®—-2)y = 3a,
x+y=1



8§ 2.3. 3asa4yy, CBOAYIMBIE K HCC/IEAOBAHHUIO KBapaTHOrO TPEXYIeHa 75

25. a) Haiiaure Bce 3HayeHUs napaMeTpa d, NP KaKAOM K3 KOTOPbIX
MMeeT €JMHCTBEHHOE pellleHHe CHcTeMa ypaBHeHUi

x+y+z=x2+4y?
x+2y+3z=a.

6) HaiizyTe Bce 3HaueHUs napaMeTpa a, Npy KaXXIoM U3 KOTOPHIX HMe-
eT €/IMHCTBEHHOe pellleHye CUCTeMa YpaBHEHUH

x2+y2=z,
xX+y+z=a.

26. a) Haiizure Bce 3HaYeHUA napaMeTpa d, MPH KaKJOM M3 KOTOPBIX
c/leAyomas cucTeMa ypaBHeHHH uMeeT XoTA Obl OHO pellleHue:

Ox2 —6xy +y%+6x—13y+3=0,
13x2 + 6xy + 10y? + 16x + 2y — 4ax — 6ay +a®> —2a+3 = 0.

6) Haliaute Bce 3Ha4eHUs napamMeTpa a, IpPH KaXXA0M U3 KOTOPHIX cJie-
Aylolas cucreMa ypaBHeHUH uMeeT XoTs Obl OZHO pelieHue:

4x2—12xy+9y*+2x—6y =0,
5x2—16xy +13y% —6x+ 10y + 2ax ~4ay +a®>—2a—5 = 0.

27. a) Haligyte Bce 3HayeHUs mapaMeTpa d, MPH KaXXJAOM M3 KOTOPBIX
36a — 942

ypasHeHMe ((2x + a) \/22a —4g%2—24 — 2(x? + x) lga) lgT =0

HMeeT IO KpaiHel Mepe ZiBa KOPHA, OUH U3 KOTOPHIX HEOTPHUIlATe/IeH, a
Apyroil He mpeBOCXOAUT —1.

6) Haijzute Bce 3HaueHWs napaMeTpa d, IIPpH KaKJOM M3 KOTOPBIX
ypaBHEeHHe

a2
((x—a)V1la—a2— 18+ (x*~x)JgBa— 1) Ig 22 =0

MMeeT 110 KpaiiHeH Mepe IBa KOpHS, OAKH U3 KOTOPHIX HEIONIOXHUTEJIEH, a
Jpyroil He meHbile 1.

28. a) HaiigyiTe Bce 3HaYyeHUs MapaMeTpa d, pH KaXA0M M3 KOTOPHIX
mo60o#l U3 KOpHeH ypaBHEeHHA

Sax?+ (3a®—12¢*-1)x—ala—4) =0

YZIOBIETBOpSIET HEPABEHCTBY |x| < 1.

6) HalizyTe Bee 3HayeHMs apaMeTpa d, IpH KaXI0M K3 KOTOPBIX JIO-
60i1 u3 Kopre#l ypaBrenus ax? + (3a® — 6a% — 1)x — 3a(a — 2) =0 yaopJe-
TBOpsieT HepaBeHCTBy x| < 2.
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29. a) Haiiaure Bce maphl (a; b) selcTBUTENBHBIX yHucea a M b, A
KaXX/I0i1 U3 KOTOPhIX HEPABEHCTBO |x2 + ax + b| > 2 He UMeeT HU OZIHOTO
peleHus Ha oTpeske [1; 5].

6) Haiigure Bce naph! (a; b) AeiicTBUTENBHBIX YyHces @ U b, A1 kaxa0i
U3 KOTOPBIX HEPABEHCTBO |2x2 + ax + b| > 1 ve ymMeeT HY OLHOI'O pellleHNs
Ha oTpeske [1; 3].

30. a) HailziyTe Bce 3HaYeHUs napaMeTpa a, IpY KaKJ0M U3 KOTOPBIX
ypaBueHHe 4(x — va-4%)x + 4(4? — 1) + a =0 umeeT X0Ta 6B OIUH KO-
peHb, U Olpe/Ie/INTE 3HAKY KOpHell /711 KAXKJ0ro U3 Hail/leHHbIX 3HaYeHHH
napamerpa d.

6) Ha¥gure Bce 3HayYeHHWA IapaMmeTpa d, NpU KKAOM M3 KOTOPBIX
ypasuenue 4x? — 4x(a- 5905 4 5+l 4 4 . 5—=0 umeeT X0TH 6B OIUH KO-
pexb, ¥ ONpe/Ie/INTe 3HaKH KOPHeH A1 KaXA0ro U3 HalJeHHBIX 3Ha4eHUH
napameTpa d.

31. a) Haiigure Bce 3HaYeHuA napaMeTpa a, Ipy KaXJoM H3 KOTOPHIX
ZUJIs1 BCEeX TTONOYKUTEIbHBIX 3HAaYeHH M ITepeMeHHOH X BBIIIOIHEHO HEPaBEeH-

CTBO
(@+(1-vV2)a?— B+ VDa+3vVYx2+2(c®—)x+a > —V2.

6) HaiizyTe Bce 3HaUeHUA napaMeTpa d, IpY KAKA0M H3 KOTOPRIX JJ/14
BCEX NOJOXKHUTEJIbHBIX 3HaYeHUH NTepeMeHHON X BBHIIOJHEHO HEPaBEHCTBO

(@E+0-V3)®—@4+vV3Da+4vV3)x2+2(@®-3)x+a > —V3.

32. a) Haiigure Bce 3Ha4eHHMA lMapaMeTpa d, IpH K&KJAOM U3 KOTOPHIX
ypasHeHue (x — a)?(a(x —a)? —a—1) = —1 umeeT Gosbllle NONOKUTEb-
HBbIX KOpHEe, yeM OTpHLaTe/IbHBIX.

6) HaijzuTe Bce 3HaueHMA IlapameTpa a, NPH KaXXAOM H3 KOTOPHIX
ypasHeHue ((x —a — 12 —2)(x —a— 1)?=a? — 1 umeeT HosbLIE TONOKHU-
TeJIbHBIX KOPHEel, 4yeM OTpHLaTe/IbHBIX.

33. a) Hailaute Bce 3HayeHWd napaMeTpa a, Py KaKJOM U3 KOTOPBIX
ypaBHeHnue ((x — a)? —2a — 4) (x — a)? = —2a — 3 umeeT 6osblIE OTPHULIA-
TeJIbHBIX KOPHEH, YeM NOJOXKUTETBHBIX.

6) Haiiaure Bce 3HayeHWsa HapaMeTpa d, NPU KaXAOM U3 KOTOPBIX
ypasrenne (x + 2a)?((x + 2a)? — a — a*) = —a® umeer 6onblue OTpPHLA-
TEJIbHBIX KOPHEH, YeM IMOJIOKUTENbHBIX.

34. a) HaiiauTe Bce 3HayeHWA napameTpa d, NpYU KaXJOM H3 KOTO-
peix dyHKIMA f(x)=sin2x — 8(a + 1) sinx + (4a? + 8a — 14)x sBAseTCs
BO3pacTarllell Ha Bcell YUCIOBOH ITPSAMOH U NIPH 3TOM He HMEeT KpHTH-
YecKUX TOYEK.

6) Haiiaure Bce 3HavYeHMs TapaMeTpa d, TP KOKIO0M M3 KOTOPBIX QyHK-
mua f(x)=sin2x—8(a+2) cosx - (4a% +16a+6)x spiseTca ybpBaolmeit
Ha BceM YMIOBOM IIPAMOH 1 IIpY 3TOM HE UMeeT KPUTHYECKHUX TOYEK.
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35. a) Onpezenvre 3Hak KoabduimenTa a, ecm f(x) =ax?+bx+cu
fD<1, f(D>-1, f(3) <—4.

6) Onpeznenmure 3Hak ko3pOULMEHTA @, €CIH fx) = ax*+bx+cwu
f(=3) <=5, f(-1)>0, f(1) <4.

36. a) Hamxme BCe 3HayeHus NapaMeTpa d, NPy KaXA0M U3 KOTOPHIX

1[1011211(4x —4ax+a®—2a+2)=3.

6) Hau,uu're Bce 3HaYEeHUA IapaMeTpa d, NpU KKIOM H3 KOTOPBIX

l[lgaﬁ(( x?+2ax —a?+2a— 3)=-2.

37. a) Halizre Bce 3HauYeHNA ITapaMeTpa d, IIPY KaXJOM U3 KOTOPHIX
KBa/ipaTHyHasA QyHKIUA

cosa —sina

f(x) = (cos a)x?+ (2sina)x + 5

AIBJII€TCA KBa/paToM JIMHeHOH GYHKIHM.
6) HaiizuTe Bce 3HayeHNs napamerpa d, IPH KaX[AOM M3 KOTOPBIX
KBa/IpaTUyHas QyHKILYA

cosa+sina

f(x) = (sina)x*+ (2cosa)x + >

AIB/IAETCS KBaJIpaToM JUHEHHONH QYHKITHH.

38. a) Haiizure Bce 3Hayenws mapameTpa d, IPH KKJIOM H3 KOTO-
sinx +2(1 —a)

pHiX obnacte 3Havenuit GyHKIUHU y(x) = COZIEPXUT OTpe-

a - cos? x
30K [1; 2].
6) Hailiute Bce 3HayeHMsa napaMeTpa d, NP KAKAOM M3 KOTOPBIX
a—cosx

obnacte 3Hayenuil QyHKIMM y(x) =

[5:3]:
5’3
39. a) HalizvTe Bce 3HayeHWs MapameTpa a, MPH KaXJOM M3 KOTO-

PBIX A1 BCeX X, MPUHAJJIeXAIMX OTPe3KyY [2; 4], BHIIONHEHO HEpaBeH-
x—0,25a
CTBO —— < (.
x—2a

6) Haiigvre Bce 3HayeHHNs napaMeTpa d, IPH KaKAOM M3 KOTOPBIX
AJIA BCEX X, MpUHAAJIEkAIMX OoTpe3Ky [1; 2], BrmoIHEHO HepaBEeHCTBO
x—2a—1
— <.

Xx—a

40. a) Haiyqure Bce 3HaYeHWA napaMerpa d, MPH KaXKAOM U3 KOTO-
PBIX AJIA BCEX X, MPUH/VIeXXaIlHX OoTpe3Ky [1; 3], BrmOMHEeHO HepaBeH-
¢tBO (x —3a)(x—a—3) <0.

6) HaiinuTe Bce 3HauyeHWA mapaMeTpa d, NPU KaX/OM M3 KOTOPBIX
A1 BCEX X, NIPUHAAJIEXAUMX OTPE3Ky [2; 3], BHITONHEHO HEPaBEHCTBO

(x+3—-2a)(x+3a—2)<0.

" COIEePKHUT OTPEe30K
2a+sinx—1 AEP P
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41. a) Haiimre Bece 3HayeHUs napamMeTpa d, TpH KaKA0M H3 KOTOPbIX
peltieHHeM CUCTEMB! HEPABEHCTB

x2—2x

<a
2-4x<1-4a

ABJIAETCA OTPE30K AIUHH 1.
6) HaiiauTe Bce 3HayeHMA napaMeTpa d, IpH KaKJ0M U3 KOTOPBIX pe-
HIeHHEM CHCTEMBl HEPABEHCTB

x24+6x+7+a<0,
x2+4x+7 < 4a

ABNAETCA OTPE30OK JIMHE! 1.

42. a) HalijuTe BCe 3HayeHWs IapaMmeTpa a, NpH KOKJOM U3 KOTO-
phIX MEOrOWIeH P (x) = x* + 289 . x% + (cosa + cos 2a)x + 2% =2 gpNAeTcs
KBa/[paTOM KBa/[paTHOI'O TPEXWIEHa OT X.

6) Haiigmre Bce 3HayeHWs HapaMeTpa d, IIpH KOKAOM H3 KOTOPbIX
MHOrowieH P(x) = x* + 2°%9 . x2 + (sina + tga)x + 2°°¢ ~ 1 saBnseTcA
KBa/paToM KBaJIpaTHOro TpexwieHa oT X.

43. a) HaiiiuTe Bce 3HaYeHUs NTapaMeTpa a, MpH KaX/IoM U3 KOTOPBIX
ypaBHenue log 5~(4x + a) =4 umeeT XOTA 6Ll OAUH KOPEHb, H YKaXKHUTE
KOpPHM YpaBHEHHA /IS KA)KA0TO M3 HaW/IeHHbIX 3HAYEHUH a.

6) HaiiguTe Bce 3HayeHWs napaMerpa d, IpH KaXAOM H3 KOTOPBIX
ypasHenue log 55 v 2x + a =2 BMeeT X0TA 6Bl OJHH KOpEHb, H YKaKHUTE
KOPHH ypaBHEHHWSA J/IA KaX/0ro U3 HalWJeHHbIX 3Ha4YeHUH d.

44. a) HaiizuTe Bce 3HaYyeHMUA NapaMerpa a, Npu KakKJO0M H3 KOTOPBIX

HepaBeHCTBO X +2a— 24/ 3ax + a2 >0 umeeT XoTs1 6bI OZJHO PELIEHHE, H YKa-
JUTe Bee pellleHHs HEPABEHCTBA /1A K&K/[OTO U3 HAlIEHHbIX 3HaYeHuH a.
6) HaiiguTe Bce 3HaYeHHUA NMapaMeTpa d, IpY KaKJ0M U3 KOTOPhIX Hepa-

BEeHCTBO X +2a — y/ 3ax+ 4a2 > 0 umeeT XoTA OB OZ[HO pellleHHe, H YKaXKA-
Te Bce pellieHNs HEPABEHCTBA LA KKJOT0 13 HalleHHbIX 3Ha4YeHUH d.

45, a) HailauTe Bce 3HayeHUA apaMeTpa a, pH KaXJ0M H3 KOTOPbIX
ypaBHEHHE

(x—3)(x+1) +3(x—3) % = (a—1)(a+2)

uMeeT XOTA OBl OZIMH KOPEHb, H YKOKHTEe KOPHY YPaBHEHHA J1A KOXAO0TO
U3 HalIeHHbIX 3Ha4YeHUH a.
6) HaiymuTe Bce 3HavyeHuWs apaMeTpa d, NMpH KaXJOM H3 KOTOPbIX
ypaBHEHHE
+

(x+2)(x+4) +5(x+2) £+—g—(a+2)(a—3) =0
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UMeEeT XOTs 6Bl OAWH KOPEHb, ¥ YKAKUTE KOPHY YPaBHEHHUA J/11 KaXKAOTO
VU3 HaWJIeHHBIX 3HAYEHUH a.
46. a) Haiiaure Bee 1iesble 3HaYyeHNs MapaMeTpa d, IPY KaXA0M 13 KO-

) 2X _
TOPBIX ypaBHeHHe 5 — 4 sIn” x — 8 cos 5= 3a umeeT XoTA 6Bl OAUH KOPEHb,

Y YKQXWTE KOPHH YPaBHEHHUA I KaXXJ0ro U3 HalJeHHBIX 3HAYEHHUH a.

6) HaiigyTe Bee 1iesible 3HayeHus napaMeTpa d, IIPH KaX/JOM U3 KOTO-
PBIX ypaBHeHHE 2 — 2 c0s 2x = 3a + 4 sin x umMeeT XoTA OBl OZIVH KOPEHB, H
YK&KUTE KOPHH YpPaBHEHUs [JI1 KaXO0r0 U3 HaMIeHHBIX 3HaYeHUH d.

47. a) HaiiayTe Bce 3HayeHUA nmapaMeTpa a, IIPU KaXKOM U3 KOTOPHIX
HepaseHCcTBO a2 — 9°11 — 8a - 3* > 0 umeeT x0T 6B OZIHO pellieHye, U yKa-
YKHUTE BCE pelleHUA HEPABEHCTBA /1A KK OO U3 Hal{ZIeHHEBIX 3HaYeHUl a.

6) HaiianTe Bce 3HaueHMs napaMeTpa a, PY KaXK0M U3 KOTOPhIX Hepa-
BEHCTBO a® — 2- 41 — . 2°*1 > 0 ymeeT X071 6bI OAHO PEILIEHHE, ¥ YKAXKH-
Te BCe PelIeHHsA HEPAaBEHCTBA /I KAXK/JOT0 U3 HalIeHHBIX 3HAYEHHH d.

48. a) Haliavte Bce 3HaYeHNs napaMeTpa d, IIPY KaXJ0M H3 KOTOPBIX

HepaBeHCTBO {/ a2 — x2> x + 1 umeeT XOTs 651 OZIHO pellieHHe, U YKaKuTe
BCe pellleHUa HepaBeHCTBa 11 KaXJ0ro U3 HalJIeHHEIX 3HauYeHUil a.
6) Haiiaure Bce 3HayeHWs mapameTpa d, IpH KaXJOM U3 KOTOPHIX

HepaBeHCTBO {/ 1 — x2 < x + a uMeeT x0T 6bl OHO pellleHNe, B YKaKUTe
Bce pellleHNA HepPaBeHCTRA JJI KaXK/I0T0 U3 HaW/IeHHBIX 3HAYECHUH d.



I'naBa 3. IIpuMeHeHHe CBOMCTB QYHKIMH K PEIEeHUI0
ypaBHEHU M HEPABEHCTB

Pemenyie 6OABIIOTO YHCIA CYUTAKOIMXCA HECTaHJAPTHBIMU ypaBHE-
HU{l, HePaBeHCTB M MX cucTeM (C mapameTpoM U 6e3) CyllecTBEHHbIM 06-
pa3oM OMHpaeTcsl HA TaKMe CBOMCTBA 3/eMEHTAPHBIX QYHKUMH, H3yyae-
MBIX B IIKOJBHOM Kypce, Kak MOHOTOHHOCTDb, OTpPaHHW4YE€HHOCTh, HEmpe-
PBIBHOCTD, YETHOCTb WM HEYETHOCTD, 1€PHOAMMHOCTD, AuddepeHIHpy-
eMOCTh, a TaKkKe Ha rpaduyecKue UHTepnpeTalHy ypaBHEHHWH M Hepa-
BeHcTB. O6buHBIE (CTaHJapTHRIE) IPHEMBl H METO/B! pelllenyd, OCHOBaH-
Hble Ha CBe/leHUHY ypaBHeHUs (HEpaBeHCTBa) K O/[HOMY WIH HECKONBbKHM
IPOCTEHIIEM ¢ TTOMOLIBIO aarefpanvyecKux npeo6pa3oBanyii WK 3aMe-
HEI IIEpEMEHHOM, B TAKUX 3a/aYax OKa3blBaOTCA, KK IIPaBUJIO, Mano3¢-
deKTHBHBIMU WM He3ddeKTUBHBIMH BOBCE M SIBIAIOTCA JIUIIL BCIIOMO-
rarejJbHBIMH, «HHCTPYMEHTA/IbHBIMH», TEXHHYECKUMH CPeACTBAMH pellie-
HUs, KOTopble GyzyT coBepiieHHO 6eCloNe3HBIMH B OTCYTCTBHE KIIHOYE-
Boil Maeu. 3HAKOMCTBY C TAaKMMM KIHOYEBBIMY HAEAMH U IIOCBAIIEHA 3Ta
I71aBa.

§ 3.1. MOHOTOHHOCTbD

IlpuBeJeM BHAYaJe OCHOBHBIE YTBEDXKJAEHW, CBA3AHHBIE C MOHO-
TOHHBIMM (QYHKUIMAMH (HAIOMHHM, YTO MOHOTOHHBIMHMM HAa3bLIBAKOTCA
Bo3pacTawilue ¥ yobBaonue ¢yHKIMH), OrPaHUIHBLIMCE TEMH yTBEp-
KJIeHUSIMH, KOTOpHIe Hanbonee 4acTo HCIIONB3YIOTCA NIPH PelieHNH ypaB-
HEHUI ¥ HEPaBEHCTB.

Yreepxaenue 1. Ecmu ¢ynkiuma y = f(x) MOHOTOHHA, TO ypaBHEHHE
f(x) =c (rae c — moboe feHcTBUTEIBHOE yucno) umeeT He 6osee OIHOTO
KOPHSH.

ITO yTBEPK/AEHHE JIETKO CIeAyeT U3 Onpe/ie/ieHis MOHOTOHHOH PyHK-
uy. B camomMm zene, ecm f(x;) =c, f(xy) =c¢ H, Hanpumep, X; < X3, TO
mi6o f(x;) < f(x;) (npu mosoTOHHOM Bo3pacTaruy ¢yHKUMH y = f(x)),
mi6o f(x;) > f{x,) (npu mouoToHHOM yOEBamuM ¢yHKUMH y = f(X)),
YTO MPOTUBOPEYMT YCIOBHIO f(x1) =c= f(xz).

Vreepaxaenue 2. Eom ¢yrakuma y = f(x) MOHOTOHHO BO3pacTaet, a
dyHKIMA y = g(x) MOHOTOHHO y6HIBaeT, To ypaBHeHue f (x) = g(x) umeet
He 6osee OIHOIO KOPHA.

JloKa3aTe/IbcTBO ITOT0 YTBEPKAEHUA TAKXKE HE NPe/CTaB/IAET TPyAa
¥ MOXeT ObITh IPOBEleHO pa3sHBIMH cnocobamu. B camom Jene, ec-
m $yHKIMa y = g(x) MOHOTOHHO y6bIBaeT, TO QYHKIMA Yy = —g(x)
MOHOTOHHO Bo3pactaeT (OObBsICHHTE NOYeMy), a 3HAYMT, U QyHKIHMA
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u(x) = f(x) — g(x) sBAseTcs MOHOTOHHO Bo3pacramouen (kak cymMMma
MOHOTOHHO Bo3pacTarlux ¢yHkuui). [loaToMy B crly yTBepXaeHud 1
ypaBHeHue u(x) =0 (T.e. ypaBaeHue f(x) — g(x) = 0) umeer He Gonee
oxHoro KopHa. ClielopaTe/lbHO, U ypaBHeHue f (x) = g(x) umeeT He 6onee
OTHOTO KOPHS.

YrBepxaenus 11 2 no3BosAT 060CHOBHIBATH €AMHCTBEHHOCTD pellle-
HHA YpaBHEHMs B TeX CIy4yasx, KOTZia CBECTH €ro K IpocTediieMy He yAa-
eTcA, HO ZIOBOJILHO MPOCTO MOXHO NoAoOpaTh KOPeHb, KOTOPHIH, Kak npa-
BIJIO, AIBJAETCA LeJbM yncioM. CleayeT OTMETHTH, YTO pellleHu€e ypaB-
HEeHUsl «MEeTOZOM Tofbopa» OyzeT 3acUUTaHO TOMBKO NpY 0O0CHOBAHUY
TOT0, YTO APYTMX KOpHEH 3T0 ypaBHeHHe He mMeeT. Takoe o6ocHOBaHHe
YacTo yzaeTca CAeNaTh, ONUpasACh Ha CBOHCTBA MOHOTOHHBIX QYHKIIMM.

IMpumep 1. Pewnts ypaBHeHre 27" =lg(x+11) + 1.

PemreHue. fIcHO, YTO CTaHAApTHBIM CIIOCOOOM pEIIMTE 3TO YpaBHe-
Hue He MnpejcTaBjsercd BO3MOXKHEIM. Ilonpobyem nogobpark KOpEHb,
nepebupas HebopIINE 10 MOAY/IIO LiesIpie yuca. Yucio x = —1 AB/serca
KopHeM ypaBHeHHA. O60ocHyeM, YTO APYyTHX KOpHEH ypaBHEeHHe HE UMEeT.
dynxrua g(x) = 27* aBnserci MOHOTOHHO yOwmBawlled, a ¢yHKuMA
f(x)=1g(x+ 11) + 1 MOHOTOHHO BO3pacTaeT Ha BCell obnacTy onpeae-
neHus. ITostomy ypapHerHe f(x) = g(x) uMeeT He Gonee OAHOTO KOPHS.
Tak kak f(—1) =g(—1), To x=—1 —eAHHCTBEHHLIH KOpPEHb YPABHEHHS.

OTBeT: —1.

[Mpumep 2. Pemrnth ypapHeHUe 3* +4* =5%.

Pemrenue. Te, kTo noMHMT TeopeMy [Tudaropa ¥ IIPOCTEHIIHH €ry-
NeTCKUIl TPeyroibHUK, 6e3 Tpyaa noadepyT 4HCiIO, SBAAIIIEECS KOPHEM
3TOrO ypaBHEHHs: x = 2. OcTaeTcs NOKas3aThb, YTO APYTUX KOpHeH ypas-
HeHue He uMeeT. Ho kaxzan ua ¢yHkumil y =3* +4* u y =5" apnaerca
BO3pacTawlleil Ha Bcell YucIOBOM MPSAMOM, MO3TOMY B JAHHOM Ciy4ae
yTBepKAeHue 2 «He paboraer». YuuThBad, yrto 5* # 0, u pasgenus obe

X X
yacTy ypaBHeHHd Ha 5%, NIpHUJeM K YPaBHEHHIO (-g—) + (%) = 1. Ilycts

. 3 X 4 X
flx) = (5) +(5) '
dyHkua y = f(x) siBsieTcss MOHOTOHHO yORIBarollei Ha Beeil YCJIOBOM
npsAMOi (KaK CyMMa MOHOTOHHO yOBIBaromux $yHKIUMM), C/Ie0BATENBHO,
ypaBHeHue f(x) =1 umeeT He 6osee oAHOro KOpHs. Tak Kak f(2)=1,10
X = 2 — eIMHCTBEHHBII KOpeHb YPaBHEHHA.

OTBerT: 2.
[Mpumep 3. PelvTs ypaBHeHue

X 4 x+4 + x+9 _
dx+1-1 /x+5-1 Vx+10-1

6 Er3d 2014, Marematuka. 3apaua C5
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PerueHue. YMHOXKUM U pa3feivM KaX/Ayi0 ApoOb B JIeBOM 4acTH ypas-
HEHWSA Ha BEIpa’KeHUe, CONpAKeHHOoe ee 3HaMeHarTeo, T. €. Ha vx+1+1,
vx+5+1u +/x+10+ 1 cooTBeTCTBEHHO, ITOC/IE Yero npeobpasyeM 3Ha-
MeHareJb Kaxaou apobu no ¢popmysne pasHocTH KBaparos. [locne cokpa-
meHud gpobeii nosyyuM ypaBHeHuve

Vx+14+1+4/x4+54+14+4/x+10+1=8,

otkyAa vVx+1+ vx+5+ v/x+10=5. O603Ha4YMM JIEBYIO YACTh NOCIEA-
Hero ypaBHeHHdA depe3 f(x). ®yuxkums y = f(x) MOHOTOHHO BO3pacTa-
eT Ha npoMexyTtke [—1; 4+o) (kak cyMma Bospacrarommx ¢yHkuui). [lo-
ckonbKy f(—1) =5, B ciry MOHOTOHHOCTH GyHKUMHU ¥ = f (X) e AUHCTBEH-
HBIM KOpDHEM YpaBHEHUA ABJAAeTca x = —1.

OTtseT: —1.

ITpumep 4. PeniiTh ypaBHEHUE VXF1+Vx49+ VX +25 %

VX+Jx+44+V/x+16
PertieHue. [lepenuuieM ypaBHEHUE B BUZE

2(Vx+1+Vx+9+ v/ x+25) = 3(Vx+ /x+4+ 1/ x+16),

OTKyZAa
2(/x+1- v+ Vx+9— Vx+4+/x+25—/x+16) =

= vx+ \/x+4+ \/x+16.

O6o3HayuM NpaByl0 4YacThb ypaBHeHUd yepe3 g(x), 3aMeTHB, 4YTO

¢yHkuMA y = g(x) MOHOTOHHO Bo3pacTtaet Ha [0; +) (kak cyMMa BO3-
1

pactaromux ¢yHkumit). Jlasee, nockoneky vx—+1 — 4/x = m,
5 9

v — = 25— 16 = ,

x+9 x+ Vx+9+v/x+4 M Vx+25 -Vt Vx+25+vx+16

JIEB&A 4acCTk YPaBHEHHA IIPHMET BH/

2( 1 + 5 + 9 )
Vx+1+/x  xH+94+Vx+4  x+254+Vx+16/7°

O603HaYKB NOMYYEHHOE BhHIpaKeHue yepe3 f(x), 3aMeTuM, 4To QyHKIHA
y = f(x) saBAseTcA MOHOTOHHO yOpIBawel Ha [0; +) (kak cymMma Mo-
HOTOHHO YOBIBaomumx ¢yHKIHiL) . CleaoBaTeNbHO, ypaBHeHue f(x) =g(x)
vMeeT He 6onee ogHOro KopHaA. Ocranock 3aMeTUTh, 4To f(0) = g(0).
OTtserT: O.
CdopmynuipyeM Teneps JBa YTBEPXKAEHHA O MOHOTOHHBIX (PYHKIUAX,
CBAI3aHHBIE C pelleHreM HEepaBeHCTB.
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YreepxaeHune 3. Ecm dyHkuma y = f(x) MOHOTOHHO BO3pacTaer
Ha BceM YMCIOBOH mpsiMoi, a ¢QyHKUMA y = g{Xx) MOHOTOHHO YORIBaeT
Ha BCeH 4MCA0BOM IIpAMOM, TO ClIpaBe/JjIMBHI C/I€AYIOIIUE YTBEPKIACHHA:
a) f(a) < f(B) B ToM 1 TONBLKO B TOM wiyyae, korza a < f; 6) g(a) < g(f)
B TOM ¥ TOJIBKO B TOM ciy4ae, Korza a = f3.

3TO yTBepAeHue ABJIAETCs, B CYIIHOCTH, IIPOCTOM nepepopMyupoB-
Koil onpeaeneHHA Bo3pacTamouieil ¥ yoriBatoeil GpyHKLIMH.

YreepaaeHue 4. Ecnmu ¢pyHkuus y = f(x) MOHOTOHHO Bo3pacraer Ha
BCEIl YMCIOBOM NIpSAMOi, GyHKIUA Y = g(X) MOHOTOHHO YORIBaeT Ha BCeH
yucoBol npsiMoH u f(xy) = g(xp), TO clipaBeAauUBHI Cleyrol1e yTBep-
WKAEHUA:

a) f(x) < g(x) B TOM ¥ TONBKO B TOM CJIy4yae, Koraa x € (—o; xpl;

6) f(x) > g(x) B TOM u TONTBKO B TOM CJIy4ae, Korzia X € [xg; +).

HarnagHeiii CMBICT 3TOro yTBEpXIEeHUA O4eBH/EH (CM. puCYHOK). ITo-
npoGyiiTe AoKa3aTh 3TO yTBepXKAeHue $opMasbHO, onvpaAck Ha olipeje-
JileHue BoapacTaroleil (yosiBawiei) GyHKIHH.

y !
;:;ar\\\\

Pl

/ 0 Yo E

y=f0)

3aMeTHM, YTO AaleKo He KaxJas QYHKIMA SBISETCA MOHOTOHHOH Ha
BCeil YHCI0BOii MpsAMoii. Bo MHOTHX C/Iy4asX MPUXOAUTCA IIPUMEHSTh cop-
MY/IMPOBaHHble YTBEPXKAEHHA, YIUThIBasA 061acTh onpejeeHus QyHKIHH
He TONBKO IpyU 060CHOBaHUM MOHOTOHHOCTH, HO ¥ IPH 3allMCH OTBeTa.
IIpumMep S. Pelltnte HEpaBEHCTBO

3\/ x°—5>log; (5 —x)+2.

Pemenue. OmsaTh-Taky MOHATHO, YTO CTaHAapTHBIE Npeobpa3oBaHUA
37ech HenpuMeHUMEL. [lepebupasn HebonbIIKe IO MOAY/IIO LieJbIe YUCIa,
ZOBOJILHO OBICTPO MOXKHO YCTAHOBHTB, YTO JieBasA U Npasas yacTy AaHHO-

3
ro HepaBeHCTBa paBHH npu x = 2. yukuma f(x) = 3}/ x> —5 MOHOTOHHO
BO3pacTaeT Ha Bceii ync/IoBoii npAMol, a yakuud g(x) =logs (5 —x) +2
MOHOTOHHO yOBIBaeT Ha Bcell obsactu onpezenenud. [loatoMy HepaBeH-

6.
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ctBo f(x) > g(x) BeImONHAETCA, ecm x > 2 U x € D(g), rne D(g) — o6-
JlacThb onpegenenns ¢yHkuuu y = g(x). Taxum obpasom,

x> 2, 9 5

< Xx <5,
5—-x>0, orioad x

OTtsBerT: (2;5).

IMpuMep 6. PeriTe HEpaBEHCTBO

7°*"2 +log,(5x — 1) < 7°*2 +log,(x +3).

PenteHne. O6paTtyuM BHUMaHHe Ha «[IOXOXKeCTh» JIEBOM U NpaBoM ya-
creil HepaBeHcTBa. Paccmotpum dynkiuo f (t) = 7' +log, (t + 1), MoHo-
TOHHO BO3pacTarIIyIo Ha Bcei obnmacTu olipeaeseHud. B ey Bo3pacTa-
HUA QyHKIMY y = f(t) HepaBeHcTBO f (a) < f(f) Gyzer BEIIOIHATBCA NIPU
JOIYCTUMHIX @ ¥ 8 B TOM U TOJBKO TOM CJiy4yae, ecim a < 3. B Hauem
ciygae a="5x— 2, f=x+ 2. Takum obpa3zom,

S5x—-2<x+2,
5x—1>0, orkyza 0,2 < x < 1.
x+3>0,

OtseT: (0,2; 1].

3aMeyaHue. Ve 3TH OTHOCHUTETBHO HeCJIOXKHEIE ITPUMEPHI ITOKA3bIBa-
10T, YTO JIJIf1 YCIIEITHOTO pellleHuA noZoOHBIX 33/1a4 HY»KHO XOpOLIO 3HATh
CBOMCTBA MOHOTOHHBIX QYHKUMH M yMeTh MX HUCIOIb30BaTh. TaK, €CIH
IIpU JOMYCTHMBIX 3HAYEHHAX NepeMeHHBX QyHkuuA y = f(t) MOHOTOH-
HO Bo3pacTaet, a ¢yHKIMA t = g(x) MOHOTOHHO yOBIBaeT, TO QYHKIMSA
y = f(g(x)) 6yner MOHOTOHHO yORIBaloIllell; €c/y ke Mpy JOIMYCTUMBIX
3HAYeHUAX rnepeMeHHbIX ¥ PyHKIUA y = f(t) MOHOTOHHO BO3pacTaet, U
$yHKr1UA t = g(X) MOHOTOHHO Bo3pacTaeT, To $yHKIUA y = f(g(x)) Takke
Oyzer MOHOTOHHO Bo3pacTamileil. $aKTUyecKd MMEeHHO 3TH YTBepX/Je-
HHA, KOTOPEIE JOBOJBLHO MPOCTO MOAYYUTH HENOCPeCTBEHHO U3 OIpese-
JIeHUA Bo3pacTarolleii ¥ yopiBaromeil GyHKIIHi, ObUT HEeSBHBIM 00pa3oM
UCIIOMB30BaHKI IIpY pellieHuH NoCIeAHMX NPYUMEpOB.

IIpumep 7. PeutiTh CUCTEMY YpaBHEHUH

5sinx —4y® 4 3x = 5siny — 4x® + 3y,
x2+y?=1

PellieHue. HEPEHHHIEM IIEpBOE YpaBHEHWE CHMCTEMEI B BUAE

5sinx+4x3+3x = 5siny +4y> + 3y
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u paccMoTpuM GyHKIMIO f(t) =5sint + 4t3 + 3t. [lepBoe ypaBHeHue cu-
ctemsl uMeet BUZ f(x) = f(y). Ecm 651 dynkuua f(t) =5sint +4t> + 3t
6bLIa MOHOTOHHOH, MOXXHO ObUTO OBI CZles1aTh BHIBOZ O TOM, YTO PaBEHCTBO
f(x)= f(y) BemonHseTcs TONBKO Npu X =Y. O60CHOBaHHIO MOHOTOHHO-
CTH «MelllaeT» Hauuue sint. M 37ech noTyximi 6pUI0 B3MIAA NaAaeT Ha
BTOpOE YpaBHEHWE CHCTEMEI, U3 KOTOPOTo cieayeT, uto |x| <1 u |y|<1.
Ho Ha oTpeske [—1; 1] ¢yHKuMA y =sint MOHOTOHHO BO3pacTaeTt, a 3Ha-
YUT, MOHOTOHHO Bo3pacTaeT u $yHKIuA y = f(t) (kak cyMMa Bo3pacTaro-
X gyHkiui). TakuM o6pa3om, rosydyaeM cCUCTeMY YpaBHEHUI

xX=Y,
( \/‘ V2
pellleHI e KOTOPOH HeCIOKHO, OHO /IaeT IBE Naph! YMcel | ——5—; — 5
V2, £)
2 2 )
omser: (~LZ; -2, (L2, 2
) 2 2 27 2

IMpumep 8. PelliTs ypaBHEHHE x%+ 33 =4x.

14+4/x* —8x3+16x2+1
Pewmrenue. [lepenyiiem ypaBHEHHE B BH/€

(4x—x3) (1+ v @x—x3?2+1) = V3(1+V (V32 +1)

v paccmotpuM dyukumo f(t) =t(1+ 4/t2+1), Bospacraoulyio Ha Beelt
yucoBoii npamoil. IlocneaHee MOXHO AOKa3aTh, MO0 HalA NpOKU3BOJ-
Hy10 GyHKLIMY, MO0 C TOMOIIBIO 3TeMeHTAapHEIX paccyx/JeHuil. B caMom
aeie, ecnu t; < 0 < t,, HepaBeHCTBO f(t;) < f(t,) O4EBHAHO, NOCKOABKY B
atoM caydae f(t;) <0, a f(t;) >0. Em 0ty <t,, TO

0<1l4+4/8+1<144/65+1,

W, CTIeAOBATENbHO, £ (1 + /2 +1) <ty (1+ /2 +1), T.e. f(ty) < f(t).

HakoHer, ecmu t; <t, <0, To |t1] > [t5] >0, oTkyma 3 >2 >0 u

1+4/t241>1+4,4/t2+1>0.

Mostomy t;(1+4/t2+1) <t,(1+ /t2+1) <0, a 3nauuT, f(t;) < f(ty) u

B 3TOM ciyyae. TakuMm oOpa3oM, A0Ka3aHo, 4yTo A ool naphl Takux
yucen t; U ty, 4TO t; < t,, BHIIOJHAETCA HepaBeHCTBO f(t;) < f(ty),

T.e. dyukumna f(t) = t(1 + v/t +1) sBaserca Bospacraroleil. B ciwry
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Bo3pacTanus QyHKUMH y = f(t) paBeHctBO f(a) = f(B) OymeT BBIION-
HATBHCS TOTZA U TOMBKO TOTAQ, KoTAa a=f5. B HameM ciayyae a = 4x — x2,
B = /3. llonyuum ypaBHeHue 4x — x% = +/3, oTkyza x2 —4x++/3=0wu

x=24++14—- V3.
Otset: 2+ v/ 4— /3.

I[Tpexxae yem nepexoAuUTe K pa3bopy ciieayroniux 3aj1ay, chopmynupy-
€M ¥ JIOKa)KeM elle OfHO INOoJIe3Hoe, HO MEHee OYEBHHOe 110 CpaBHEHHUIO
C NIPEeABAYIIMMHU YTBEPXKAEHHUE.

Yreepxkaenue 5. Ecv ¢yHxums y = f (x) MOHOTOHHO BO3pacTaet, TO
ypaBHeHMA f(x) =x 4 f(f(x)) =X ¥MEIOT OZHO M TO K& MHOXECTBO KOp-
HEH.

JokasaTtenbcTBo. ITycTh YKC/o X AB/IAETCA KOpHEM YpaBHeHHA f(x)=
=x, T.e. f(xg) =xy. Torma f(f(xy)) = f(xy) = Xy, T-€. X, — KOpeHb
ypaBHeHuA f(f(x))=x. Kak BUAUM, B 3TOM 4acTH [OKa3aTeJbCTBAa MO-
HOTOHHOCTB Aaxke He norpeboBanack. OOpaTHoO, IyCTh YHCIIO X ABJAETCA
KopHeM ypaBHeHHs f(f(x))=x, 1.e. f(f(xy)) = x,. JlokaxkeMm, 4TO TOrZA
U f(Xxy) = Xg, T.€. Xo— KOpeHb ypaBHeHHs f(x) = x. [IpeAnosoKuM, 4TO
3TO HE TaK, T. e. 4To f(xy) # Xo. Toraa mubo f(xg) > xu, mibo f(xy) < xp.
B ciIy MOHOTOHHOI'O BO3pacTaHuA QyHKUUHU Y = f(Xx) u3 HepaBeHCTBA
f(xg) > xg cnepyer HepaBeHcTBO f(f(Xxg)) > f(xp), HO f(f(xp)) = xp,
IIO3TOMY X > f{(xp), YTO NPOTUBOPEYUT HEpaBeHCTBY f(X() > Xy. AHa-
JoruyHo ecnu f(xg) < xg, T0 f(f (%)) < f(xp), oTKYAA Xy < f(Xg), UTO
IIPOTHBOPEYUT HEPABEHCTBY f(Xy) < Xp. 3HAYUT, cAeJaHHOE ZOIyILEeHHe
HeBepHO, U f(X,) = Xy, T.€. X SABIAETCS KOPHEM ypaBHEHUA f(x) = x.
YTBEepXKACHUE JO0Ka3aHOo.

O1croza JIETKO BBIBOAUTCSA €1le OJHO YTBEpXAeHue, KoTopoe chopMy-
JIMpyeM Kak cleACTBHE AOKa3aHHOTO.

Cneacrsue. Ecnu n — HaTypanpHOe 4ucio, a QyHKUuA y = f (X) MOHO-
TOHHO BO3pacTaeT, TO YpaBHEHUA f(Xx) =X

FUCfE.) =x

n pas

HMMEIOT OTHO U TO K& MHOXECTBO KOPHEH.
3 3 7x—6 —
IMpumep 9. Peminte ypaBHeHUe x° — 7 V7x—6+6=0.

3
x> 46
PenreHue. IlepenuiueM ypaBHeHue B BHJE Y7x—6= > BO3Be-
aeM B Ky obe yactu nocyieHero ypaBHEHHsA U BEIIOJIHKM npeobpasopa-
3
3
xxe 6) +6
HHA, YEAVMHUB B NpaBoW 4acTH X. [loayuyuM ypaBHeHue =X

x3+6

7

PacemoTpum $yHKUMIO f(X) = , BO3pacTaroLyio Ha Bcell YUCIOBOM



§3.1. MOHOTOHHOCTb 87

npsiMoii. ITonyuyeHHoe ypaBHeHUe umMeeT BHZ, f (f (x)) =X U B ciuty yTBEp-

XJIeHHA 5 uMeeT TO XK€ MHOXXEeCTBO pellleHHH, YTo U ypaBHeHuUe f(x) =X,
3

T. €. YPaBHEHUE ~——— =X, OTKy/d x3 — 7x+6=0. INocnesHee ypaBHEHKE
ZIOBOJIBHO IIPOCTO PELIAeTCA C NOMOIBIO Pas/ioKeHHA Ha MHOXHTEIH €ro
JleBOM yacTH (WIM C NIOMOIIBI) CTaHJApTHBIX NPUEMOB, MPUMEHAIONIHX-
CSl IIPU pellleHuy YpaBHeHHI BRICOKHX cTeleHel ¢ 1eTbiMU KoadduimeH-
TaMu): x° — x — 6x + 6 =0, orkyzaa x(x? — 1) — 6(x — 1) =0, u, 3HAYHT,
x(x—1)(x+1) — 6(x — 1) =0. Takum 0b6pa3oM, NpPUXOAUM K YPAaBHEHUIO
(x—1D02+x—6)=0, KOPHSIMH KOTOPOTO ABJAIOTCA uMcna —3; 1; 2.

OtBeT: —3; 1; 2.

IMpumep 10. PerunTes cucTeMy ypaBHEHUH

\/x2+2+ y+xi+2=y,

\/y2—7+ x+y?-7=x.

Pertenue. Paccmorpum ¢yHxkumio f(t) = +/t +c¢, rie ¢ — HeKOTOpHIM
napaMeTp, He 3aBUCAINYWE OT NepeMeHHoM t. 3ta QyHKIHUs BO3pacTaeT

Ha cBoeii obnacTH onpegeneHud, npudeM f (f (t)) =1/ c++t +c. [losToMy
B CHIY yTBepXZeHHA 5 ypaBHeHue f(f(t)) =t umMmeeT TO e MHOXECTBO
pellenyil, yTo U ypaBHeHue f (t) =t. [lonoxuB t=y, c= x? + 2, nony4um,
4TO MepBo€e YpaBHEHUE AAHHO¥ CHCTEMBI MOXKHO 3aMEHHTh YPaBHEHMEM

Vy+xi+2=y. lonoxus t=x, c= y? — 7, oJIy4uM, 4TO BTOpPOE ypas-

HeHHe JaHHOM CHCTEMEBI MOXHO 3aMEHUTh ypaBHEHUeM /X + y2 —7=x.
Takum 06pa3oM, IPUXOAUM K cHCTEME

[ y+x2+2=y?

Vy+xi42=y, x+y*—7=x%
OTKyZa <
Vx+y:—7=x, x 20,

Ly = 0.

3aMeHHB NepBOe YpaBHEHHe IONYUYeHHOM cucTeMBl NO'WIEHHOH CyMMOit
€e ypaBHeHUH, IOIy4YuUM

(y+x—5=0,
x+y*—7=x?
x =0,

\y > 0.
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Toraa y =5 — x u BTOpO€e ypaBHeHHe ITpUHUMAaeT BUA X + (5 — x)2-7=x%,
OTKYZA TOCJIe PacKphITUA CKOOOK Y IpUBEJEHHA NOAOOHBIX ClaraeMelx
NoJIy4uM, 4To X = 2. QiefoBaTensHo, y = 3.

OTtBerT: (2; 3).

Ilpumep 11. PelviTe ypaBHEHHE 15,

=X

1
x+\/x2+\/x4+ x®+1

PemreHue. [Ipexx/le BCero 3aMeTHM, 4YTO IIpd X > 1 mpaBad 4acTe
YpaBHEHHMA He MeHblle 1, a ieBad yacTek MeHele 1. CeaoBaTeNbLHO, €C/TH
ypaBHEHue uMeeT KOpHH, To moboit u3 HUX MeHbIe 1. Jlanee, npu x <0
rpaBas 4acTh YPaBHEHUS HENOJOXUTENbHA, a JieBas 4acTh HNOJOKHUTEb-

Ha, B CWIY TOTO YTO \/ x4+ \/ x*+1/x84+1 > |x| (o6pacHuTe TIOUEMY).
3HAYUT, €C/IM ypaBHEHHE VIMEeT KOPHH, TO JII00Oi 13 Hux Oosblle Hy-
nsa. TakuMm obpasoM, 060k KOpeHp ZAHHOTO YpPaBHEHUA IIPUHAJIEKUT
uHTepBany (0; 1). [Nosromy 6yaem cunTars, 4To X € (0; 1), ¥ BCe AanbHEH-
1ye rmpeoOpa3oBaHua IPOBOAUTH C YYETOM 3TOrO YCJIOBUA. YMHOKUB 0be

X
YacTH AaHHOTO YpaBHEHMA Ha X, TOMYIUM =x1°,

x+\/x2+\/x4+\/x8+1

TEHEPI:, pa3aeayB Ha X YUCIUTe b 1 3BHaAMECHATE/ b JIEBOH YacTH, NOoaIy4YrM

1+\/1+\/1+ 1+x3

4YUB ? yepes t, rae t>0, nNoJyduM ypaBHEHYE 1+\/1+ \/1+,/1+‘/‘_

PaCCMOTpPIM BO3pacTALyI0 Ha cBoeil o6nacTH onpegeneHHsA QyHK-
o f(t) =1+ +/t. [loNyueHHOe ypaBHeHue MOXHO 3amucaTb B BHJE
fFUFU(f()))) =t, v 1o CIeACTBUIO YTBEPXKAEHHA 5 OHO UMEET TO XK€ MHO-
3KeCTBO pelleHwii, YTo ¥ ypaBHeHue f(t) =t, T.e. ypaBHeHue 1+ Vi=t,
oTKyza t — 4/t — 1 = 0. FAMHCTBEHHBIM [OJIOXUTEJbHBIM KOPHEM 3TOro

6, oTkyna 1+‘/1+\/1+ 1+—— 16 O603Ha-

KBaJIpaTHOTO OTHOCHMTENLHO +/f ypaBHEHHA SIBJAETCS J32+ 1. 3HaYuT,
_ V541 1 _ +/5+1 g_ _ 2 g_ Vv5-1
Vt= 3> OTKYAa 5= "5, T.&. X —ﬁ+1,mnx =5
8 —
CnezoBarenpHO, X = ‘/32 1.

OTBeT: 8\/ ,/32_ 1

ITpumep 12. FiaBecTHO, YTO Yucia d, b, c u d nonoxuTespHLL, 8 CyMMa
BceX ieliCTBUTEbHBIX KopHeil ypaBHeHuit ax®2! +bx3® +cx!'® +d=0wu
dx3?! +cx??! + bx?' +a=0 paBra —2,9. HaiiTu 3T1 KOpHH.
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Pertenuie. B cuiy nosnokureabHocTH KoadduimeHToB d, b, ¢ u d
HY OJHO U3 JaHHBIX YpaBHEHHI He HMEET IOJOXKWUTEJbHBIX KOpPHeM.
Ecmu uucio xp — KopeHs ypaBHeHMS ax 2! + bx3% + cx! +d =0, 10

ax3?t +bx3% + cx}%° + d = 0. Pasgenum obe yacTH NOCAESHETO TOXIECTBA

321 o
Ha X, H 3aliiIeM MOJYYCHHEBEIN pe3y/bTaT B BHIE

1 321 1 221 1 21 _
d(;;) +C(;— +b(;c—) +a =0,

0 0

1
OTKyZda CJIEAyeT, 4TO YHUCjIo ;‘ — KOpPE€Hb YPAaBHECHHA
0

A3 4 ex? 4 px +a = 0.

Ho ¢yuxuua y = dx*?! + cx??! 4+ bx*! + a MoHOTOHHO BO3pacTaer Ha
Bcelf yucioBoit ocH U NMpUHUMaeT KaK OTpULaTeJbHBIE, TaK M I10JO-
YKUTeJbHBle 3Ha4YeHusA. 3HauuT, ypaBHeHue dx>2! + cx?! +bx*! +a=0
rMeeT eAMHCTBEHHHIH AeHCTBUTENbHBIM OTpUllaTe/]bHbI KOopeHb. Ilo-
sToMy u ypaBHeHue ax 2! + bx3% 4 cx1% + d = 0 umeer eguHCTBeHHRIIH
JelCTBUTENBbHBIN OTpHULIaTeTbHBIN KOpeHb. II0CKOIbKY KOPHHY ypaBHEHMH

ABJISIIOTCS B3AMMHO OOpaTHEIMU OTPULIATENLHEIMY YUCIAMH, CYMMa KO-

TOPBIX paBHa —2,9 = —g + (_2) =—-2,5+4+(—0,4), 310 yucna —2,5 u

5
-0,4.

OTBeT: —2,5, —0,4.

B 3axaoyeHue pacCMOTpPUM ABe 33aud C MapaMeTpoM, KII0YEBOH
Hjeeit pelleHHsa KOTOPBIX ABJAETCA IpHMeHeHHe CBOMCTB MOHOTOHHBIX
OyHKUMH.

ITIpumep 13. HaiiTu Bce 3HaYeHHs NapaMeTpa da, 418 KaX/I0ro U3 KOTO-
pHIX ypaBHeHue 8x% 4+ (a — x)* + 2x? 4 a=x uMeeT x0T 651 OAUH KOPEHb.

Pernerue. [Nepermimem ypaeHenve B Buzie 8x° +2x2=(x—a)*+x—a.
PaccMoTpuM dyHKIMIO f(t) =t +t, MOHOTOHHO BO3pacTaILyO Ha BCeit
4KCJIOBOM NpsiMoil (Kak cyMMa Bo3pacTarouux ¢yHkuumit). B cuny Bospac-
tauuA ¢yHkImu y = f(t) paBenctBo f(a) = f(B) Oyaer BEINONHATHCA B
TOM M TOJILKO TOM CJIyyae, eciv a = 3. B Hamem ciydae a = 2x2, B =x —a.
TakuM 06pasoM, ZaHHOE YpaBHEeHHe MOXKHO TepenucaTh Tak: 2x2=x—da,
OTKyZa 2x%2 —x+a=0. st Toro yToOb! OMyYeHHoe (a 3HAUYUT, U JAHHOE)
ypaBHeHHe UMeJIo XoTs Obl 0WH KopeHb, HeOOX0OAMMO U AOCTATOYHO, YTO-
OBl ero auckpumuHaHT D =1 — 8a 6bU1 HeoTpuuareneH, 1.e. 1 —8a > 0,

OTKyZla a < %

OTtBeT: (—oo; %]
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IMTpumep 14. HaiiTu Bce 3HayeHHA napamerpa d, py KaX/J0M u3 KOTo-
PBIX )15 11060T0 JeMCTBUTEPHOTO 3HAYeHNUS X BHIIIOTHEHO HEpaBeHCTBO

lcosx+a?—a—1|+|2cosx +a®? —6a+ 10| < 4cosx+|2a? —7a + 6| +4.
PeiieHue. [lepenuiiieM HEPAaBEHCTBO B BH/IE
lcosx+a*—a—1|+|2cosx+a®—6a+10]—4cosx —|2a* — 7a+6| -4 <0,

BBEZEM HOBYIO IlepeMeHHy0 t = cosX U paccMmoTpuM QyHKIMIO f(t) =
=|t+a®—a— 1| + |2t +a?® — 6a + 10| — 4t — |2a® — 7a + 6| — 4, omnpeze-
JIEHHYIO Y HeIIpepHIBHYIO Ha Bcel uncIoBo npAMoit. I'paduk atoi QyHK-
MM npefcTabiser coboil JoMaHyio, COCTOAIIYIO U3 OTPE3KOB IIPSAMBIX U
ny4yed, KaKJ0e 3B€HO KOTOPOH SIBAeTCSA YacThio NpsaMol Buaa y =kt +1,
rae k <0 (mockonpKy npH /0O0M BapHaHTE «pacKpHITHA» MOAYJei Ko-
apdunment npu t OyzeT orTpuuaTesbHEIM). ClefoBaTtesbHO, QYHKLHA
Yy = f(t) ybriBaer Ha (—o0; + ). Tak KaK t = cos x, To t € [—1; 1]. IToaTomMy
HepaBeHcTBo f (t) < 0 6yzeT BuIONMHAThCA 47151 moboro t € [—1; 1] B ToM K
TOJIBKO TOM CJIydae, eciu [mfai{] f() 0. B culy MOHOTOHHOTO YOBIBAHUA

$yHKIMH y = f (1) DOMYIUM, YTO

Elﬁ(}f(t) = f(-1) = |a® —a—2|+|a® - 6a + 8| — |2a* — 7a +6|.

Takum 06pasoM, NpUXOAUM K HEpaBEeHCTRY
la’ —a—2|+]a® —6a+8|—|2a2—7a+6| <O,

Wi |a? —a — 2|+ |a? — 6a + 8| < |2a% — 7a + 6|. [NocesHee HepaBeHCTBO
npeacrasideTr coboil HepaBeHcTBO Buza |u| + v < |u+v|. Ho |u|+v| >
> |u+vi ansa mobpx AeficTBUTENBHBIX U ¥ v. 3HauuT, |u| +v|=|u +v|, 4TO
BO3MOXXHO, TOJIBKO €CJ/IH YMCJIa L M Vv OJHOro 3Haka Jmbo Kakoe-HUOYAL
W3 HUX PaBHO HY/O, T.e. eciu uv > 0. B HameMm ciayyae u=a%—a— 2,
v=a?—6a+8. 3naunt, (a2 —a— 2)(a®— 6a+ 8) > 0. Paznoxus KBa/ipat-
Hble TpeX4I€Hbl Ha MHOXHTENH, TIO/IYUUM HEPABEHCTBO

(a+1a—2)*@—4) =0,

13 KOTOpOTO HAX0oAuM, 4To a € (—oo; —1] U {2} U [4; 4-o0).

OTBeT: (—; —1]U{2}U[4; +).

Pasymeercs, HepaBeHCTBO |a — a — 2| + |a? — 6a + 8| < |2a? — 7a + 6|
MOXeT OBITh pelleHo JII0ORM APYTUM CIIocOO0M, B YaCTHOCTH paccMOTpe-
HHEM HECKOJILKHX CJIy4aesB.

YnpaxueHus k § 3.1

1. a) Pemuute ypaBHeHue 3 * =log,(x+11)+7.
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6) Pewmre ypaBHeHHe 5 * =logs (x + 6) +4.

2. a) Peminute ypaBHeHHE 6* + 8% = 10*.

6) Pewurre ypaBHeHHe 5 + 12X =13,

3. a) Pemuntre HEpaBeHCTBO 2 Yx+3> log,(5 —x)+1.

6) Pewinte HepaBeHCTBO V7-x5> logs(x+6)+1.
4. a) Pemyte HepaBeHCTBO 527> +logg (2x — 3) > 5% +logs (6 — x).
6) Peniute HepaBeHCTBO

(0,5)%7™ +logy , (4 — x) > (0,5)"** +log, 5 (x+2).

x3

5. a) PelnTe HEPaBEHCTBO ¥/ x— 7+ /X —4<11 — e

3
6) Pelunte HepaBEHCTBO Vx—5+/x—-2<9— éx_6_ .

6. a) Peinnre HepaBeHCTBO x° + 2x + Vx—4>32.

6) PewnTe HepaBeHCTBO x° + 3x + ¥x — 3 < 37.
7. a) Pelunte ypaBHEeHHe

44/6—5x+|3x—2| =4x+|3v/6—-5x—2|.
6) Pemute ypaBHeHHE
5412 —x+|4x — 3| = 5x+|4y/12—x—3|.

8. a) Pewunte ypaBHEHHe

7V 5x+24+2|3x+ 4|+ 7x = 2|34/5x+24 - 4|.

6) Pemnte ypaBHeHHE

84/ 7x+30+3|2x + 5|+ 8x = 3|24/ 7x +30—5|.
9. a) PewinTe cyicTeMy ypaBHEHUH
{4sinx——3y3+2x = 4siny — 3x* +2y,
9x*+16y? = 9.
6) Peniurre cricTeMy ypaBHEHHH
{ 7sinx—6y®+5x = 7siny —6x3+5y,
16x%+9y? = 4.
10. a) Pemnyite crcTeMy YpaBHEHHH
{ 3x” +7sinx+3y’+7siny =0,
3lx|+ 7)y| = 2.
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6) Pennrite cHCTEMY YpaBHEHHH

9x> +2sinx+9y> +2siny = 0,
6|x|+4|y| = 1.

11. a) Pemnte ypaBHeHHE

2x+ 1A +VECx+ 124+ D +xQ+Vx2+7) = 0.

6) Pewiute ypapHeHHe

2x+ 12+ vV (2x+1)2+3) +3x(2+ V92 +3) = 0.

12. a) Pemute HepaBeHCTBO

2
Vaztax+11+ V1-20 +1og, L3 > 0.
6) PemuTe HepaBeHCTBO
2_
Vsz —x+10+ VZ— 3x?%+log; w <0.

13. a) Pemnre ypaBHeHue x° — 4 Yax—3+3=0.
6) Pemmte ypaBHeHue x> —5Y5x—4+4=0.
14. a) Pemnte cucTeMy ypaBHEHUH

\/x2—2+ y+x2-2=y,

\/y2—3+\/x+y2—3=x.

6) Pelite cucTEMY YpaBHEHHH

Vxi-3+y+xt-3=y,

Vy?-5+/x+y2-5=x.

15. a) PelunTe cucTeMy ypaBHEHU

x> +x+6=8y,
¥y +y+6 =8z,
2 +2+6 = 8x.
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6) Pemmute crcTeMy ypaBHeHUi

x}*=3y+2=0,
y3—3z4+2=0,
22—-3x+2=0.

16. a) Haiiaute BCce 3HaYeHUs napaMeTpa a, A1 K K00 U3 KOTOPhIX
ypaBHeHHe 27x%+ (3a—4x)3+ 3x%+3a=4x uMeeT x0T 6Bl OZHMH KOpPEHB.

6) Haiiiure Bce 3HaUYeHMA NapaMeTpa a, U1l KaXAOTO M3 KOTOPHIX
ypasHeHrHe x'° 4+ (a — 2x)° + x2 + a = 2x uMeeT X0Ts GBI OAMH KOPEHb.

17. a) Haiizute Bce 3HaueHHA MapaMeTpa d, AN KaXKAOTO M3 KOTO-
phixX ypaBHenue sin'? x + (a — 3sinx)” +sin® x + a = 3 sin x ¥MeeT XOTH 6k
OJMH KOPEHb.

6) HatizuTte Bce 3HaYeHMs IapaMeTpa d, AJSA KaXAOTO M3 KOTOPBIX
ypaBHeHue cos'® x + (5cosx — a)® + cos? x + 5cosx =a uMeeT X0OTs Gl
OJMH KOpPEHb.

18. a) HaiiauTe Bce 3HaYeHHA NapaMeTpa d, A K&KAOT0 U3 KOTOPHIX
ypaBHeHHe

(sin? x —a)® — (6sinx +a)® = (6sinx +a)® — (sin® x —a)3

“MeeT XOTA 6bl OZIMH KOpPEeHB.
6) Haiizute Bce 3HayeHHMA mapaMeTpa a, AJsI K&XJOrO W3 KOTOPHIX
ypaBHEHHe

(cos’x+a)” — (4cosx —a)® = (4cosx —a)” — (cos® x+a)®

HMeeT XOTH 6bl OUH KOPEHb.

19. a) Haliaure Bce 3HaYeHHA napaMeTpa d, A8 KOKJI0TO U3 KOTOPBIX
moGoit KopeHb ypaBHeHHs 4 3/3,5x — 2,5 + 3log, (3x — 1) + 2a =0 mpy-
HaZUIeXUT oTpe3Ky [1; 3].

6) Halizure Bce 3Ha4YeHHA NapameTpa a, A/ K&XA0r0 U3 KOTOPBIX JI0-
Goii KopeHb ypaeHeHHA 33/6,2x —5,2 + 4logs;(4x + 1) + 5a =0 npuHaz-
JIEXXUT OTpesKy [1; 6].

20. a) HallauTe Bce 3HaYeHHA MapaMeTpa d, AJIS KKA0I0 U3 KOTOPHIX
CHCTeMa ypaBHEeHHI

sinx + sin® x +sin® y +sin® y = a® +2a%+q,
sinx +sin x +a® = sin® y +sin” y +a,
sinx-siny-sinz = a?

HMMeeT XOTA 6bl OZHO pellleHHe, ¥ YKaKHTE 3TH pellleHHA A4 HalJeHHBIX
3HA4YeHUH d.
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6) HaiiauTe Bce 3HaYeHHS rapaMeTpa d, A KaKAOro H3 KOTOphIX CH-
CcTeMa ypaBHEHUH

2 18 +8+32Y =a’+2a% +a,
2+ 8 +a°> =8 +32" +aq,
xyz = log,a

HMMeeT XOTs 6Bl OZHO pelleHHe, M YKAKUTE 3TH pellleHHA /1A HaHJ€HHbIX
3HaYeHWH d.

21. a) Haiizute Bce 3Ha4eHHA NapaMeTpa d, IMPH KaXAOM M3 KOTOPBIX
HepaBeHCTBO |jx + 2a| — 3a| + ||3x — al + 4a| < 7x + 24 BrmonHAeTca A
BCEX 3HayeHui x € [0; 7].

6) HaiizuTe Bce 3HaYyeHHs IapaMmeTpa d, NPHU KaKIOM M3 KOTOPBIX
HepaBeHCTBO [|x — 2a| + 3a| + ||3x + a] — 4a| < 5x + 24 BeInONHAETCA A
BCeX 3HayeHMi x € [0; 6].

22. a) Hailigute Bce 3HaYeHMA [TapaMeTpa d, NPy KaXKA0M H3 KOTOPbIX
JUIst TI060ro AeCTBUTEIBHOIO 3HaYeHHA X BHIIIOJTHEHO HEPaBEHCTBO

|4 cosx+a+6|+|5cosx+a®+1| < 10cosx+|a® +a—2|+10.

6) HailiguTe Bce 3HaYEeHHA NTapaMeTpa a, IpH KaX/I0M M3 KOTOPHIX AJIA
06010 AEMCTBUTENBHOTO 3HaYeHHs X BHINIOTHEHO HEPABEHCTBO

I3sinx+a? — 22|+ |7sinx +a+12| < 11sinx+|a®+a—20]+11.
23. a) Haiisiute Bce 3Ha4YeHUs MapaMeTpa a, IIpH KaX/0M U3 KOTOPBIX
HepaBeHCTBO
253 +9x+3|x+a—2|+2[2x—a+2|+ V2x -3 < 16

BBHITIOJHAETCA 1A BeeX 3HaueHuii x € [—2; 1].
6) Haiigure Bce 3HaYeHHA MapaMeTpa d, NP KaKIOM M3 KOTOPBIX
HepaBeHCTBO

3x° +11x+4|x—a+3|+2|3x+a~ 5|+ V4x+5<25

BBITIOJIHAETCS I BCeX 3HaueHH# x € [—4; —1].
24. a) UsBecTHO, YTO yucaa a, b, ¢ ¥ d oTpULiaTeJbHBL, 8 CyMMa BCeX
JeHACTBUTE/IbHBIX KOPHEl ypaBHEHMH

P +exB+bxP+a=0 u ax®*+bx*P+ cx*®4+d=0

paBHa 2,05. HaiiiuTe 3TH KOpHH.
6) UaBeCTHO, YTO YMC1a a, b, ¢ ¥ d IOJI0KHUTEIBbHEL, @ CyMMa BeeX fiel-
CTBHUTEJILHBIX KOpHeH ypaBHeHHH

dx®S +ex® +bx®+a=0 u ax® +bx%°+cx®P+d=0

paBHa —4,25. HalguTte 3TH KOpHH.
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§3.2. OrpaHu4eHHOCTH

Cregyrouryio rpymnny 3afay, KOTOpBIE C OIIpeAeJ/IEHHOM CTENEHBIO IIPAB-
Aonofo6HA MOXKHO Ha3BaTh HECTAHAAPTHBIMM, COCTAB/IAIOT YPABHEHUA U
HepaBeHCTBa (¢ mapaMeTpoM H 6e3), pellieHHe KOTOPHIX OCHOBAHO Ha KC-
MOIb30BaHUH CBOMCTB OrpaHUYEeHHBIX QYHKLIHIH, IPeXk/ie BCETO HA OLIEHKE
MHOXXeCTBa 3Ha4eHnM oyHKuui. Takue 3agaun, Kax ¥ 3a1a4H IIpeblAylie-
ro naparpada, 06bIYHO HEBO3MOXHO CBECTH K [IPOCTEMIINM YPaBHEHHUAM
(HepaBeHCTBaM) ¢ IOMOLIBIO aJrebpanyecKux MpeobpasoBaHMI WIH 3a-
MEeHBI IEPEMEHHOM: KIIOYOM K PellleHHIO 3/leCh 0OBIYHO AB/ISETCH HCC/Ie-
JAOBaHME MHOXKECTBa 3Ha4YeHUH QyHKIMH WK aJrebpandyecKuX BhIpaxe-
HWH, B pe3yJibTaTe KOTOPOTO YAAETCA YCTAHOBUTh, HAIPMMED, YTO OZHA
M3 YacTell ypaBHeHMA He 6osblile HEKOTOPOTO AEMCTBUTEABHOIO YHCIA C,
a ipyras — He MEHbIIE 3TOI'0 e YKMcjia, OTKyAa CJefyeT, YTO YypaBHEHHE
GyaeT UMeTh x0T OBl OAWH KOPEHB TOMBKC B TOM C/ydae, ecjH ero jiepas
U €ro npapas 4acTH paBHBL YHCIy c. [Ipy 3TOM ofiHa U3 YacTeH YpaBHEHHA
MOXeT OBITh, CKaXeM, JIorapu(pMOM, a ApyTas — CHHYCOM, Ja ellle ¥ OT
PasHbIX apryMeHTOB, TaK YTO pellWTh TAKOEe YPaBHEHHE CTaHJAPTHBIMH
NMpHEMaMH 3aBeZIOMO HEBO3MOXKHO, @ BOT YPaBHEHHSA BH/A «JIOTapu(M pa-
BEH YMCIY» WM «CUHYC PaBeH YHCIy» 6yayT peltatbcs yxe 6e3 ocoboro
TPyAa ¥ BIIOJHE CTaHJAPTHHIMH MeToAaMHU. [Ipu pellleHHMH TaKUX 337a4,
pasyMeeTcs, NMPUXOAUTCA UCIIOIL30BaTh HE TONBKO CBOHCTBA OrPaHHYEH-
HbIX QyHKLMI, HO M, HapUMep, CBOMCTBA MOHOTOHHBIX QyHKIMIAL ITo-
3TOMY OTHECEHHE 33/a4Yy K TOMY WIH UHOMY THITY IOPOH SIBJSETCSA OIpe-
Z€JIEHHOM yCTOBHOCTBIO, HO B JIIOOOM CIy4ae KII0YEeBOM HAEeH pelleHus
OcTaeTcsd MPpHMEHEHHE CBOMCTB 3/IeMEHTAPHBIX QYHKIIWM, H3y9aeMbIX B
cpeaHei 1mkone. HanoMHHM OCHOBHBEIE CBOMCTBA, CBA3aHHBIE C OTPaHHU-
YEHHOCTRIO QYHKIMI WK anrebpanyecKUX BLIPAXEHHH, U CTAHAZAPTHbIE
HEpaBEHCTBA, KOTOPHIE MOHAA06ATCS B AaTbHEHIIEM

1) a® + b? > 2ab gns mo6LIX AeMCTBUTENPHEIX d U b, IpryeM a + b2 =
=2ab, Tonpko ecn a =b;

2) a+b > 2vab ana no6eX HeoTpHIATENLHEIX @ U b, puyeM a + b=
= 2+/ab, ToNBKO eciu q = b;

3) a+% 22 npy a>0, npudeM a+%:2, TOJIBKO eCiid a=1; a+%<—2

1
pu a < 0, npuyeM a + i —2, TOIBKO eCJIM a= —1;

2 2 2

2 _ b _ b b :

4) ax +bx+c—a(x+2a) +C— 2o 2~ 4 npua>0;
ax?+bx+c= ( +—b-)2+c——l£< ——lin <0:;
=alx+ o5 4q SCT 3 PHASY;

5) |sinx| < 1, |cos x| < 1 mpu s06BIX AEHCTBUTENBHBIX X;
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6) |a sinx +bcosx| < v/ a? +b? npu moOEIX AeMCTBUTENBHBIX a, b, X;

7) ——723 garcsinxg-g-; O<Larccos X<, ——% <arctgx<£; O<arcetg x <.
Ha npuBe/ileHHEIX Bhbillle HepaBeHCTBAX H HX KOMOMHALHAX OCHOBBIBA-
eTcs pelieHye OOILUIMHCTBA 3a/1aY 3TOT0 naparpada. Kpome T0ro, BeCbMa
CYII€CTBEHHEIM 3/IEMEHTOM pELIE€HNA 6yzeT OYEeBHIHOE YTBEPXKIEHHE, O
KOTOPOM YIOMHHAJIOCH BHILIE. CoopmMyIpyeM €ro B ABHOM BUZE.
Yreepxzaenue 1. Ecmm max f(x) =c n ming(x) = ¢, TO ypaBHEHHE
£ (x) = g(x) umeeT TO K€ MHOXKECTBO peleHuH, YTo U CHCTEMA

f(x) =c¢,
gx)=c.

JL1s1 pellleHHs HEKOTOPHIX HEPABEHCTB NPUMEHAECTCA [IOYTH aHAJIOTHY-
HOE YTBepXXJeHHE.

Yreepxaenue 2. Ecmi max f(x)=c ¥ min g(x) =, To HepaBEHCTBO
f () < g(x) umeer TO Xxe MHOXECTBO pellleHuH, YTO ¥ CUCTEMA

f(x) =g,
gix)=c.

OTH YTBEpXAEHHUA, pasyMeeTcs, OCTAHyTCA B CHJIE M B TOM Cy4ae, ec-
nu f u g 6yayT GyHKUMSIMU He O/HOT0, @ pa3HbIX apryMeHTOB.

Bo MHOTMX CIyYasx IpH pelleHHH HeCTaH/apTHBIX HEpABEHCTB OKa-
3L[BAETCH ITOE3HEIM CJIE/IYIOIIee CTO/b YK€ OYEBUAHOE YTBEPXKIEHHE.

Yreepxaenue 3. Jlis TOTO yT06E HepaBeHCTBO f(Xx) > g(x) MMeno
xoT# 6Bl OTHO pelIeHHE, HeoOxoMMO (HO He J0CTaTOYHO), 4TOOKI BBITION-
HSUTOCh yeaoBe max f (x) 2 ming(x).

IlepeiiieM k MpUMepaM, HayaB C OTHOCUTE/ILHO HECJIOXKHEBIX TPUTI'OHO-
MeTpHYECKUX YpaBHEHHH.

IIpuMmep 1. PenmmTb ypaBHEHHE COS (27x) + cos(2 V2rx)=2.

Pemenue. Tak kak cos(27x) <1 u cos(2 V271x) < 1, 1eBast 4aCTb JaH-
HOI'O YpaBHEHHUs He IPEBOCXOANT 2. PaBHOI1 2 OHA MOXeT OBITb B TOM M
TOMBKO TOM CJIyyae, eci

cos(27tx) = 1, 2ntx = 27N,
cos(2v2mx) =1, OTXYAR 1\ 9y/2nx = 27k,
y, 3HAYMT,
x=n,
vV2x =k,

rneke€Z,neZ. Eemn=k=0, 70 x = — pelIeHHe chcTeMbl. Ecm n#0,
T0 X # 0 ¥ MOYKHO BTOpO€ YpaBHEHHE nocaexHell CHCTEMBI TIOWIEHHO pas-
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LeNUTh Ha nepBoe. Iomyunm V2= % TTOCKOMBKY v2 — YHC/IO HppaLyo-

k k
HAJIbHOE, @ — — YHC/IO PalMOHATBHOE, PABEHCTBO V2= ., He MOXeT Bhl-

MOTHATHCA HY MpH Kakux uenslx k u n. CrefosaresbHo, x = 0 siB/IsgeTCA
€AMHCTBEHHBIM pellleHHeM CHCTEMBI

x=n,
V2x =k,

a BMecTe ¢ Heif ¥ JaHHOIO ypaBHEHHA.

OTtger: 0.

PaccMOTpeHHBI TIpHMep JHOOONBITEH HECKOIBKO HEOXKHUIaHHBIM JJIf
MHOTHX LIKOJIbHHKOB Pe3Y/IETaToOM: TPUT'OHOMETPHYECKOE YpaBHEHHE HMe-
€T €JMHCTBEeHHEIH KOpeHb, a He «IIpHUBHIYHOe» OeCKOHeYHOoe 4HCIO pe-
LIeHWi. 3T0 OOBACHAETCA HECOU3MEPHUMOCThIO apr'yMEHTOB CJlaraeMbIX B
JIEBO¥ 4YaCTH YpaBHEHHA.

IIpumMep 2. PelllMTh ypaBHEHHE sm(— sm(— sm( (sm x) ) )) 0.

PemreHue. Eciu sm(E a) =0, To a =2k, k € Z. Ecnu nipy 3TOM elie
|l €1, To k=0, a=0. [loaToMy JaHHOE ypaBHEHHe PABHOCHIBHO ypaB-
. T
HEHHIO 81n(-2-x) =0, oTKyza x =2n, n€7Z.

OtBeT: 2n, n€Z.

IMpumep 3. Pemuuth ypaBHeHHe 4Sin3x + 3 cos4x=7.

Pemenue. Tak kak sin3x < 1 u cos4x £ 1, sieBas YacTbk JaHHOI'O YpaB-
HEHMs He NPEBOCXOAUT 7. PaBHOI1 7 OHA MOXKET OBITh B TOM H TOJIBKO TOM
cTydae, eciam

sin3x =1, x= %—I-g%r—l,
OTKyZa
cosdx =1, YA x = Tk
2 3

rae k €7, n € Z. OcTaeTcsl yCTaHOBHTb, CYILECTBYIOT JIU TaKkue Lejbie k U n,

IIpY KOTOPHIX NOCTEAHAA CUCTEMA MMEET pemem»m JLiA 3Toro npupas-

- o 27rn mk
HA€M IIpaBhle YacTH YpaBHEHHH 3TOH CHUCTEMBI: re + —_ = 50 OTKyza

1I0CjIe YMHOXKeHUsA 06erx yacTei [TOIy4eHHOTO paBeHc:TBa Ha 6 u JeseHun
Ha 7t moxyduM 1+ 4n = 3k. CyluecTByeT CTaHAApTHHIH cIocob peleHus
TO/TyYEHHOr0 YpaBHEHHA B 11€JIBIX YMCIAX, KOTOPHIH HE BXOAUT B POrpaM-
My cpe/iHeit kol TeM He MeHee, TOZ0OHEIE 3a/ja4y TI0MIAaI0TCA U B 3K-
3aMeHaI[MOHHBIX BapHaHTaX, H Ha OMMIIHajax pasHOro YpoBHsA. [l KX
pellleHHs, KaK IPAaBIIO, I0CTATOYHO HUCIIO/Ib30BaTh YIEMEHTapHble C006-
PaXeHH, CBA3AHHBIE € IEJIMMOCTHIO LIEJIbIX YHCe, TMO0 BOCIOIb30BATECA

7 EM32014. Matemartuika, 3agaua C5



o8 I'napa 3. IlppuMeHeHHe CBOHUCTE GyHKIHIA

€/IJMHUYHOH OKPY>KHOCTbIO, OTMETUB HAa HEH TOYKAMM pELIeHHA Ka)KJ0ro
13 ypaBHEHM# ¥ BhIOpaB coBrasinye Touku. [locneanuii criocod yacTo Be-
IeT K HeoOXoaMMOCTH OTMeYaTh O0B1I0e YHCIO TOYEK, TO3TOMY BOCIIO/Nb-
syeMcs coobpaxeHUAMH AenMocTH. W3 paBeHcTBa 1+ 4n = 3k cneayer,
yto n=3k—3n—1=3(k—n)—1, T.e. n—ymcino BuAa n=3l—1, rae
leZ. Ho torma 3k=14+4n=1+4+4(31 —1)=121 — 3, otkyza k =4l — 1.
TaxuM obpasom, HaiiieHbl Liejble k U n, TP KOTOPLIX BHINOJIHAETCA CH-
cTeMa

A oA

27n
+ _é___
k

)

If

8|

x
X
OcTanock NpaByio 4acThb J0O60ro U3 ypaBHeHUH 3TOM CUCTEME! BHIPA3UTh

yepes . [Toxydum x = —% +2nl, l€Z.

OTBeT: —g +27nl, leZ.

IIpumMep 4. PelunTh ypaBHEHHe sin 7x - cos bx =—1.
Perenme. Tak Kak [sin7x| < 1 u |cos 6x| < 1, leBas yacTh ypaBHeHUA
6yneT paBHOM —1 B TOM U TOJIBKO TOM CIy4ae, €y

sin7x =1, sin7x = —1,
WK
cosbx = —1 cosbx = 1.
BMecTO ABYX CHCTEM MOXHO MNOJXYYHUTDb OAHY, €CJIHM CHA4Yaja BOCIOJIB30-
BaTbcA $OpMyJIoii sina - cos ff = -:lz(sin(a + f3) +sin{a — 8)) u nepelTH K
ypaBHeHHIO sin 13x + sin x = —2, oTkyza

sin13x = —1, x=-Z+20
i U, 3HAYUT, 26
sinx = —1, X=-3 + 27k,

rae k € Z, n € Z.. OcTaeTcs yCTaHOBHUTh, CYILECTBYIOT JIM Takue nejble k un,

IIpY KOTOPHIX MOCIEAHAA CUCTEMa HMeeT pelleHHA. [I/is1 3Toro nprupaBHA-

" " 7T , 27n T
eM IpaBblé YaCTH YPaBHEHHH 3TOH CUCTEMBL: — o + ) + 271k, oT-

Kyza nocjie ynpoiueHuii nomyyuMm —1 +4n=—13 + 52k. CreaoBaTesbHO,
n=13k — 3, 1 pelleHUAMH CHCTEME! AABIAIOTCA KOPHH e€ BTOPOro ypaBHe-

HUA, T. €. xz—% + 27k, keZ.
OTtBer: ——% + 271k, keZ.

[Ipumep 5. Pemuth ypaBHeHHMe sin’ x + cos!® x=1.
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Pemrenue. M3 HepaBeHeTB O < [sin 7x| <1 # 0 < |cos6x| < 1 cnenyer,
yto sin’ x < sin? x, cos'® x € cos? x. [ToaTOMy JleBast 4acTh ypaBHEHHSA He
NMPEBOCXOAUT sin? x + cos? X, T.e. He npeBocxoanT 1. PaBHo# 1 oHa 6yaer
B TOM M TOJIBKO TOM C/Iy4ae, e/t

7x = sin’ x, sin? x(sin® x— 1) = 0,

OTKyZa

sin
cos'? x = cos? x, cos? x(cos!! x—1) = 0.

M3 nepBoro ypaBHeH¥us rocaeZiHe CUCTeMBI MOy4YaeM, YTo sinx =1 Win
sinx = 0. Ecm sinx = 1, To cosx = 0, ¥ BTopoe ypaBHEHHE CHCTEMBI

T .
BHIIIONHEHO. CrefoBaTe/IbHO, X = 3+ 27k, k € Z, Ecm sinx = 0, 1O

cosx =1, HO BTOpOMy ypaBHEHHIO NIOC/IeHEH CUCTEMB! YZIOBIETBOPSET
TOJBKO €Os x = 1. 3HaYuT, x =27Tn, n €7Z.

OTtBerT: -723 + 27k, k€ Z; 2tn, n€Z.

PaccMOTpHM Tenepr ypaBHEHHE, B KOTOPOM JIeBasi U NIpaBast YaCTH 3a-
BHCAT OT pasHBbIX apryMeHTOB, T. €., IO CYILIeCTBY, YPaBHeHHe C AByMs Ile-
peMeHHBIMH.

Ipumep 6. Haiitu Bce naps! (Xx; y) AeMCTBUTENbHBIX YHCEI X U Y, JJIS
ka0 13 koTophix 2 =cos y.

Pemtennie. M3 HepaBeHcTBa |X| > 0 cnexnyeT, 4To 2 > 1, 1, NOCKOABKY
cos y < 1, JaHHOe paBeHCTBO BO3MOYKHO B TOM ¥ TOJIBKO TOM c/ly4ae, ecyii

2|x':1’ x=0’ rez
OTKYEA | _ o T .

cosy =1,

OtseT: (0; 27tk), k€ Z.

AHa/IOrHYHbIE HJeH, KaK y>ke 0TMe4asoCh, UCITONb3YIOTCA H MPH pelle-
HYH HepaBeHCTB.

Ipumep 7. Peluts HepaBeHCTBO log,(8x2 — 24x + 27) < [sin(mx)|+ 1.

Pemienve. Cpa3dy MOHATHO, YTO CTAHAApTHBIE MPUEMBl ¥ METOJbI
3feck He moMoryrt. [lompo6yeM HCIIONB30OBaTh OrpaHUYEHHOCTH CHHY-
ca ¥ moxayna: O < |sin x| < 1. IloaToMy mpaByi0 4YacTb HEpaBEHCTBA
MOXKHO oneHuTh Tak: 1 < [sin7tx] + 1 < 2. YTo KacaeTcs JieBo#l 4acTH
HepaBeHCTBA, TO 3/1eCh CHayaja HYXKHO BBUIEJMTL IONHBIH KBajpart:

2 2
8x? — 24x+27=8(x— %) + G. IlocKONBKY S(x— %) +9 2> 9, nony-

2
M, qro log; (8x? — 24x + 27) = log, (8 (x — :—23-) + 9) > log, 9, oTkyna

log,(8x?% — 24x +27) > 2. Takum ob6pa3oM, JieBast YacTh HEPABEHCTBA He
MeHbllle 2, a IpaBas ero 4yacTb He Oonbiie 2. [T03TOMy AaHHOe Hepa-
BEHCTBO OyzeT BHIIIOTHEHO, TOJIBKO €C/IM U JIeBasi, U NpaBas ero 4acTH

7.
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PaBHEL 2, YTO BO3MOXHO B TOM H TOJIBKO TOM CiIy4dae, Korzia

Isintx| =1,
log,(8x? — 24x+27) = 2.

EJUHCTBEHHBIM KOPHEM BTOPOI'O YpaBHEHHSA CUCTEMBEI ABJIAETCA, KaK CJIe-
nyeT U3 npeapayiero, x = 1,5. [IpoBepkoii 1erko y6eAUThCsA, YTO 3TO YMC-
JIO SIBJISETCA U KOpHEM IepBOro YpaBHEHHA CHCTEMEI.

OtseT: 1,5.

IMpumep 8. HaitTu Bce naph! (x; y) A€MCTBHUTEIBHBIX YHCEN X U Y, VIS

KaKA0# 13 KoTophix 30y +3 > 25y2 +9x% + xi

Peinesue. [TepenuineM HepaBeHCTBO B Bizie 30y +3—25y2 > 9x%+ %

BryiesMM B JIEBOH 4acTH INMOMYYeHHOrO HepaBEHCTBA IOJHBIM KBaJpar:
30y + 3 — 25y = 12 — (5y — 3)%. CnezgoarensHo, 30y + 3 — 25y <
< 12. OueHuM paByl YacTh HepaBeHCTBA, BOCIIOIb30BABLINICE TEM, YTO

a? + b? > 2ab. B HameM ciy4ae a = 3|x|, b= I_ch—l Tloatomy 9x? + % >

>2-3|x|: l—%, oTkyza 9x2 + % > 12. Takum obpazom, sieBas 4acThb Hepa-

BeHCTBa He 6onplle 12, a mpaBas ero yactb He MeHpuie 12. IlosTomy
JAHHOe HepaBeHCTBO OyzeT BBHIIOIHEHO, TOJABKO €CJIM H JIeBasd, M IIpaBas
ero 4yacTH paBHBEI 12, 4TO BO3MOXXHO B TOM H TOJBKO TOM CJIy4ae, KOrza

3
12— (5y —3)2 =12, y=

ga
2 ¥, 3HAYUT,
3l = 755, x=:l:1/§.

OTBer: (\/'z' 3). (_‘/Z 3
3°5)° 3’5)°

AHaJIOTUYHbIE IPHEMb! TIPUMEHAIOTCA M IIPH PeLlIeHHH 60J1ee CI0XKHBIX
3a7ay. BosHHKaeT ecTeCTBEHHBIH BOMpOC: KaK OMO3HATh TaKywo 3aJady?
KoHe4HO, MoMoryr B 3TOM IpeX/ie BCero HaBbIKY, ITOMyYeHHBbIE ITPH Ca-
MOCTOATEJIbHOM pelleHHH nmogoOHEIX 3a1a4. He nocieaHi00 poib UI'paeT
H TO 06CTOHT€JIbCTBO, O KOTOPOM YyXKe He pa3 YIIOMHHaJIOCh: IMpaKTH4Y€CKH
HH OJHA M3 3THUX 3aJa4 HE MOXXET OBITE p€li€Ha ¢ IOMOIbIO CTaHJApTHBIX
IIPMEMOB: Npeobpa3oBaHMil, 3aMeHbl [TEPEMEHHOM U T.II., XOTA ¢ HUMM
IIPUXOJHUTCAA UMETE [1€J10 H IIPpH pEIIE€HNH TaKHX 3a7a4. Kpome TOIQ, Ha-
BOAUT Ha MEBICJB O TOM, 4YTO Ta WIHM HMHas 3aJlada OTHOCHUTCA K paccMat-
pHBaeMOMY THUILY, €€ «BHELTHWH BH/». HATHYHE KBaJpaTHBIX TPEXYWIEHOB,
CYMMEI IBYX B3aUMHO 0OpaTHBIX BEJIHMYWH, CUHYCOB, KOCHHYCOB U APYTHX
orpaHHYeHHBIX PyHKIIME. PaccMOTpUM erje HeCKOJIBKO IPHMEpPOB.
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IIpumep 9. Permnth ypaBHeHMe

(4x*+12x+11) log, o (cc‘s2 (11x)+6 sin® %—8 sin? §+cos 2x—cos x+2) =
— —4,

.7
Penrenme. YUuTHIBasA, 4YTO sin 7=

norapu¢mMa, Iocjie HeCJIOXKHEBIX NpeobpazoBaHMiil IONYYHM ypaBHEHHE

_1 .
2" 2, 4 neperasa K OCHOBaHHIO 2 y

((2x+3)*+2) log, (cos2 (7tx) 46 sin? 325 —8sin? §+cos 2x—cosx+2) =2,

Janee,

6sin® "ch' — 8sin? % +cos2x —cosx =

=6sin2§—85in4§+c052x—1+25in2§ =
= 8sin2§—ssin4’2—‘—2sin2x.
Ho 8sin2;—c — 83in4§ = 88in2§(1 — sin? %) = 85in‘°‘§cos2 -;5 = 2sin? x.
IlosTomy

cos?(7rx) + 6 sin? % — 8sin* Jz—c

Takum o6pasom, JaHHOE ypaBHEHHE IPUBOAUTCA K BHAY
((2x + 3)* + 2) log, (cos*(mx) +2) = 2.

meeM cos?(71x) +2> 2, moatomy log, (cos?(mtx)+2)>1. Ho (2x+3)2+2>
= 2. CnefoBaTeNbHO, JIeBast YaCTh YPaBHEHUA He MeHblIe 2, U ypaBHEHHE
MMeeT KOpHH, TO/IBKO eC/IM OHa paBHa 2, T. €. eCJIH

log, (cos?(nx) +2) =1,

(2x+3)°+2=2,

+cos 2x — cos x + 2 = cos?(mx) + 2.

oTkyaa x = —1,5.

OtseT: —1,5.

OTMeTHUM, YTO UMEHHO «BHELIHWI BH/» 3TOr0 ypaBHeHHA ABWICA IIO-
GyaAuTeNbHOM IPUYMHOM /11 OLIEHKH €ro JIEBOH YacTH: ¢ IEPBOro B3MIAAa
SICHO, 4YTO CTaHAApTHBIE IIPHEMB! U METO/bI HUYETO PaJOCTHOIO 34€Ch HE
CYJAT.

ITpumep 10. Haiitu Bee naph! (x; y) AeHCTBUTENBHBIX YUCEA X U Y, A

KaXX/I0M M3 KOTOPHIX cosx —y2 > 1/ y —x%—1.
Pewrenue. IlepenuiieM aHHOE HEPABEHCTBO B BHJE

cosx > y*+4y/y—x2—-1
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M IIOIBITAEMCA OLIEHUTD JIEBYIO M IIPABYI0 YacTH IOJTyYeHHOIO HepaBeH-
ctBa. C sieBo# yacteio npobnem HeT: —1 < cosx < 1. Z1s nmpaBo# YacTu
€AMHCTBEHHOH 3alelIKOM ABJAAETCA TO, YTO OHa oNpezesieHa TONBKO NpH
YCIOBHH y — x2— 12> 0, otkyza y > x2 + 1 M, ciefioBaTensHo, y > 1. Ho
TorAa u y* > 1. BOT OHO, HejioCTarolee 3BEHO: paBas YacTh HEpaBeHCTBA
He MeHblIe 1, a leBass — He Gosblie 1. [TosTomy HepaBeHCTBO OyzeT BhI-
ITOJIHATHCA, TOJILKO €C/IH U JIeBasi, U MpaBas ero 4acTH pasHH! 1. Jljia aToro
HeoOXOAMMO U JOCTATOYMHO, YTOOH! BHITONHANACH CHCTEMA

cosx =1,
x=0,
¥y =1, OTKYyZa {y—l
y—x2-1=0, '

OtseT: (0; 1).
IIpuMep 11. Peltuts ypaBHeHUe

\/2x(x—2) +3+2 :{/Sx(x—Z) +44...+(n—-1) an(x—Z) +n+1=
= 1 + = 2 o+ n_1 .
V2x(x—2)+3  3/3x(x—2)+4 /nx(x—2)+n+1
Peinrenme. HecMoTpA Ha nyrawomuil Buj, A4 pelleHHs 3TOro ypaBHe-
HHA OKasbiBaeTCsA JOCTAaTOMHBIM BHIIOJHHMThL CTaHAApTHoe MpeobpasoBa-

HHE: Bh/IEJIEHHE TIOJTHOTO KBaApaTa B KaXXJ0M M3 IIOAKOPEHHHBIX KBaapart-
HEIX TpeX4WwIeHOB. B camoM fere,

nx(x—2)+n+1=n?-2nx+n+1=nlx—1*+1,
M, 3HA4YHUT, an(x— 2)+n+12>1.
IToaToMy jieBasi YacTh yPaBHEHHA He MEeHbIIIe

1+2+...+n—1=i"2‘—1)

(xaKk cyMMa HeCKOJIbKHX IIepBHIX WieHOB apu$MeTHYECKOH NPOrpPeccHH),
a NpaBas 4acThb He Oonb1Le

1 2 n-1 n{n-1)
1 + 1 + ...+ 1 = 5 -
nin—1)
CnezoBaTesIbHO, JieBast M MIpaBas 4YacTH ypPaBHEHHUSA pPAaBHBI — 5, 4TO0
BO3MOXXHO, JIUILIBb eC/IH x = 1.
OTeeT: 1.

IIpumep 12. Haittu Bee napw (x; y) AeMCTBUTEILHBIX YHCea X U Y, A
KaXZ0H1 U3 KOTOPBIX

¥o+y3+2x% = \/xy —x%y?,

4xy3 + 73 4+0,5 > 253+ /1+(2x — y)2.




§3.2. OrpaHUYEHHOCTh 103

Peimnenue. [lepBoe 3HAKOMCTBO C 3aJayaMH TAKOTO pOAa BHI3LIBAET
OOBIYHO YYBCTBO IiyboKo# 6espicxofiHOCTH. SICHO, YTO BO3BE/i€HHE B
KBajpaT B JAaHHOM CiIydae MOryT INO3BOJWThL cebe TOIBKO JI06HTEIM
«OYeHb OCTPHIX 6yr0Z». MBI ke IOIBITAEMCSA CAENaTh KaKHe-TO OLIEHKH
JIeBOM M IpaBOM YacTeil ypaBHEHHMA W HEPABEHCTBA, BIpoyeM, OBITH
MoxeT, 6e3 ocoboil Hazexap Ha ycnex. VitTak, pacCMOTPHUM ypaBHEHMe
JaHHOM cucTeMbl. BhiaenuM INOJMHBIH KBaZpaT B IOAKOPEHHOM BHIpa-
*KEHHM NpaBo¥ yacTH: xy — x2y? =0,25 — (xy — 0,5)2. CiezoBaTeabHO,

Vxy—x2y?g /0,25, T.e. /xy—x2y2<0,5. 3naunt, ¥ y8+y3+2x2<0,5.
INepeiiaeM K HepaBeHCTBY JAHHOH cHcTeMbL. [TocKOIBKY \/ 1+(2x—y)?*>1,
uMeeM 4xy> + y2 +0,5 — 2x2 > 1, otkyza 2x2 — 4xy® — y* < ~0,5. Cl1OXHB
IIOWIEHHO TIoc/IeHee HepaBeHCTBO ¢ HepaBeHcTBoM y° + y3 +2x2 < 0,5,
nonyyumM, uto y© — 4xy® + 4x% < 0. U 34ech ¢ paZioCTHBIM M3yMJIEHUEM
MBI 3aMedaeM B JIEBOi 4acTH NoaHbH kBazpart: (y3 —2x)? < 0. fcHo, uTo
HEPaBEHCTBO ( y3 — 2x)? € 0 BO3MOXXHO, TOMBKO €C/IH y3 = 2x. fIcHO U TO,
YTO IOJHBIA KBaJpaT NOABWICA He CIy4alHO, a 3Ha4MT, Mbl HA BEDHOM
nytu. IMockomeky y? = 2x, HEPaBEHCTBO ¥% + ¥® + 2x% < 0,5 npumer
Buz 6x% 4 2x < 0,5, a HepaBeHcTBO 2x2 — 4xy® — y3 < —0,5 npumeT BUA
—6x?% — 2x < —0,5, oTKyza 6x2 + 2x >0,5. Taxum o6pasom, 6x2 + 2x < 0,5
U 6x? + 2x > 0,5, 4TO, KaK JIerKO ZOrajaTbCAd, BOSMOXHO, JIHIIL €C/M
6x% 4+ 2x=0,5. KOpHAMH MOTYy4EHHOTO KBaJ[paTHOTO YPABHEHHA ABJIAIOT-

1 1 1
CAYHCIA X = ~3 (tormay=-1)ux= 3 (Trorga y = Tﬁ)' CnegoBaTebHO,

.Z[aHHaH CHCTEMa MOXXeT UMeTh B KayeCTBe pelreHui Toabko (—0,5; —1) u

1.
( 6 33 ) OcraeTtcsa CaeaarTb IIPOBEPKY U YCTAHOBHTD, YTO €JMHCTBEHHBIM

pellleHHeM cHcTemMbl aBnsetea (—0,5; —1).

OtseT: (—0,5; —1).

IepeligeM K 3aJa4aM ¢ TapamMeTpoM.

IIpuMmep 13. HaliTu Bce 3HaYeHMA NTapaMeTpa a, IpU KaKJ0M U3 KOTO-
PHIX CUCTEMA YpaBHEeHHUH

ly| +a = 6sinx,
y4+2% =6a,
(a—3)? = |22+ 62| +5in®2x+9

HMeeT X0oTA 6B OHO pellleHHE, U yKa3aTh pellleHHA CUCTeMBI JJIs1 KaXKAO0T0
M3 HalJieHHbIX 3HaYeHuH a.

Pemrenue. ITockombky |yj >0 u smx < 1, U3 nepBoro ypaBHeHHs CH-
CTEMBI CIEAYET, 4To a < 6. TTockonbky y* + 22 > 0, 3 BTOpOro ypaBHeHHA
CHCTEMBI cIeayeT, 4To a 2> 0. Takum ob6pasom, 0 < a € 6. TpeThbe ypaBHeHHe
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CHCTEMBI, pacKphiBasd CKOOKHM B JIEBOM €ro 4YacTu M IpHBOAA IoA06-
HHle cjlaraeMble, MOXKHO TIepelHcaTh Tak: a’ — 6a = |z2 + 6z| + sin” 2x.
IockombKy |22 + 63| + sin? 2x > 0, U3 IOCAEHEr0 ypaBHEHUA CIEAYET,
uyto a? — 6a > 0, oTkyza a € (—o; 0] U [6; +). YuuTHBasA HEPABEHCTBO
0 < a £ 6, nonyyaeM, YTO AONMYCTUMBIMH 3Ha4€HHUAMH IlapaMeTpa a ABJA-
¥oTCst Toabko O U 6.

INycte a =0. Torza ¥3 BTOPOTrO ypaBHEHMA JAHHOM CHCTEMBI ITOIYYUM
y =2=0. [loaTomy ITlepBOe ypaBHEHHe CUCTEMBI IIPUMeT BHA sinx =0, oT-
Kyfa x=mnn, n€Z. Illpp a=0, x=rn, n€Z, y =2 =0 TpeTbe ypaBHEHHE
CHCTEMBI, O4EBHAHO, BHIIIOJHEHO.

[Tycts a = 6. Torza fieBas 4acTb IEPBOTO yPABHEHHA JAHHOH CUCTEMBI
He MeHblle 6, a nMpasas — He Gonplie 6. PaBeHCTBO BO3MOXXHO, TOJILKO

ecM |y|=0Hu sinx=1, oTkyza y=0, x= -725 + 2k, k € Z. Torga BTOpOE

ypaBHEHVe JAaHHOM CHCTeMB IPHHUMAaeT BIJ, 2° = 36, H, 3Ha4YHT, 2 = 6.
u .
Mppa=6ux=3 + 27k, k € Z, nociesHee ypaBHEHHE AaHHOM CHCTEMBI

MpHUHHMaeT B/, |22 + 62| = 0. U3 aByx sHaueHHi1 2= +6 TOIBKO 2 = —6
ABJIAETCS KOPHEM ypaBHEHHA |22 + 62| =0.

OtBeT: (7n;0;0), n€ Z, npu a =0; (% + 27k; 0; —6), ke Z, npn
a=~6; IIpH [IPOYUX a pelLIeHUHN HET.

PellleHVe nByx CAeAyIOLIUX 3ajay OCHOBBIBaeTcsA Kak Ha CBOHCTBax
orpaHM¥eHHBIX QYHKIMH, TaK M Ha CBOMCTBAaX MOHOTOHHBIX GyHKIIMIM, YTO
[IOKa3hBaeT OIpe/Zie/IeHHYIO0 YCIOBHOCTE OTHECeHHA HEKOTOPBIX HECTaH-
JApTHBIX 3aZa4 K TOMY WIH MHOMY THIy. ITocko/mbky B 3THX NpHMepax
MOHOTOHHOCTb MTpaeT XOTA U BeCcbMa CyllleCTBEHHYI0, HO BCIIOMOTATENh-
HYI0 POJb (C ee IOMOLIBIO JOKA3bIBAETCSA OTPaHUYEHHOCTb QYHKLIMH), OHH
BKJIIOYE€HB] HMEHHO B 3TOT, a He B IpeAb YU naparpad.

Ilpumep 14. HaiiTH Bce 3HayeHUs N1apaMeTpa a, MpH KaxaoM U3 KOTO-
pEIX ypaBHeHHe a? + 7|x| + 49 log, (2x?% + 7) = 7a+ 3|2x — 7a| “meeT XoT#
OBl OZIMH KOPEHb.

PewreHue. IlepenviieM ypaBHeHHE B BHJe

a* —7a+49log,(2x* +7) = 3|2x—7a| — 7|x]|

1 paccMoTpuM QyHKUME f(x) = a® — 7a + 49log,(2x* + 7) u g(x) =
= 3|2x — 7a| — 7|x|, onpexneneHHrle ¥ HellpepHIBHLEIE HA Bce YHCIOBOM
npamMoii. I'paduk ¢yHkmm y = g(x) npexcrtabnser coboi Jjomasylo,
COCTOAIIYI0O U3 OTPE3KOB MpAMBIX U syded. [Ipy x > 0 Kaxzaoe 3BeHO
JIOMaHOH ABJAAeTCA 4YacThlo NpsAMol Buga y =kb +1, rae k <0 (nockonb-
Ky BHE 3aBHCHUMOCTH OT «PaCKpPHITHA» APYroro Moxyna KoaboHiueHT
npu x 6yzet oTpunatenbHbIM). Cle0BaTeNbHO, HA IIpoMexyTKe [0; 4-c¢)
bynkuma y = g(x) ybmBaet ot g(0) mo —co. CoBeplieHHO aHaJOTM4HO
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MOXXHO NOKa3aTh, YTO Ha NpoMmexyTke (—oo; 0] dynkima y = g(x) Boa-
pactaeT oT —o z0 £(0). [ToaTomy B Touke x =0 3Ta $yHKIUA AOCTUraeT
cBoero Haubosplero 3HadeHHd, T.e. max g(x) = g(0) = 21|a|. fcHo,
yro min f(x) = f(0) = a® — 7a + 49, npryeM Ha mpoMexyTKe [0; +)
bynkuma y = f(x) Bospacraert ot f(0) 10 +, a Ha IpoMexKyTKe (—oo; 0]
bynkmma y = f(x) ybeaer ot +» go f(0). INostomy Ana paccMat-
puBaeMbix GyHKUMIT ypaBHeHHe f(x) = g(x) HMeeT x0T OBl OAMH KO-
PEHb B TOM H TOJBKO TOM Cjydae, eciM min f(x) < max g(x), T.e. ecH
a? — 7a + 49 < 21|aj. [pu a > 0 nocnenHee HEPaBeHCTBO NMPHBOAUTCA K
Buay a’ — 28a +49 <0, orkyna a € [14 — 7v3; 14 + 7v/3]. Ilpu a < 0
HepaBeHCTBO a” — 7a + 49 < 21|a| npuBoxuTea K BUAY a2 + 14a + 49 <0,
T.e. (a+7)?<0, otkypa a=—7.

OtBeT: {—7}U[14—7+/3; 14+ 7/3].

3amevaHue. YciaoBre min f(x) < max g(x) apagetcsa, Booblie roBo-
pA, TONBKO HEOOXOAMMEIM YCJIOBHEM CYLIECTBOBAHMA KOPHEH ypaBHEHHs
f (x) =g(x). Bbio/JIHEHKe 3TOTO YCJAOBHA €EIIE HE 0O3HAYAET 0BA3ATENHHO-
IO CylIECTBOBaHHA KOpHeH Takoro ypasHeHHA (cM. pHC.). JIoCTaTOYHOCTD
HyJaeTca B 6onee 1ogapobHeix o6ocHOBaHHMAX (AaHATOTHUMHBIX CIeaH-
HBIM IpH pelleHHH npuMepa 14), o6bMHO OCHOBAHHBIX HA MOHOTOHHOM
BO3pacTaHUM OZHOM M3 JaHHEIX (YHKUMIT W MOHOTOHHOM YOBIBaHHH
APYToit Ha cOOTBETCTBYIOIIHX POMEXYTKaX.

yll

- y=gx)

y=fx)

Ipy pemeHUH MocleAHEro IpHUMepa 3Toro naparpada HCnoNb3yoTcsA
CXOXKHE HJEH, TOMBKO BMECTO ypaBHEHHA pacCMaTpUBaETC s HEPaBEHCTBO,
a YMCJI0 NlepeMEeHHBIX YBEJIUYEHO 0 ABYX.

ITpumep 15. HaHTH Bce 3HaveHUs NapaMeTpa a, IPH KOKIOM U3 KO-
TOPBIX 47151 060k naph! (u; v) AeHCTBUTENBHBIX YHCE] U H V BHITIOJHEHO
HEpPaBEHCTBO

13sinu — 7lsinu+v —2a|+3|sinu—2v-a—-1| € 16.
Pemenne. [lepernuiieM HepaBeHCTBO B BHJE
13sinu—7{sinu+v —2a|+3|sinu—2v—-a-1|-16 € 0,
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BBEJEM HOBYIO II€EDEMEHHYIO t = sinu M paccmoTpum dyHKIMIO f(t) =
=13t - 7|t +v —2a| + 3|t — 2v —a — 1| — 16, onpeaeneHHYI0 1 HENIPEPhIB-
HYI0O Ha Bced 4HCI0BOM npAMoit. I'paduk 3Toit QyHKUHH NpeAcTapiseT
co60#t IoMaHy10, COCTOAILIYIO U3 OTPE3KOB MPAMBIX M JIydeii, KKoe 3BEHO
KOTOPOH fABAAETCA YacThIo NIpAMOi Buaa y =kt +1, rae k > 0 (ockomsky
BHE 3aBHCHUMOCTH OT «PacKpHITHA» mogyned xoabduuueHt mpu t 6yzer
NoMOXKUTENBHEIM). CrlesoBaTtenbHo, GyHKIHA y = f(t) Bo3pacTaeT Ha
(—o; +). Ho t =sinu, noatomy t € [—1;1]. HepaseHcto f(t) <O
Gyzer BRINONMHATBCA A1 106oro t € [—1; 1] B ToM M TONBKO TOM CIIyyae,
ecu [mfa{:] f(t) £0. B crwry MOHOTOHHOTO BO3pacTaHusa GyHKIHH y = f(t)

>

MIONIYYMM, YTO

[mliaic]f(t) = f(1) = —-7|1+v—2a]+3}2v +a| - 3.

Taxum o6pa3zom, IPUXOANM K HepaBEeHCTBY
—7|114+v—2a|+3|2v+a]-3 <0,

KOTOpOE IO/DKHO BBHIMOJHATHCA MPH JI060M LeHCTBUTEILHOM V.,

PaccmotpuM Teneps ¢ynkumio g(v) = —7|1+v — 2al + 3|2v +a| — 3,
OIlpeZie/IEeHHY1I0 UM HENpephiBHYI0 Ha BceH 4MCI0OBOM mNpamoi. I'padmk
¢yrkumn y = g(v) npeacraensier coboil IOMaHy10, COCTOAIYIO U3 OTpPe3-
KOB NPAMBIX M Jyded. IIpu v > 2a — 1 kaxJo0e 3BeHO JIOMaHOH ABAAeTCA
YacThIO IIPAMOH BHJA y =mv + p, rie m < 0 (IIOCKOJILKY BHE 3aBUCHMOCTH
OT «PACKPHITHA» BTOPOro MoAyss Koabduipent npu v 6yaet oTpHLaTeib-
HbIM). CrieZioBaTeIbHO, MPH v 2> 2a — 1 dyuxuma yb6riBaet. CoBeplleHHO
aHaJIOTMMHO MOXXHO IIOKa3aThb, YTO NIPH v < 2a — 1 ¢yHKUMA BoapacTaer.
[loaTomy B Touke v = 2a — 1 3Ta QyHKUHA AOCTHraeT CBOEro Haubob-
1Iero 3Ha4eHud, T.e. max g(v) = g(2a — 1) = 3|5a — 2| — 3. HepaBeHcTBO
g(v) < 0 GyzeT BHIIOJHATBECA IPH JIO60M AEHCTBUTENLHOM V B TOM U
TOJILKO TOM C/y4ae, ecid maxg(v) <0, T.e. 3|5a — 2| — 3 < 0, oTkyza
{5a — 2| < 1. Pemras nocieauee HepaBeHCTBO, NoayYyuM —1 < 5a—-2<1,
oTkyzaa 0,2 <a <0,6.

OtseT: [0,2; 0,6].

B 3akiroueHMe caesiaeM HECKOJIBKO 3aMedyaHHUi. YBH/EB 3aayy, B KO-
TOPOH YMCJIO HEU3BECTHBIX GOJbIIe YHC/IA ypaBHEHUMH (HEpaBeHCTE), He
clenyeT Imyrarbea. Kak mpaBuio, Bce He Tak CTpPaLIHO, ¥ HeAOCTAoLIee
YPaBHEHHE M/IH HEPABEHCTBO NOYyYUTDb HE TaK CI0XKHO. Kpome Toro, gaxe
He BCeJIFIoLIHE NIOHaYary ONTHMH3Ma ypaBHEHHA, HEPABEHCTBA M CHCTE-
MHI ITyTeM Gosee WM MeHee OYEBHHBIX OLIEHOK MOrYT GHITh CBEZEHBI K
NPOCTeHIIYM ypaBHEHHUAM WIH HepaBeHCTBaM. Y mociesHee. BoapmmH-
CTBO 3a/ia4 3TOro THIA He TpebyeT AIMTENbHBIX BHIMHUCIEHHH, IPH HX pe-
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LIEHUH caMOoe IIaBHOE — JieJiaTh Jlorudecku 6e3ynpedHble BHIBOAB (BIIPO-
yeM, KaK M I[IpH pelleHUH 060 HecTaHAApTHOM 3aja4dl). Ycrex B 3TOM
ciy4yae 6yzeT rapaHTHpPOBaH.

Yupaxuenus k § 3.2

1. a) Peutnre ypaBHeHUe 2 cos(2v/37x) + 3 cos(2mx) =5.

6) PemuTe ypaBHeHHe 5 cos(3v/57x) +2 cos(4mx) =7.

2. a) Peunite ypaBHeHHe 5 cos4x — 4 sinSx =9.

6) Pemrite ypaBHeHHe 6sin5x +5cosbx=—11.

3. a) Pemute ypaBHeHHe sin 9x - cos8x=-—1.

6) Pemnre ypaBHeHHe cos 11x-cos13x=1.

4. a) Penmre ypasHeHue sin® x + cos!! x =1.

6) Pemure ypaBHeHHe sin® x + cos” x=1.

5. a) Pemnire ypaBHeHHe 1+ cos® x =log, (x%+4).

6) Pemmre ypasHeHue 3 + 2 sin® x =log, (27 — x2).

6. a) Haiigute Bce napel (x; y) AeHACTBUTENBHBIX 4HCel X U Yy, AIA
Kax o1 u3 Kotopeix 3X"2*+2=5siny + 4,

6) Haiigure Bce maph! (x; y) AeHCTBHTENBHBIX YHCEI X U Y, A KaX-
zoit u3 Koropex 5732 =13 ~ 12 cos x.

7. a) Haligure Bce 3HaYeHUA NMapaMeTpa d, MPH KaXXIOM M3 KOTOPHIX
cllezylollee ypaBHeHHe MMeeT XOTA 6b1 OANH KOpEeHb:

\/7cos(8x+9) +16 = 8a —a®*—13.

6) HaiiguTte Bce 3Ha4YeHUd IlapaMeTpa d, NPHU KaKAOM H3 KOTOPBIX

ypaBHEHHE \/ 5sin(4x +3) +86 =5 + 4a — a®* umeer xots 6bl OAHH KO-
peHb.

8. a) HatiauTe Bce 3Ha4eHHA MapaMeTpa d, MPH KaKAOM H3 KOTOPBIX
ciezyoLiee HepaBeHCTBO MMeeT X0Ts Gbl OIHO pellieHye:

15sin?(14x — 13) > 25a® + 60a + 51.

6) HaiiguTe Bce 3HayeHHA IapaMeTpa d, IPH KaXKIOM M3 KOTOPBIX
HepaBeHCTBO 4cos?(5x — 6) > 16a%® — 24a + 13 uMeeT XOTA OBl OZHO
pelieHHe.

9. a) HailiauTe Bce 3HaYeHHUA MapaMeTpa a, IPU KaXOM H3 KOTOPHIX
ypaBHeHHe a2 + 12a + 34+ 325% ~60x+37 — ¢05(10mx) uMeeT XoTs 6B OHH
KOpeHb, U YKaXUTE KOPHH ypaBHEHHUA AJIS1 KAXKAOT0 U3 HalJleHHBIX 3Have-
HHH a.

6) Haiizpte Bce 3HayeHHUs MapaMmeTpa d, NPH KaKAOM M3 KOTOPBIX

ypaBHeHHe 16a2 + 40a + 20 + 6100x*~60x+10 4 ¢in (5773) = 0 uMeeT XOT# GBI
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OZIMH KOpEeHb, Y YKAKUTE KOPHHU YPaBHEHUSA /I KOKIOTO U3 HAWAEHHBIX
3HavYeHUH a.

10. a) HavwuTe Bce 3HayeHHA IlapaMeTpa d, MPU KaXAOM H3 KOTO-
DhIX ypaBHeHHe (4a2 — 17a +4)8 + (4 ~* — 4a)® =0 umeeT xoTs 6B OIMH
KOPEHb, U YKa)KUTe KOPHH YpaBHEHHA AJIA KAXKJIOI0 M3 HalJeHHBIX 3HaYe-
HUH a.

6) Haiigute Bce 3HadeHHs NapaMeTpa a, IPH KaX/IOM H3 KOTOPBIX
ypaBueHHe (5a% — 26a + 5)% + (5"2*" — 5a)* =0 uMeeT x0TA 6B OAVH
KOpP€Hb, ¥ yKa)XHTe KOPHU ypaBHEHHA [JIA KaXXIOr0o W3 HaiiZieHHBIX 3HA-
YyeHUH a.

11. a) Haiizure Bce 3HaUeHUA NTapaMeTpa a, IPH KKJOM U3 KOTOPBIX
BhIpaKeHUe x + y IpHHUMaeT HauMeHblllee BO3MOXHOe 3Ha4YeHHe, eC/Id
(x; ¥) — pelreHue cUCTEMBI YpaBHEHHH

12X +11Y = 12949 4 11464
12% 4114762 = 129°+9 1 117,

6) Haiizvre Bce 3HaueHHdA NapamMeTpa d, NPU KaXKIOM U3 KOTOPbIX
BHIpQXKEHMeE X + Y NMPUHHMaeT HalMeHbllIee BO3MOXKHOE 3Ha4eHHe, eC/IH
(x; y) — peleHue cUCTeMBl ypaBHEHHIA

8% +3Y = §a°+100 +35-20a
8% 435200 _ 8a2+oo+3y_

12. a) HaliguTe Bce 3HayeHUs ITapaMeTpa a, [IpU KaXKJIOM M3 KOTOPBIX

ypaBHeHHe ‘Vlgz x—3lgx+a+ |a®? — 5a + 6] = 0 umeeT xoTA 6B OOMH
KOPEHb, U YKOKUTE KOPHU YpaBHEHUA /IS KOK/JOTO U3 HaMJeHHBIX 3Ha-
yeHHH a.

6) HaiizuTe Bce 3Ha4YeHHA MapaMeTpa a, MPH KAXKIOM M3 KOTOPhIX

ypaBHEHHE 4\/ a?—-2a—8+ |lg°x — lgx + a| = 0 uMmeeT xoTA 6Bl OZMH
KOpP€Hb, H YK KHUTE€ KOPHU ypaBHEHUA A5 KAXKAOTO U3 HaWJEHHHBIX 3Ha-
JeHUM a.

13. a) Hanaure Bce 3HayeHHA ITapaMeTpa a, NpH KaXJ0M M3 KOTOPBIX

14 _ oz o2 _
“12x 15 = 2(x+a—3)* +4a” — 20a + 26 umeer xo

1A 6Bl OUH KOPEHD, U YKAXHUTE KOPHH YPaBHEHHUA IS KaX/0ro M3 Haii-
JEeHHHIX 3HaYEeHU d.
6) Haiizute Bce 3HayeHWs MapaMeTpa a, MPU KaXKJOM M3 KOTOPBIX

18 _ _ 2 2
36729 =3(x—a+3)*+4a“ — 12a + 11 umeet

X0TA OBl OAVH KOPEHb, U YKaXKUTEe KOPHM YpaBHEHMS JUIA KaXJOTO M3
HaleHHEIX 3HaYeHUH a.

ypaBHeHHe log; 1222

ypaBHeHue log;, T2
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14. a) HaiizuTe Bce 3Ha4eHHUA [lapamMeTpa d, IIPH KaXI0M U3 KOTOPBIX
cUcTeMa ypaBHEHHH

sin'®(x - 1) +cos?®(x—1) = y/y —2+Vz—3+a*—4a+5,
sin®®(y —2) + cos*?(y —2) = vVz-3+Vx—1+a*—4a+S5,
sin®(z— 3) +cos?®(2—3) = Vx—1++/y—2+a*—4a+5

yiMeeT XOTA 6b1 OZIHO peleHYe, ¥ YKaKUTE PellieHUA CHCTEMBI AJ1 KaKJ0-
ro U3 HaMJleHHbIX 3HaYeHUH a.
6) HaiiguTe Bce 3HaYeHUA NapaMeTpa a, [IPH Ka)KJOM M3 KOTOPBIX CH-
cTeMa ypaBHEHH I
sin®® (x +3) + cos’®(x +3) = {/y+2+ vz +1+a*+6a+10,
sin®®(y +2) + cos®*C(y +2) = Vz+1+Vx+3+a*+6a+10,

sin??(z+ 1) +cos'®(z+1) = Vx+3+/y+2+a?+6a+10

HMeeT X0TA Obl 0O4HO pellieHHe, H YKOKUTE PENIEHHA CUCTEMBI /1A KaX0-
ro U3 HalJIeHHBIX 3Ha4YeHUM a.

15. a) Halanre Bce 3HaYeHHMA ITapaMeTpa a, IIPHU KaXJI0M U3 KOTODBIX
CHCcTEMa ypaBHEHHI

cos’®(x—10) = +/y —20+|a+6|+a+7,
cos?’(y —20) = vz —30+|a+6|+a+7,
cos®(z—30) = vVx—10+|a+6|+a+7

MMeeT XOTA OBl OIHO pellieHHe, U YKaKHTE PellleHHA CUCTEME A/ KaXA0-
ro U3 HalileHHBIX 3HAY€eHUH a.

6) Haliziire Bce 3HaYeHHA IIapaMeTpa a, NPH KaXJ0M U3 KOTOPBIX CH-
cTeMa ypaBHEHUIH

cos**(x+40) = +/y+50+|a—7|+a—6,
cos’’(y +50) = vz +60+|a—7|+a—6,
cos®(z+60) = Vx+40+|a—7|+a—6

MMeeT XOTA Obl OZIHO pellleHHE, H YKKHUTE pellleHHA CUCTEMBI AJIA KaXI0-
ro u3 HalleHHbIX 3HaYeHUH a.
16. a) Haiigure BCe 3HaYeHHs napaMeTpa d, IIPH KaXJOM H3 KOTOPbIX
ypaBHeHHE x+2|x—3|—3|x —a—4|=7|x—a| umeeT xoTaA 6B OIUH KOPEHB.
6) Haiizute Bce 3HayeHHs MapaMeTpa d, NPH KaKIOM H3 KOTOPBIX
ypasrenue 11|x +a|+ 2x + 3}x — 5| = 5|x + a — 4| umeeT x0TA 61 OAMH
KOp€Hb.
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17. a) Hadigure Bce 3Ha4eHHA NapaMeTpa d, IIPH KKIOM U3 KOTOPbIX
ypaBHeHHe x + 1+ 2|x — 2| =8]x — a + 2| + 3|x — a — 2] UMeeT ezuHCTBEH-
HBII KOpEHB.

6) Haiiznre Bce 3HaYeHHA NapaMeTpa d, IPH KAKIOM H3 KOTOPHIX
ypaBHenHe 13|x —a + 1| + 3]x + 7| = 2x + 5|x — a + 5| + 4 umeeT eauH-
CTBEHHBIH KOpeHb.

18. a) Haiigure Bce 3HaYeHHUA MTapaMeTpa a, NPH KaXA0M M3 KOTOPBIX
ypaBHeHUe 4|x + a| + 2|x —al + 2 = x + 9|x — 2| + 2|3a + 2| umeeT zABa
Pa3NIN4YHEBIX KOPHS.

6) Haiigure Bce 3HaYeHHA MapaMeTpa a, MPH KKJOM H3 KOTOPHIX
ypaBHeHMe 3|x —al+ 4|x +a| =x + 13|x + 1| + }7a — 1| + 1 umeeT aBa
Pa3JNYHBIX KOPHA.

19. a) HaiizuTe Bce sHayeHHA NapaMeTpa a, IIpU KaXXJA0M M3 KOTOPBIX
ypaBHEHUE

17|x—a|+|a?—7x+12|+|a®+2x 15| = |2a® - 6a+x—3|+|4|x| —|x+3al|
HIMeeT XOTA 6B OIVH KOpEeHb..

6) Haiizure Bce 3HaYeHHs NapaMeTpa a, NMpH KaKJOM M3 KOTOPBIX
ypaBHEHHE
18|x +a|+|a®+8x+ 12|+ |a? —x— 6| = |2a® — 8a — x + 6] +{5|x| — |x —4d]|
“MeeT XOTH 6Bl OAMH KOpEeHb.

20. a) Haiiaure Bce TOUKH (X; y) KOOpPAUHATHOM IVIOCKOCTH OXY, AJA
KaXJOM U3 KOTOPHIX 5|x — 3|+ 3|x +2|=24/49—y2+ 1.

6) Hatigure Bce TOYKH (X; y) KOOPAMHATHOM IIOCKOCTH OXY, AJIA KaX-
Aok 13 KoTOphIX 9|x — 1| +4|x + 4] <34/25— y% +5.

21. a) HaliauTe Bce 3HaueHUA napaMeTpa a, IIPU KaKI0M U3 KOTOPBIX
CyliecTByeT XoTs Obl OZHa Takas napa (x; y) 4Hcen AeHCTBUTeNbHBIX YU-

cen x U y, uto 5lx — 2|+ 3|x+al </4—y2+7.

6) Haiizure Bce 3HaYeHHA NMapaMeTpa a, IPH KaKAO0M U3 KOTOPHIX CY-
IlecTByeT XOoTA Obl ogHa Takas napa (x; y) JHcen AeHCTBUTEIbHBIX YHUCe
XKy, 4ro 5|x —a|+3|x+ 2| < /9—-y? +6.

22. a) HaliauTe Bce 3Ha4YeHHA NapaMeTpa a, IpH KaXKAOM U3 KOTOPbIX
CcHCTeMa ypaBHEHHUi

a+y? = 4cos2x,
JY+2° =a,
(a—2)2 = |22 — 22| +|sindx| + 4

HMMeeT XOTA 6bl OZHO pelleHNe, ¥ YKaKUTE pelleHHsA CUCTEMH ISl KaXJo-
ro U3 Hali/leHHBIX 3Ha4eHHI a.
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6) HaiiauTe BCce sHaUY€HMA NapaMeTpa d, PH KaXJ0M M3 KOTOPBIX CH-
CTEMA ypaBHEHMH

a+,/y = 2sin3x,
ly|+2* = 8a,
(a—1)? = |2%+ 22| +]sinbx| +1
yMeeT XOTA 661 OIHO pellieHMe, M YKaXUTe pelleHNHs CUCTEMBI JJIs KaXJ0-
r'o M3 Hail/JeHHEIX 3HAYEeHMH a.
23. a) Haiigure Bce 3Ha4YeHUA apaMeTpa a, MpH KaXJ10M U3 KOTOPBIX

ans moboi napel (u; v) AeHCTBUTENBHBIX YHCEN U U V BBIIIOJIHEHO HEpa-
BEHCTBO

13sinu—9|sinu—v+2a—1|+2[sinu+3v+4a—1| <1

6) Hatizute Bce SHAYEHHs MapaMeTpa a, MPH KaXKAOM M3 KOTOPBIX A
mo6oit napsl (u; v) AeHCTBUTENBHBIX YHCEJ U U V BHIIOJIHEHO HEPABEHCTBO

23cosu—17|cosu+v —3a—1|+4|cosu—3v+7a—1]{ < 31

24. a) Haiiaure Bce 3HAYEHUA NapaMeTpa a, JJ/1 KaXKA0T0 U3 KOTOPhIX
cIeAyIolas CUCTeMAa YpaBHEHHHM MMEET XOTSA 6B OIHO pelIeHME:

x2+y?=(a-2)?
—a®)(a? -
1/x+y+a:log4(2 a)dfa o)

6) Halifure BCe 3HAYEeHUs MapaMmeTpa d, A8 KaXAOro M3 KOTOPBIX
VIMeeT CIefyIolas CHCTEMA ypaBHEHHi XOTA 6bl OZHO peleHue:

x*+3x+5=a+y,
—a)(a? -
Jy—x—a=log L¢3

25. a) Haiiaure Bce 3HaYeHMs lapaMeTpa d, MpY KaXJI0M M3 KOTO-
PHIX CYIECTByeT X0TA 6bl 0/1Ha Takas napa (X; y) AeHCTBHTEIBHbIX WHCe
X ¥ Y, 4TO

9+4/16—
\/7+ T Y

16—y +1g7|x 5|+4jx+al+1°

7\f?lx——5|+4|x+a|—

6) Hailite Bce 3HaYeHUA MapaMeTpa a, [PY KaXJO0M M3 KOTOPBIX CY-
IecTBYeT XoTA Obl ofHa TaKas napa (x; y) AEHCTBUTENbHBIX YMCET X U Y,
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9TO

5+ 4/36~ y?
S{/5|x+4|+2|x——a|——2g vz+\/36—y2+ln 4

S5lx +4]+2|x—a]+1°

26. a) PenuTe HepaseHcTBO cos2(x+1)1g(9—2x —x?) > 1.
6) PenmiTte HepaBeHCTBO (4x — x? — 3) log,(cos? mx+1) > 1.
27. a) Pemnte HepaseHeTBo |v2|x| — 1]log, (2 — 2x%) > 1.
6) Peurure HepaBeHcTBO 27 %2 - log, (4x — x*—2) > 1.

28. a) Penyte HEpaBeHCTBO

(x?—4x+3) log% (cos2 7x + cos x + 2 sin® ;—C) > 2.
2
6) PenmiTe HepaBeHCTBO

(x—xz— %) log 5(2+ 2 cos? x — cos 2x + 3 cos® 7tx) > —2.

29. a) Pemure ypaBHeHHE

2x
2+1 + 1.

tg? n(x+y)+ctginlx+y) =

6) Penmre ypaBHEHHE

2
sin?(x +y) — 2sin(x +y)+2°

log, | x| +10g 3 =

30. a) Haitaure BCce Tpoiiku (X; y; 2) AeMCTBUTEIBHEIX YHCen X, Y, 2,
A KOKAON U3 KOTOPHIX (cos 4x + g 4x) (5+1tg%5y) (6 +sin6z) = 25.
6) Haiigure Bce Tpoiku (x; y; 2) AEUCTBUTENBHBIX YUCE X, ¥, 2, A
1 2 —
Sindx ) (3+ctg“3y)(2+4cos2z) =12.
31. a) Haiigure Bce Tpoiiku (x; y; 2) AEHCTBUTENBHBIX YHCET X, Y, 2,
AN KaXA0M U3 KOTOPBIX
tgx+3ctgx = 2v/3siny,
siny+2cosz = 1.

Ka)XZI0M M3 KOTOPHIX (4 sin4x +

6) Haijiaure Bce Tpoiiku (x; y; 2) AeHCTBUTENBHBIX YHCeT X, Y, 2, AJA
Ka)KZI0OM 13 KOTOPBIX

3tgx +ctgx = 24/3cosy,
cosy +4sinz = 1.

32. a) HaiiauTe BCe napel (x; y) AeNCTBUTENBHBIX YHCEN X M Y, VA
KaXKJ 0 M3 KOTOpHIX |x| > /1 —x%2—y?+|y|+ 1.
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6) Haitaure Bce napsl (x; y) AeHCTBUTEBHBIX YUCET X U ¥, AJA KaX-

Aol 13 kotopeX |x|+y2 +4/x2—y?—1<1.
33. a) Haiiaute Bce napnl (x; y) AeHCTBUTENBHBIX YHUCET X U Y, AIA
KaXXJ0M U3 KOTOPHIX

V0,5(x — )2 — (x—y)* = y* — 2x2,
¥y > 4x*+4yx*+0,5.

6) Haiigure Bce naphl (x; y) A€MCTBUTENbHEIX YUCET X U Y, AJIA KaX-
JI0M M3 KOTOPBIX

4y? —2x?% = \/2(x +2y)% — (x+2y)4,
x*+2< 4y(x*~1).
34. a) Haligute Bce 3Ha4YeHHUS IMapaMmeTrpa a, AJIS KaXZOTO M3 KOTO-
PBIX A4 M060T0 e ICTBUTENBHOTO 3HAYEHHA X BHITOJHEHO HEPABEHCTBO
|3sin? x + asin2x +cos?2 x +a| < 3.

6) Haiigite Bce 3HaYeHHA NapaMeTpa a, AJ1A KaXA0ro U3 KOTOPEIX AJA
nmoboro eHCTBUTENBHOrO 3HAYEHKMA X BHIMIOJIHEHO HEPABEHCTBO

|5 sin® x +asin2x +cos®’x +a+ 1| < 6.

35. a) Haiiaure Bce mapsel (x; y) AeHCTBHTEIBHBIX YHUCET X U Y, AA
KaXKJIOM U3 KOTOPBIX

2

v/2—|y|(5sin® y—3 sin 2y —9 cos® y+3 V/33) = arcsin® x+arccos” x— 5%

6) HaiiguTe Bce napsl (x; y) A€HCTBUTENBHBIX YUCE X U Yy, AJA KaX-
Z1011 M3 KOTOPEIX

Vx2—4(3sin’?x+5sin2x+ 11 cos®x— 2 Y 301) =
= 512 — 4arcsin® y — 4arccos” y.
36. a) HailavTe Bce napsl (x; y) NOMOKHUTEIBHBIX J€HCTBUTENBHEIX YU-

o 2
CeNl X U Y, AJIsL KaKJOW M3 KOTOPBIX 1 1 =3-
X4 ——
1
x4+
1
y+ y
6) Haiiaute Bce Tpoiku (X; y; 2) MONMOXKHUTENbHBIX AEHCTBUTENBHBIX
yuces X, y, 2, AJA KaKJ0M U3 KOTOPBIX 1 1 = %
X+
X+ 1
1
y+ 1
y+ 1
zZ+—
2

8 EI32014. MatemaTtvka. 3apnava C5
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37. a) Haiigure Bce Ha6OpHI (X1; Xs; --.; X;,) TMONIOXKUTEIBHEIX AEHCTBU-
TEJIBHBIX YUCEJL X;, Xy, ---, X;, AJIS KOTOPHIX 1 1 = = i 1
X, + 1
X, + 3
..+ ]
x1 + -
x

i
(kaxxzaa nepeMeHHas B JIEBOM YaCTH paBEHCTBA HalKcaHa poOBHO 2 pasa).

6) Hailimite Bce Ha6OpBI (Xy; Xy; -..; X,;) OTPUIIATENBHBIX ACHCTBUTEb-

1
HBIX YMCeJl X1, Xy, ..., X,;, A1 KOTOPBIX X, + 1 +o+ 1=0

X, + i
1

x1+—
X3

(xaxJasA nepeMeHHas B JIEBOM YacTH paBeHCTBa HAIMCAaHA POBHO 2 pas3a).
38. a) Haijzure Bce napul (a; b) AelCTBUTENBHHEIX YMcen a U b, pnda
Ka)XZI0M M3 KOTOPHIX CJieAyolllee ypaBHeH e ¥MeeT XoTA Obl OiH KOPEHb:

(3x% — 2b% +ab)? + (3b%> —ab+2a% — 12x)2 + 4 = 4x — x>
6) Haiigure Bce naphl (a; b) AeiCTBUTEIBLHEIX YUCE a U b, A1s KaXK[0i
13 KOTOPLIX CJIeAyIOIIee ypaBHEHHE UMeET XOTs Obl OZIMH KOpEHb:
(3x—a?+ab—b?)?+ (6x—a?—ab)? +x%+9 = 6x.

39. a) Haitanre Haubornblllee 3Ha4YeHVE MapaMeTpa d, NPHY KOTOPOM
leAyioliee HepaBeHCTBO MMeeT XOTs 6b1 0/JHO pelleHye:

Va*(8x—x —16)+ ‘/— 16 2 —%alcosnxl.

6) Haiigute Haubornbllee 3HaYeHVe napaMeTpa d, IpY KOTOPOM CJieay-
IoLlee HEPAaBEHCTBO MMEET XOTA 6Bl OIHO pelleHue:

ava(x? 2x+1)+T—-‘£a-ﬁ < Va3

40. a) Haiigure Bce 3HaYeHUs NapaMeTpa a, A/ KaKIOro M3 KOTOPEIX
CEeAYIOIIasA CUCTeMa HepaBEeHCTB UMeeT XOTA 6Bl OZIHO penlieHue:

.-+

sinE
5 |-

x?+2ax+3a?+3a+3 < 3siny —4cosy,
O0<y <2m.

6) Halizure Bce 3HaYeHUs NapaMeTpa d, AJA KaXIOro M3 KOTOPHIX Clie-
Ayrollas ChCcTeMa HEpaBEHCTB UMeeT XOTA 6Bl OHO pellleHre:

x?+2ax+4a’+2a+4 < 4siny+3cosy,
0<y<2n.
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41. a) HaliauTe BCe 3Ha4YeHUA NIapamMeTpa a, MpH KaXJA0M M3 KOTOPHIX
ypaBHEHME

2
(1+ (a+2)*) logz(2x —x*) + (1+ (3a +1)?) logy, (1 - 52-) =
2
= log;(2x —x%) +1logy, (1 — 52"')

HMeeT XOTA Obl OMH KOpeHb, M YKa)XXUTE KOPHU YPaBHEHHs /I KAXAOr0o
M3 HalIeHHEIX 3HAYEeHWH a.

6) Haiizure Bce 3HauYeHUd NapaMeTpa a, MPHM KaXXJOM M3 KOTOPHIX
ypaBHEHVE

(1+ (3a+4)) log, (~2x —x%) + (1+ (a — 2)) log, (1 - x—;) _
= 1087(1 - %i) +log2(—2x—x2)

HMeeT XOTA Obl OIMH KOpeHb, ¥ YKAKUTe KOPHH YPaBHEHHA JJIS1 KQXJ0T0
M3 HalileHHEIX 3HAYeHUH a.

42. a) Halijyute BCce 3Ha4YeHMs MapaMeTpa d, NPH KaXJOM H3 KOTO-
PHIX ypaBHEHHe 4cosX - sina + 2sinx - cosa — 3 cosa = 2+/7 nmeeT X0TA
6Bl O1HH KOPEHB, U YKaXXHTe KOPHM ypaBHEHUS A1 KaKJ0ro U3 HalieH-
HBIX 3HAYEHHH a.

6) HaiiauTe BCe 3HaueHMA IapaMeTpa a, MpH KKAOM H3 KOTOPBIX
ypaBHeHMe 3cosx - sina — sinx - cosa — 4cosa = 3v/3 umeer x0T GBI
O[IMH KOPEHB, ¥ YKaXKHUTE KOPHM YPaBHEHHA JJIA KAKAOro U3 HaWAEeHHbIX
3Ha4YEeHUH a.

43. a) Haligure Bce Tpo¥KHU (X; ¥; 2) ACUCTBUTEJIBHEIX YMCET X, ¥, 2,
OJISL Ka)KJON Y3 KOTOPHIX

\/%x2-2y2+222+102+6y+1/2—§x——17+

+ \/3x2 —2v3x(cosmy + cos z) +4 = 0.

6) Haiigure Bce Tpoiiku (X; ¥; 2) A€HCTBUTEIBHEIX YHUCET X, Y, 2, ANA
Ka)X/JOM U3 KOTOPEIX

V1532 +2y? — 222 — 3v5x — 2y + 10z — 4+

+ \/5x2—2\/§xcos7rycos7rz+1 = 0.

BQ
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44. a) HalizuTe BCe 3HaYeHWs NTapaMeTpa a, MPY KaXKZ0M M3 KOTOPBIX
ceflyroljee ypaBHEHHE MMeeT XOTA Obl O/IVH LIeJIblif KOPEHE:

\/(x+3a—37r-—4)(|x+7r|+a—2'rc+2)+

2 +a*+4 _
+log, 2(a—m)|x+2|-x2—4x+2am 0

6) Haligure Bce 3HaYeHHs apaMeTpa a, MpY KaXXA0M U3 KOTOPHIX CJie-
AyIollee ypaBHeHMe UMeET XOTH 6bl OZMH Le/IbiA KOpeHb:

log a’+4n*+4 _
8l 4x—x2—2(a—2m)|x — 2| +4ra

— v (x—5a+10n—34)(|n —x| —a+ 7 +2) = 0.

45. a) HaliauTe BCe 3HAYEHMA NapaMeTpa a, MpY KaKJO0M M3 KOTOPHIX
CJIEAYIOLIasA CHCTEMA YpaBHEHMH MMeeT XOTA Obl OZHO pellleHue:

[|12‘/cos%z—5 — i12\/cos%x—7|+|24\/cos—7—r§x+13| =

-2v—1
= 11— 4/sin =& 3” )

203+ (y—a)D) - 1= 2‘/x2+(y—a)2—%.

.

6) Haiizyure Bce 3HaYeHUA NapaMeTpa a, IPH KaXKJA0M M3 KOTOPHIX CJie-
AyloIas CUCTeMa ypaBHEHHMI ¥MeeT XOTA 6Bl OJHO pelleHue:

r|6\/cos-ﬂ£f——5|—‘1—6\/(:05%‘+|12\/cos£‘ff-+l| =
_ .y —2x))?
=5 (sin " 20)”

| 10902 +(y —@)?) =34/ x2+ (y —a)? - 5.

-

46. a) Halizure Bce sHaYeHUs napaMeTpa a, IPH KaXXJOM M3 KOTOPBIX

ypaBHeHMe a? + 5)x| + 7/ 2x2 + 49 = 2x + 2|x — 7a| umeeT xota 6B OfUH
KOpPEHb.
6) Hailaure Bce 3HAYeHMA MApaMeTpa d, MPU KaXJAOM M3 KOTOPIX

ypaBHeHue a’ + 6|x|+ 54/ 3x2 + 25 = 3x + 2|x — 5a| umeeT x0oTH 6Bl OAVH
KOp€eHb.
47. a) HaiiauTe Bce 3HaueHHA MapaMeTpa a, MPH KaXKJOM M3 KOTOPHIX

ypaBHeHue a’ + 7|x — 4| +3\/x2 — 8x+ 25+ 16 =4x + 2|x — 3a — 4| ume-
eT XOTA 6bl OMH KOpEHb.
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6) HaiigyTe Bce 3HAYEHMS MapaMeTpa a, MpU KKJOM M3 KOTOPHIX

ypaBHeHMe a? + 8|x — 5|+ 2\/x2 —10x+29 + 25 =5x + 2|x — 2a — 5|
¥iMeeT XOoTs 6bl OZMH KOPEeHb.

48. a) Haiiaure BCce 3HaYeHMA NapaMeTpa a, P KaXKJ0M H3 KOTOPHIX
ypaBHeHMe a’ + 8|x| + 4log, (5x% + 2) = 5x + 2|x — 2a| vmeer x0Tt 6Bl
OZVIH KOPEHb.

6) HaiigyTe Bce 3HAYeHUA MapaMeTpa a, MpY KaXJOM M3 KOTOPHIX
ypaBHenve a’ + 4|x| + 16log,(x? + 4) = x + 2|x — 4a| umeeTt xo1s1 Gl
O/IVH KOPEeHb.

49. a) Haiigure Bce 3HaYeHMA NapaMeTpa a, IpH KaXXJ0M M3 KOTOPEIX
ypapHeHHe a?+ 8|x — 5|+ 36logg(x? — 10x+31) +25=>5x +2|x —6a — 5|
vMeeT XOoTA 65l OVH KOPEHB.

6) Haiiaute Bce 3HaYeHWA MapameTpa a, NpU KaKIOM M3 KOTOPBIX
ypaBHeHUe a? 4 8|x — 5| 4+ 9logs (x% — 10x + 28) + 25 =5x +2|x — 3a —5|
MMeeT XOTs 6Bl OAMH KOpPeHb.

50. a) HaiigviTe BCce 3HaYeHNs [apaMeTpa d, IIPH KaXXJO0M H3 KOTOPbIX
ypaBHeHHe a2 + 5|x — 2| + 7% ~¥+6 4 4 = 2x + 2|x — 7a ~ 2| umeeT xoOTA
6Bl OAMH KOpEHD.

6) Haiizute Bce 3Ha4YeHWA IapaMeTpa d, HpY KaXKJOM M3 KOTOPHIX
ypaBHenue a’ + 8|x — 5| + 3x°~10x+27 4 95 — 5x 4 2|x — 3a — 5| UMeeT
X011 6B OMH KOPEHb.

51. a) Haiiaure Bce 3HaYEeHM apaMeTpa a, [IpU KaKJOM M3 KOTOPBIX

ypasrenue a’ + 10|x| + 54/ 3x% 425 = 5a + 3|3x — 5a| umMeer xoTA OBl
OJMH KOPEHb.
6) HaiizuTe Bce 3HayeHHS NapameTpa d, MPH KaKJOM U3 KOTOPbIX

ypaBHeHue a’ + 13|x| + 31/ 4x2 + 9=3a + 3}4x — 3a] uMeeT x0T 6Bl OAUH
KOpPEHb.
52. a) Haiiaure Bce 3HaYeHUA NapaMeTpa a, MpH KaX/JOM M3 KOTOPBIX

ypaBHeHue a? + 8|x — 5| + 2\/x2 —10x +29 = 2a + 3|x — 2a — 5| umeer
x0T 6B OMH KOpEHb.
6) Haiigure Bce 3HaYeHHs MapaMeTpa d, NMpPU KaKAOM M3 KOTOPBIX

ypaBHeHHe a? + 7|x — 4| + 5\/x2—8x+41 = 5a + 3|x — 5a — 4] umeeTt
XoTA 6Bl OZVH KOPEHB.

53. a) Haiigure Bce 3HaueHUd IapaMeTpa a, IIpY KaXJ0M 13 KOTOPBIX
ypasrenve a? + 13|x| +9log, (4x? + 3) =3a + 3|4x — 3a| umeer xots 6bl
OAMH KOpEHb.

6) HaiiguTe BCe 3HAaYeHHs IapaMeTpa a, NMpH KaXKJIOM M3 KOTOPHIX
ypasrenue a’ + 16|x| + 36 1og, (5x? + 6) = 6a + 3|5x — 6a| umeeT x0T 6bl
OAIV'H KOPEHb.
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54. a) HaiyiuTe Bce 3HaYeHMA NapameTpa a, IPY KaKAOM U3 KOTOPEIX
ypaBHeHHe a’ + 10|x — 7| + 161log,(x? — 14x + 53) =4a + 3|x — 4a — 7|
“MeeT XOTA 6bl OZIMH KOpPEHb.

6) Haiiaure Bce 3HayeHMs NapameTpa d, NMPU KAX/JOM K3 KOTOPHIX
ypaBHeHue a’ + 6|x — 3| + 16log,(x? — 6x + 13) = 4a + 3|x — 4a — 3|
¥iMeeT XOTA 6bl OMH KOPEHb.

55. a) HaiymTe Bee 3HaYeHUA apaMeTpa a, IpHU KaKIOM M3 KOTOPHIX

ypaBrenvie a® 4 10[x — 3|+ 4° ~6+11 = 44 4 3|3x — 4a — 9| umMeeT X015 6HI
O/IVH KOPEHb.
6) HaiiuTe Bce 3HaYeHUs IapamMeTpa d, NP KaXJOM M3 KOTOPEHIX

ypaBrenue a2 + 13|x — 4| + 5% ~8+18 = 54 | 3|4x — 5a — 16| umeer x0T
6Bl OIMH KOPEHB.

56. a) Halaute Bce 3HaYeHHs MapaMeTpa d, P KaX/J0M U3 KOTOPHIX
ypaBHEHME

a®+5a+ 6|x — 5a| + 25log;s (2x% — 20ax + 50a2 + 15) = 2x + 3|x — 10gq|

¥iMeeT XOTA Obl OZMH KOpEHB.
6) Haiimre Bce 3HaYeHWs mapamerpa d, MPU KaXJOM M3 KOTOPBIX
ypaBHeHUEe

a®+2a+ 16}x — 2a| +4logg (7x? — 28ax + 28a% + 6) = 7x + 8|x — 44|

¥MeeT XOTA 6bl OZMH KOPEHB.

§ 3.3. MlHBapHaHTHOCTD

B arom naparpade OyayT paccMOTpeHBl 33jayM, KAIOYEBLIM [IpPH-
3HAKOM KOTODHIX SIBJISIETCA MHBAPMAHTHOCTL (T.€. HEHM3MEHAEMOCTh)
YPABHEHMS WIM HEPABEHCTBA OTHOCHTENBHO 3aMEHBI MEPEMEHHOM Ka-
KHUM-T160 anrebpanyeckuM BRIPOKEHMEM OT 3TOH nepemeHHOM. ITpocTeii-
LM MIPHMEPOM MHBAPHAHTHOCTH SIB/SIETCA YETHOCTD: €Cld y = f(x) —
gyeTHasaA QyHKUMA, TO ypaBHeHME f(x) =0 MHBApMAHTHO OTHOCHTENBLHO
3aMeHBl X Ha —X, MMOCKONBKY f(—x) = f(x) =0. Anrebpandeckue BEHIpa-
JKEHMA, KOTOPBIE HE MEHSAIOTCA IIpHM NOJACTAHOBKE BMECTO MEPEMEHHO
Kakoro-inbo aire6pandeckoro BhIpaXKEHUs1 OT 3TOM MMEPEMEHHOM, TaKkKe
6yzeM HasbBaTh MHBAPUAHTHBIMM OTHOCHTEJIBLHO TAKOH IMOACTAHOBKY,
ucnonb3yss o6a—B AaHHOM Ciyyae CHHOHUMMYECKUX — TEPMUHA: 3a-
MEHA Y MOACTaHOBKa. Tak, BhipaxeHMe f(x) + f(c — x) (3zech u aanee
C — NPOU3BONBbHOE JEUCTBUTENBHOE YHCIO, OT/NIMYHOE OT HY/IsI) HE Me-
HAETCA NPH 3aMeHe X Ha ¢ — X M, 3Ha4YWT, MHBAPHAHTHO OTHOCHTEILHO

L) C
TAKOM 3aMeHBbI; BblpakeHre f(x) + f (;) NpY JONYCTHMEIX 3HaYEHHAX
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v C
NeEpeEMEHHON HE MEHAETCA MPH NOACTAHOBKE ; BMECTO X, T. €. SIB/IAETCA

MHBApPUAHTHBIM OTHOCHTEJBHO TAKOH IMOCTAHOBKU. 33/1a4H, B pEeLIEHHN
KOTOPHIX VHBAPWAHTHOCTD WIPAEeT KJIIOYEBYIO POJib, MOXHO PasfeHThb
Ha /ZiBe OCHOBHBIE Tpymnmbl. K mepBoii-— Hanbonee MHOIOYMCIEHHOMN —
OTHOCATCA 33/ia4M, CBA3aHHbIE C MOMCKOM BCEX 3HAYEHUH NIapaMeTpa, ITp1
KOTOPDHX ypaBHEHME, HEPABEHCTBO HIM CHCTEMa MMEET €AUHCTBEHHOE
petileHye (eIHHCTBEHHBI KOpeHB). CI0BO «eAMHCTBEHHOE» B (GOPMY/IH-
POBKEe TAKOH 3334yl SBJSETCA KJIIOYEBBIM; €r0 HaJU4Me CIYXKUT CBOETO
pO/ia CUTHaJIOM AJi1 TPOBEpPKY YpaBHEHWSA, HEPABEHCTBA WIKM CHCTEMBI
Ha VHBApHUAHTHOCTH: €M, HAIpUMep, YpaBHEHME He MeHAeTcs IpH
3aMeHe X Ha ¢ — X H JO/DKHO MMETb eJVHCTBEHHBbI KOpPEHBb X;, 3TO

C
03HA4aeT, YTo Xy = C — Xy (OTKyAa Xg = 5), BeJk B MPOTUBHOM CJIy4yae

BMECTe C YUCJIOM X, KOpHEM ypaBHeHHd OyzieT U YuCIIO € — Xq, Y, 3HAYHT,
ypaBHEHHE 3aBeloMo MMeeT Honee ogHOro KOpHA MO0 BOBCce HE MMeEET
KopHeii. TakuM o6pa3oM, ecin Takoe ypaBHeHHE MMeeT eIMHCTBEHHbBII

KOpeHb, TO UM MOKET OBITH TONBKO X = -;— ToacTaByB -;— B ypaBHeHHf
BMECTO X, MOXXHO HAUTH BCE 3HAYEHMs [TApaMeTPa, MIPH KOTOPbIX YUCIO 5
6yzeT KOpHeM ypaBHEHM, [TOCJie YETO OCTAHETCA MMPOBEPHUTH, NP KaKHX
Y3 HaJIeHHLIX 3HA4YeHMil mapameTpa 3TO 4Yucio 6yAeT €AVMHCTBEHHBIM

KOpHEM, a MpH Kakux ypaBHeHMe OyseT MMeTb M ApyrMe KOpHM. AHa-
C
JIOTMMHO €C/IV ypaBHEHHE He MEHAETCS MPH MO/CTAHOBKe - BMECTO X U
w C
AO/DKHO UMETDb €MHCTBEHHEIH KOPEHD X, 3TO O3HAYAET, 4TO X = T~ (OT-
0

KyAa xo = *+4/c ipy ¢ > 0; npu ¢ < 0 €AMHCTBEHHOCTh HEBO3MOXKHA) ; €C/IU
ypaBHEHVE HE MEHseTcsA IpM 3aMeHe X Ha —X, U AO/DKHO MMETb eJVH-
CTBEHHBII KOPeHb Xy, 3TO 03HAYAET, UTO X, = —X, (OTKyAa xg =0). Urak,
Kora B GOpMY/IMpOBKe 33ja4M TpebyeTca HaMTH 3HAYEHMsA apaMerpa,
IpH KOTOPBIX pelieHre eAMHCTBEHHO, HY’KHO IPOBEPHTHL, He obiajaer
N1 ypaBHeHME (HEPaBEeHCTBO, CUCTEMA) CBOMCTBOM HHBAPHUAHTHOCTH.
[1pM MONIOKUTENIBHOM OTBETE CJIEAYET UCIIONL30BATH AITOPUTM, CXOXHM C
[IpYBEEHHBIM BEHIHIE:

1) ycTaHOBHTD, KaKoe YHCJIO MOXKeT ObITh €AMHCTBEHHBIM pelICHHEM;

2) MOACTaBUThH €ro B JJaHHOE ypaBHeHVe (HepaBEHCTBO, CHCTEMY) M
HalTH COOTBETCTBYIOLIME 3HAYEHWS ITapaMeTpa;

3) ompezenuTh, PY KAKUX M3 HAWJIEHHBIX 3HAYEHMH [apaMeTpa 3TO
YHUCJIO ABIAETCA €AMHCTBEHHBIM PelIeHVEM, a IPU KAKUX — HeT.

IIpu oTpUIIaTEeIbHOM OTBETE HYKHO TOMCKaTh APyroH crocob pelie-
HUA 33a4M. O BTOpOIi — KyAia MeHee MHOTOYMCIEHHOM — IpyTine 3ajay,
KOTOpblE MPHHATO Ha3bIBaTh (QYHKIMOHAITBHBIMKM ypAaBHEHHUAMHM, pedb
MOH/eT HIDKE, MOCJIE petieH|s pAja IIPYMEPOB.
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Ilpumep 1. HaliTu Bce 3HaYeHMA napaMeTpa d, IIPY KaXXJ0M M3 KOTo-
PHIX ypaBHeHUe x2 — 2a sin(cos x) + a2 =0 uMeeT e AMHCTBEHHbIN KOpPEHS.

PellteHHe. 3aMeTHUM, YTO €CJIU Xy — KOPEHB YPABHEHUs, TO M —Xp —
ero KopeHb. [ e AMHCTBEHHOCTH pelleHus HeobXoarMo, YTOOE! BhINOI-
HAIOCH YCIOBHME X = —Xg, T. €. X = 0. 3HaYUT, €M JaHHOEe ypaBHEeHHE
VIMEET €IMHCTBEHHBIA KOPEHD, TO 3TUM KOPHEM MOXET OBITH TONBKO YHC-
sio 0. HalzeM Bce 3HaYeHUd IapaMeTpa, IpH KaXJI0M U3 KOTOPEIX Yo O
ABJIAETCA KOpPHEM ZjaHHOro ypasHeHud. [1pu x = 0 ypaBHeHHe IpUMET BH]
—2asinl+a®=0, orkyaa a =0 ymmbo a=2sin 1. Takum obpasom, cyme-
CTBYIOT TOJIBKO /IBA 3HAYEHHMA IapaMeTpa, IIPpH KaKJOM H3 KOTOPHIX YHC-
so O sABJIAETCA KOPHEM AaHHOro ypaBHeHHA. OcTaeTca NpoBepuTh, byzer
ny x =0 eJMHCTBEHHBEIM KOPHEM YpaBHeHMA P HalJE€HHBIX 3HAYEHHAX
rapaMeTpa WiIH HeT.

ITycte a =0. B 3TOM ciryyae faHHOe ypaBHEHUE NPHMET BH/L x2=0m
€ro eAHHCTBEHHBIM KOpHEM fiBjisieTcd X = 0. 3HauuT, a = 0 yAoBIeTBOpAET
YCJIOBMIO 3a/1a4M.

ITycte a=2sin 1. B 3ToM ciy4yae JaHHOE ypaBHEHHME [TPUMET BU/

x2—4sin1-sin(cosx)+4sin?1=0,

oTkyAa x2+4sin’1=4sin1-sin(cosx). [onyuwin ypaBHeHVE, KOTOpOe
CTAHAAPTHBIMM METOZAMM He penruTh. [TorpobyeM MpYMeHHUTH CBONCTBa
MOHOTOHHEIX M OpaHM4YeHHBIX QYHKIIWMA, 3aMeTHB, 4To —1 <cosx <1, a
Ha otpeske [—1; 1] yHKUMA y =sint MOHOTOHHO BO3pPacTaeT Y IIpHHU-
MaeT cBoe Haubonbuiee 3Ha4eHMe npH t = 1. [ToaroMy sin(cosx) <sinl,
a 4sinl - sin(cosx) < 4sin?1. Ho neBas yactb x2 + 4sin?1 ypaBHEHHA
x? 4+ 4sin”? 1 =4sin1- sin(cosx) He MeHpie 4sin® 1. 3HAYNT, ypaBHEHME
YIMeeT KOPHU B TOM M TOJIBKO TOM CjIy4ae, eC/IU

x2+4sin?1 = 4sin?1,
4sin 1-sin(cosx) = 4sin? 1,

orkysa x =0. CregoBaTenbHO, a = 2sin 1 Takke y/I0BleTBOPAET YCIOBHIO
33a4M.

OtBeT: 0; 2sin1.

Yxxe 3TOT NpHUMep MMOKA3bIBAET, YTO B NOAOOHEIX 3ajadax MojydeHVe
JIOIlyCTUMEIX 3HAYEHMi MapaMeTpa — ajieKO He caMasf CJIOXKHad 4acThb
petteHusa. Hanbonee CyI0XXHOH fABIAETCS MpOBEPKa AOCTATOYHOCTH, T. €.
JIOKa3aTeNbCTBO Wil OIpOBEPXKEHVE TOT'O, YTO IMPHY HaZIEHHOM 3HAYEHUM
rapaMeTpa ypaBHEHME AEHCTBUTENBHO HMMEET €AUHCTBEHHBII KOPEHb.
B Tex caydasx, Korsa Takoe JOKa3aTeJlbCTBO [IPOBECTH HE YAAeTC s, ClIey-
eT IIOAYMATh O TOM, He OyAeT M MMeTh 3a/a4a ellle Kakoe-JIMOo pellleHue.
Kak npapmio, Takoe petieHHe MOXXHO AOBOJIBHO MIPOCTO HAHTH NoAGOpOM.
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IlpmMep 2. HaliTi Bce 3HaYeHUsA NapaMeTpa a, IIPU KaXKJOM M3 KOTO-
PBIX CHCTEMA YpaBHEHHI

3.2V +5|y| +3x+4 = 5y%+3aq,
x*+y?=1
¥IMeeT €IMHCTBEHHOE pPelleHye.
Pertenue. 3ametum, 4yTO ecnu (Xp; Vo) — PelleHre CUCTEMBI, TO M
(xo; —Yo) — pemenue cucreMsl. CreJoBaTeIbHO, /I €AUHCTBEHHOCTH

peleHHa HeobxoAMMO, YTOOE! BHIITONHANOCE YCJIOBHE — Yo =Yg, T- €. Yo =0.
IIpu y =0 cucteMa npuMeT BUJ

7+ 3x = 3aq,
{x2 =1.
Ecnmx=1,toa= %, e x=-—1], Toa= ﬂ. Hrak, fOoIyCTUMBIMH 3Haye-
HUAMH NapaMeTpa ABJIAI0TCA UMb 3HAYEHUA d = g ua= 13—0

Ilycte a= g Torpa naHHaA cucreMa IIpUMeET BUJ

3.2V ¢ 5|y| = —3x+5y2,
2+y* =1

IToHATHO, YTO CTaHZAPTHBEIE METOAH PelleHUA 3/lech OIATh He paboTalorT.
ITonkiTaeMcA OLEHUTE JIEBYIO M NPaByl0 YacTH NEPBOro ypaBHEHHA IIO-
JIy4EHHOHM CHUCTEMEI C YYETOM ee BTOpPOro ypaBHeHuUs. ITockombKy |y| >0,
umeem 201 >1 a3-201 > 3. U3 BTOPOTO ypaBHEHI/IH IOJTyYeHHOM CHCTEMBI
cneayert, uto |x| <1, |y| < 1. Torza |y| > y?, 3 > —3x. Takum 06pa30M
3-2V1>3>-3x, 5|y| > Sy?. CrepoBaTenbHO, 3 - 2|Y| +5|y| > —3x+5y ,
NpHYeM 3HaK paBeHCTBa BO3MOXX€EH TOJIBKO B CjIy4ae, Korjga 3 - 2bt=3=
=—3x u 5|y|=5y2. [lonyyaeM crucTeMy

3.9 — 3,

—3x =3, x=-1,
slyl =5y%, oA {y =0.
x2+y?=1,

3HaYuT, IIpYU a = % JaHHas1 CHUCTeMa HMeeT €JWHCTBEHHOE pelleHue
(—1;0).
Ilycth Teniepr a = ]é—o Torza naHHaA cucreMa IpUMeET BUJ
3-201 4 5]y +3x = 5y%+6,
x2+y?=1.
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371ech INPpOBECTH OLCHKY aHAJIOTHYHO TOMY, KaK 3TO (§)3% (0] caeJaaHo Ajid

4
ciyyas @ = g, yAe He IONTYIHTCA. ITonpobyeM Jiokasatk, YTO MOCAEHAAL

cucteMa uMeet Gosiee oflHOro pemeHus. i 3Toro 4oCTaToyHoO 3TH pe-
IIeHWA yKas3arTb, Hai/s UX, HarpuMep, nogbopomM. OfHO U3 pellieHuH 1io-
JIYYUTE JOBOJIBHO MPOCTO, AJi Hero, kak n3pectHo, y = 0. M3 nepBoro
ypPaBHEHUA TIOAYYHUM, YTO B 3TOM CJIy4yae x = 1, HO Torza ¥ BTOpoe ypas-
HeHMe obpalaeTcs B BEpHOe PaBeHCTBO, T. €. (1; 0) — pelueHHe CACTEMHI.
Ocraercst 3aMeTHUTh, YTO M napa uuces (0; 1) sBasercs ee peweHueM. Ta-

10
KHUM obpa3oM, IpH a = 3 CHCTeMa HMeeT 6osiee OIHOrO pelleHus.

OTBeT: %

Kak BUAMM, B PaCCMOTPEHHBIX 3aJadax IIPH JIOKA3aTeIbCTBe €JHH-
CTBEHHOCTH PeIleHUS CyIeCTBEHHBIM oOpa3oM HCIONB3yeTcst OLIEHKa
MHOXeCTBa 3HayeHHil QyHKIMH M CBOIMCTBA OrpaHUY€HHBIX (PYHKIMIA.
A B cnepyiolieM IpuMepe IIPH /IOKa3aTelbCTBE €JUHCTBEHHOCTH MOTYT
BO3ZHHUKHYTP YK€ U JIOTUYECKHe TPYJHOCTH.

IIpumep 3. Haiiti Bce naphl (a; b) aelcTBUTENBHBIX YyKcCel a U b, and
KaXKJOH M3 KOTOPHIX HMeeT eJUHCTBEHHBIH KOpeHb YpaBHEeHHe

2sin?(71x) + 3 sin(7tbx) = Ssin?(7ta).

PellieHne. 3aMeTHM, YTO €C/IH Xg—— KOPEHb PaBHEHMSA, TO H —Xg—
ero KopeHb. A eIUHCTBEHHOCTH pelleHuA HeoOXoJuMO, YTOOB!I BEI-
IOJHANOChH YCAOBHE Xy = —Xg, T-€. Xg = 0. 3HauMT, ecJH JaHHOe ypaB-
HeHHe HMeeT €JVHCTBEHHBIH KOpeHb, TO 3THUM KOpDHEM MoxeT ObITh
to/ibKO yrcno 0. HalizeM Bce 3HayeHus napaMeTpoB a YU b, IpY KOTOPHIX
yycno O siBjsieTcsi KOPHEM gaHHoro ypasHeHuA. IIpy x = 0 ypaBHeHMe
npuMer Bug 0 = 5 sin? (11a), oTkyna nia = 1k, T.e. a =k, k € Z. Takum
obpaszoM, ymcno O sABAsAeTcsi KOpPHEM [JAHHOTO ypaBHEHMA, €ClAM a-—
IIPOMU3BOJILHOE LIEJI0€ 4YHCI0. B 3TOM (jyyae ypaBHEHHe IIpHUMET BH/
2sin?(7tx) + 3sin?(7tbx) =0, u, TIOCKOJIBKY KaXKJ0€ claraeMoe B JieBOM
YacTU HEOTpHIATeNAbHO, [IOJ[y4eHHOE PABEHCTBO BO3MOXHO B TOM U TOJIBKO
TOM CJIy4ae, eciau

2sin?(7tx) = 0, 7IX = 7In, xX=n,
OTKVIA T. €.
3sin?(bx) =0, oA

mtbx = mm, bx = m,
n € Z, m € Z. OcraeTrcs UCCAeJ0BaTh IOJIYYEHHYIO CHCTEMY Ha €JUHCTBEH-
HOCTh pemieHuA. Ecan n =0, To x =0, H, cregoBareabHo, m = (. 3Ha4YMT,
x =0 siBnAeTCA peleHHeM CUCTEME]
X =n,
bx =m
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npu M1060M 3HaYeHHM napamerpa b. s Toro yTobhl JaHHOE yYpaBHEHHE
HMeJIO €AMHCTBEHHEBIH KOpeHB, NOC/AeHss1 CUCTEMA JODKHA UMeThb eI1H-
ctBeHHoe pemeHue x = 0. [TycTk Teneps n # 0. B 3toM ciyyae x #0 u
MOXXHO IIOWI€HHO pa3ieMTh BTOpoe ypasBHEHHe 3TOM CHCTeMEBlI Ha Iep-

m
Boe. [Tomyunm b= - EC/IM 3TO paBeHCTBO BHINOJIHsETCA, CHCTeMa Oyzer
HMETh H /Ipyrue pelleHusA, OTIMYHEIE OT X = 0. 3HaYyuT, HY’)KHO HAMTH Ta-
m
KHe 3HayeHUA napaMeTtpa b, 419 KOTOPHIX pPaBEeHCTBO b = o> e n€z,

m € Z, n # 0, HeBo3MoXHO. [TpaBasi 4acTh 3TOTO paBeHCTBA ABJIAETCA pa-
[JHOHA/JBHEIM YHC/IOM, 3allMCaHHEIM B obmiem Bufe. [lostomy ecnu b~
OTJIMYHOE OT Hy/Is1 paliMOHAJIBHOE YMCIO, TO BCerjia MOXHO noZio6parth Ta-

m
KHe LeJbie m W n, A1 KOTopeix b= —. Ecin b—npoKsBoibHOe Uppa-

LIMOHAJIbHOE YMCJI0, PaBEeHCTBO b = _Tnﬂ HEBO3MOXHO. CiieaoBaTeNbHO, b —
NPOM3BOJIBHOE MppallHOHAIBHOE YHCIIO.

OTBeT: ¢ — NPoKu3BOBHOE 11€JI0€ YHUCJIO0, b — NPON3BOJBHOE Uppally-
OHAJIbHOE YHCJIO.

Ilpumep 4. Haiity Bce 3HauyeHHA napaMerpa a, IIpH KaOKAOM M3 KO-

TOPHIX YpaBHEHHe \/(x +7)4+(a—5=|x+a+2|+|x —a+ 12| umeer
€AHUHCTBEHHEBIN KOPEHB.

PellleHne. YpapHeHue He MeEHseTCs IpH 3aMeHe X Ha —x — 14. [lo-
3TOMY €CJIH YHCTIO X SIBAAETCS KOPHEM YpaBHEHHMs, TO M YUCJI0 —X, — 14
ABJIAETCA €ro kopHeM. A Toro 4robbl ypaBHEHHE HMENIO €INHCTBEH-
HBIM KOPeHBb, HeoOXOZIJMMO BHINOJHEHHE YCIOBHSA X, = —X — 14, OTKyza
Xxo=—7. Takum obpasoM, ec/iu JaHHOE ypaBHEHHE UMeET €HHCTBEHHBIH
KOp€Hb, TO 3THM KOpHEM MoxeT OBTh TOMBbKO 4yMcno —7. IloacTaBus
X = —7 B JaHHOE ypaBHE€HME, HaiJileM, IPY KAaKHX 3HAaYeHUAX NapaMmer-
pa 4yHcao —7 sBAAETCA KOpHeM ypaBHeHMA. IIpy x = -7 ypaBHeHue
npumer By (a — 5)° = 2|a — 5|. Mockomeky (a — 5)? = la — 5/, nony-
yuM ypaBHeHMe |a — 5|2 =2|a — 5|, oTkyzaa |[a — 5/ =0 wm |a — 5| = 2.
KopHfAMH JABYX IIOCAE€JHUX ypaBHEHMH fABJAIOTCA a =5, a=3, a=7.
IIpy 3THX 3HayeHUAX NapaMeTrpa 4YMCIO0 —7 FABAAETCS KOPHEM ypas-
HeHus. Ho u3 3Toro eme He crexyet, yto —7 OyaeT eaHHCTBEHHBIM
KopHeM. IloaToMy HY>KHO paccMoTpeTh JJaHHOe ypaBHeHHe IIPH BCeX JIo-
MMyCTUMBIX 3HAYEHHAX IIapaMeTpa ¥ yCTAHOBUTE B KAXKJOM ciay4ae, Oyzer
JI1 YUCJIO —7 €AWHCTBEHHBIM KOPHEM ypaBHeHHs1 wiM HeT. Ilpu a =5
ypaBHeHMe npumer Buf (x + 7)2 = 2|x + 7|. AHasormyHoe ypaBHeHue,
TOJIbKO OTHOCHTE/BHO IlepeMeHHOH a, ObU1o pelleHO paHee. KopHsmu
3TOro ypaBHEHUs SIBJAIOTCA yuciaa —9, —7, —5. 3HauuT, npu a = —7
ypaBHeHMe MMeeT 6onblle opHoro kopHs. Ilpy a =3 u a = 7 ypaBHe-

HHUE NPUHUMAET BUJ \/(x+7)4+16 =|x+5+[x+9 IIpu x > -5
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ypaBHEHHE CBOAWTCSA K YPaBHEHHIO \/ (x+7)*+16 = 2(x + 7), orkyza
(x +7)* — 4(x + 7)%> + 16 = 0. IocieaHee ypaBHEHKE, KBaJPaTHOE OTHO-
cuTesbHO (x + 7)?, He UMeeT KOpHel B CWIY OTPHLIATETEHOCTH AUCKPHMHU-

HaHTa. [Ipy — 9 € x < —5 ypaBHeHHE NPHHHUMAET BH/ \/ (x+7)*+16=4
1 MMeeT eJHHCTBEHHBIM KopeHb X = —7. [IpU x < —9 nonydaem ypasHe-

HHE \/(x+ 74 +16 = —2(x + 7), otkyza (x +7)* — 4(x + 7 +16=0.
IocneaHee ypaBHeHMe, Kak GpUlO MOKa3aHO BhIE, HE HMMEET KOPHEH.
3HaYMT, IpY a = 3 U a = 7 [aHHOe ypaBHeHHe HMMeeT €JWHCTBEHHBIi
KOPEHB.

OTtseT: {3; 7}.

3aMeTHM, YTO pellleHHe MpeABAyIIero Ip¥Mepa MOXHO cAenars 6o-
jlee OYeBUIHBEIM B CMBIC/IE TIOMCKA TOJCTAHOBKH, OTHOCHTEIBHO KOTOpOH
ypaBHEHHe HHBapHaHTHO, BBITIOIHUB 3aMeHy t =x + 7, b=a — 5 ¥ nipuBe-

45 ypaBHeHue K Bugy |/ t* +b*=|t+ b| + |t — b|, vHBapHaHTHOMY OTHOCH-
TEJBHO 3aMeHEHI t Ha —t.

IIpumep 5. HaiiTu Bce 3HayeHUA napamMerpa a, 4151 KaKA0ro U3 KOTo-
PBIX CyILIECTBYET eJHHCTBEHHAs TpoHka (x; y; z) NeHMCTBUTEIbHBIX YHCE
X, ¥, 2, VIOBJIEeTBOPSIONasA CUCTEME YPABHEHHH

x"+(4-x) =2y,
(=22 +(y—2)°+2%+a* =9,
6yz%— (a—3)y*z+6 = 2a.

Pemenune. CHicreMa He U3MEHHTCA IPU 3amMeHe x Ha 4 — x. Iloatomy
ecH Tpoiika umcen (X; y;z) ABAAETCS pelIeHHeM CHCTEMBI, TO M TpOH-
ka umcen (4 — x; y; z) 6yzer ee pemenueMm. CiefoBaTeIbHO, ANd €JUH-
CTBEHHOCTH pellleHNA Heo6XoAMMO BHINIOJTHEHHE YCAOBHA X =4 — X, OTKY-
aa x=2. [Tpy x = 2 nepBoe ypaBHEHHKE CHCTEMb! IIpHMeT BUx 2-27 =2y7,
orkyza y =2. IIpu x =2, y =2 cuctema NpUMeT BHJ

z2+a* =9,
622 —2(a—3)z+3—a=0.

13 nepBoro ypaBHeHUs 3TOM CHUCTEMBI CIEAYET, YTO a? £ 9. Bropoe ypag-
HEHMe MOJyYeHHOM CHCTEME], KBaJpaTHOEe OTHOCHUTEIBHO IIEPEMEHHOH 2,
HMeeT XOTA OBl OJJHO PEIlleHHEe B TOM M TOJBKO TOM CJIy4Yae, €C/IH €ro
JIHCKPUMHHAHT D HeoTpHI[aTeseH, oTkyaa a? — 9> 0, wi a® > 9. Takum
ofpasoMm, mocleaHAs CUCTeMa MMeeT XOTs OBl OfHO pell€HHe, TOJMb-
Ko ecmu a2 =9, orkyga a = £3. OcraeTcsi NpoOBEPUTh, NIPH KAKHX M3
HaliZIeHHHIX JOIYCTUMEIX 3HAYeHHUH IlapameTpa JaHHas cucrema Gyner
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HMMeTDb eJHHCTBEeHHOE pelneHue. ITpu a = +3 Bropoe ypaBHeHHe AaHHOM
cucTeMBl TipuHMMaeT Bul (x — 2)2 + (y — 2)2 + 22 =0, orkyga x = 2,
Y =2, 2=0. Jl11 Hal{ilecHHEIX 3HaYeHHi NepeMeHHBbIX IIePBOe ypaBHEHHE
JJAHHOK CHCTeMBE] BBHIIIOJHEHO, a TPEeThe ypaBHEHHe [IPUHUMaeT BUI 6= 2a
M BBITIOJTHAETCA TOJIBKO IIPU a = 3.

OTBerT: 3.

HHorza npu goKasaTe/lbCTBe €JHHCTBEHHOCTH IPHXOANTCS NIPOSB/IATh
Kyaa Goibiyro H306peTaTesbHOCTh M HCIIONB30BATh HECKOIBKO MEHEe
OYEBHJHBIE IPHEME] 1 METO/IBI.

Ipumep 6. HaliTu Bce 3HaYeHNA napaMeTpa d, A/ KaXA0TO U3 KOTO-
PHIX CyLleCTBYeT eMHCTBEHHas TpoHKa (X; y; 2) ZeHCTBUTENbHBIX YHUCE
X, ¥, %, YAOB/IETBOPAIOLAA CUCTEME YPaBHEHUH

3*+3% = (@ — D2+ y2 +6,
ly|z* + 222 — 4a’z+a+3 = 0.

1
Pemlenne. CucreMa He M3MEHHTCS IPH 3aMeHe X Ha - TloaTomy
€C/I TpoMKa yucesn (X;y;z) ABIAETCA PelleHHeM CHCTEMEI, TO H TPOM-

Ka 4Hce (%, y; z) 6yzer ee pemenueM. CrefoBaTenbHO, A8 €IHH-

1
CTBEHHOCTH pellleHUsA HeoOX0AWMO BHIIOTHEHHE YCIOBHA X = 2> OTKyZa
x*=1, r.e. x==1. lNpu x=-1 IIEPBOE€ YpaBHEHHE CHUCTEME IPHMET

BU/I % = (a® — 1)+ y? + 6. IIpaBad YacTk IONYYEHHOTO PABEHCTBA He

MeHblle 6 (06bACHUTe NIoYeMy). 3HAYHT, 3TO PABEHCTBO HE BHINOIHAETCS
HH IPY KaKMX d ¥ y, U Tpo¥ka yucen (—1; y; z) He MoxeT OBITh pelieHreM
AaHHO#K cucreMbl. IlycTh Temepp x = 1. IlepBoe ypaBHEHHE CHCTEMBI
npuMer By 6= (a®— 1)2 + y? + 6, otxyzna (a? — 1)? + y2 =0. [NonyueHHoe
PaBEHCTBO BO3MOXXHO, TOJBKO €C/IH

(a®2-1)?2=0, a==1,
y2=0, OTKyZa y=o0.
PaccMoTpuM 06a atux ciaydas: a=1, y=0u a=-1, y=0. I[Ipu a=1, y=0
BTOpOe ypaBHEHHE AAHHON CHCTEMBI NPUBOAUTCA K BHAY 22 — 22 +2=0.
JINCKPUMHHAHT IIOJyYE€HHOIO KBaJPaTHOrO YpaBHEHUA OTPHIIATEIEH,
C/IeI0BaTeNbHO, KOpHeH OHO He uMmeer. [Ipu a =—1, y =0 Bropoe ypas-
HEeHMe JIaHHOM CHCTEeMEl NPHBOAMTCS K BHAY z2 — 2z + 1 = 0, oTkyza
(z—1)*=0 u z=1. Taxum 06pa3oM, €IMHCTBEHHEIM JIOITyCTUMBIM 3Haye-
HHEM NapaMeTpa ABaseTca a = — 1. Ho 310 To/bKO nepBas 4acThb pelleHus.
HyxHo eile npoBepuTtsb, 6yZieT i1 AaHHadA CUCTeMa IIPH a = —1 HMeTb
€JUHCTBEHHOE pelneHre WIH pelleHri okaxkeTcsa Hosblie OJHOTO.
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Ilycte a =—1. JlaHHaa cucreMa B 3TOM CJIydae NprUMeT BHJ

X 1_ 2
3¥+3x =y“+6,
lylz*+22%2—42+2 = 0.

Bropoe ypaBHeHHE ITOY4€HHOM CHCTEMEI MOXXHO, BBIJIE/IUB TIOJTHEINM KBaJ-
part, 3amucathb Tak: |y|z* + 2(z — 1)2 =0. Kaxxaoe U3 ciaraeMbix B JIeBOi
YACTHU NOCJAEJHErO paBEHCTBA HEOTPUILIATE/LHO, II0O3TOMY 3TO PaBEHCTBO
BBITOJTHAETCA B TOM M TOJIBKO TOM CJIy4dae, €C/Iy KaKJ0€e caaraeMoe paBHO
HYJIO, T. €. €CTH

lylz* =0, y=0,

2(z—1)2 =0, OTRYAR 1=

OcTanock pacCMOTPETh IlepBOe YpaBHEHHE CHUCTEMEL

3* + 3 = y2+6,
ly|z*+222—4z+2=0

1pu ycaoBuu y =0, T. e. ypaBHeHHe 3* + 3x = 6. Ecmm x < 0, Kaxgoe u3

caaraeMbIxX IeBOM YacTH 3TOro YpaBHEHHMS 3aBeIOMO MEHBIIE 1, TIO3TOMY

oTpMLIaTENBHBIX KOPHEH 3T0 ypaBHeHHe He uMeeT. ITycTb x > 0. OneHnuM

JIEBYIO 4YacTh ypaBHeHMs. Boclosnp3yeMcsi HepaBeHCTBOM a + b > 2vab

(OHO cIpaBeAJHMBO U BCEX HEOTPHIIATENBHBIX YKcel a ¥ b u obpaia-

ercsa B PaBeHCTBO NpH a = b; cM. mpeapygymui naparpad). Iomyuum
1

3"+3?1= >2 3"-3? Ho 3"-3%=3"+x, ax+%;2 x-;lE,T.e.x+%22

(B cuny Toro e HepaBeHcTBa). TakuM ob6pa3oM, 3%+s >3% e 3x+x >9.
3HauuT, 3* + 3x > 249, orkysa 3* + 3x > 6 npu moboM x > 0. Cnejo-

1
BaTeNbHO, ypaBHeHHe 3* + 3x = 6 6yzeT UMeTh PELeHHA TOJTBKO B TOM
cJIy4yae, Korja KaK/0€e U3 IByX HepaBeHCTB, HCIIO/Ib30BAHHBIX JI/IA OLIEHKH
NIeBOH YacTH 3TOro ypaBHeHUs, obpalllaeTcs B paBEHCTBO, T. €. B C/Iy4ae,

1 1
Koraax= M 3* =3x. EAMHCTBEHHBIM IIOJIOXKUTEIBHEIM KOPHEM KaXJ0r0

Y3 3THX ypaBHEHUH spisfercsa x = 1. Hrtak, ipu a = —1 JaHHasA cucTeMa
UMeeT eIMHCTBeHHoe pemeHye (1; 0; 1).

OTseT: —1.

IIpumep 7. HaliTH Bce sSHaYeHHA napaMeTpa d, 4/ KaXJ0ro U3 KoTo-
PHIX CylIeCTByeT eAUHCTBEHHAasA TpoHKa (Xx; y; 2) AeHACTBUTEIbHBIX YHCET
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X, ¥, %, YAOBJIETBOPAIOLAsA CUCTeMe ypaBHEHHIH

z-cos(x—y)+(2+xy) -sin(x+y)—2z=0,
X2+ (y—1)?+2% = a+2x,
(x+y+a-sin®z)((1—a)In(1~xy)+1) = 0.

PellleHne. Ha IepBeIM B3mA 3Ta cHCTeMa He obsazaeT CBOMCTBOM
HHBapUaHTHoCTH. OZHaKo, IPUBE/A ee BTOpoe YpaBHeHHE K BHIY

(-1 +(y—-1D2+22=a+1,

3aMevyaeM, YTO ecaM TpoiKa yucen (Xg; Yo; %) ABIAETCS PEIIEHHEM CHUCTE-
MBI, TO ¥ Tpoiika unces (yy; Xo; Zo) ABNAeTCA ee pemeHneM. CefoBaTesn-
HO, [/If €TUHCTBEHHOCTH PellleHUA HeobXoANMO, YTOOE! BHIIOJIHAJIOCH pa-
BEHCTBO X = Y. IIpM X = ¥ cucTeMa nipuMeT BH]

(x?+2)sin2x =0,
2c—1)?*+22=qa+1,
(2x+a-sin?2)(1—-a)In(l—x2)+1) = 0.

Tenepb 3aMeTHM, 4YTO €C/M Napa yuces (Xg; zo) ABIAETCA pellleHHeM Io-
cIefiHeH cucTeMsl (a crefoBaTebHO, Tpoiika yucen (xg; Xo; 2o) — pelle-
HHeM JaHHOM CUCTEMEI), TO ¥ napa umcen (Xy; —2,) ABIAETCA ee pelleHU-
eM (M, COOTBETCTBEHHO, TPOHKa Yrcen (Xg; Xo; —%) — PElIeHHEeM JaHHOH
CHUCTEMBI). 3HAYUT, [/l €JUHCTBEHHOCTH pellleHNs HeoOXOANMO, YTOOHI
BBITIOJIHAZIOCh PABEHCTBO g = —2Zg, T.€. 2o = (0. llpn 2 = 0 cucrema ewe
6oJbLIE YIIPOCTUTCA ¥ IPUMET BUJ

(x*+2)sin2x =0,

2(x—1)?2 =a+1,

2x(1-a)In(1-x*+1)=0.
Tperbe ypasHeHHe NOMYyYEeHHOH CHUCTeMHl pacmajaetrcsa Ha JBa: x =0 u
(1—a)In(1 — x*) =—1. PaccMoTprM ofa 3THX c1ydast. [Ipy x =0 nepsoe

yYPaBHEHHE MOTy4€HHOM CHCTEMBI BHIIOJHAETCSA, 2 BIOPO€E IPHHKIMAaET BU/
2=a+1, orkysa a = 1. Bo BTopoM c/Iyyae M3 MepBOro ypaBHEHHA CH-

tk
CTEMbl HAXO[MM X = -, k € Z, a ¥3 nocnesHero ypaBHeHUsA CIAYET, YTO
k
1-x%>0, otkyza |x| < 1. Ho u3 yucen x = %, k € Z, Tonmbxo x =0 yzo-

BJIeTBOPsieT yoloBuio |x| < 1. Ilpu x =0 ypasHenue (1 —a) In(1 — x4 =—1
npruHUMaeTt BUA 0 = —1, yTo HeBo3aMOXKHO. UTak, Tonbko a =1 asnsgetca
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JOIIyCTUMBIM 3HaYeHneM napamerpa. [Tposepum, 6yzieT M B 3TOM CIy4ae
pellieHye JaHHOM CHCTEeMBl €JHHCTBEHHBIM WK HeT. IIpy a =1 oHa npH-
MeT BUJ

[ z-cos(x—y)+(2+xy) -sin(x+y)—z=0

(-1 +(y—-1)2+z*=2,
x+y+sinz =0,
Ly < 1.

W3 TpeTbero ypaBHEHUA 3TOM CHCTEMEI MOJy4aeM, UTO X + Yy = —sin? z,
oTkyZAa x + y < 0. M3 Broporo ypaBHEHHMA IIOC]E pacxpmrm cxoﬁorc H
HEC/IOXKHBIX NpeobpaszopaHuii HaxoauM, uto 2(x + y) = x?+ y? + z2, oTKy-
na x + y > 0. Takum obpaszom, x+y<0u x+y >0, 4ro BOBMO}KHO TOJIb-
ko eciu x+ y=0. Ho Tor.zxa B'ropoe ypaBHeHue 2(x + y)=x*+y* + 2

CHCTeMbl IIPHHUMAET BUJ X + ¥+ 22=0, otkysa x =0, y=0, z=0.
Jlerko IpoBEpPUTH, YTO OCTAJIbHBIE YPABHEHHUA M HEPABEHCTBO CHCTEMEI B
3TOM CJIy4ae BHINOJHAITCA. MiTak, IpyU a =1 cucTreMa UMeeT €IMHCTBEH-
Hoe pemenue (0; 0; 0).

OTserT: 1.

Bropyio rpyuny 3ajad, IIPpM peEII€HHH KOTOPBIX HUCIOJb3yeTCA HH-
BapMaHTHOCTb OTHOCHTEJBHO KaKOH-THOO [MOACTAHOBKM, COCTaBJIOT,
KaK y)K€ OTMeYaJloCh, TaK Ha3blBaeMEle QyHKIHMOHAILHEIE YpaBHEHH,
T.€. YpaBHEHHs, B KOTOPHIX HAapsAy C KOHKDETHHIM, BIIOJIHE OIpeJe-
JIEHHEIM anrebpavyecKuM BhlpaxkeHHeM p(X) OT NePeMEHHOH X €CTbh M
HeHusBecTHoe airebpanyeckoe BhpakeHHe f(x) oT 3TOH IepeMeHHOM.
3TH 3aZa4M yke He IpeAnojaraloT MHBapMaHTHOCTH BCEro ypaBHEHUA:
AJIA VX pellleHUA JOCTATOYHO HWHBapHaHTHOCTH KaKOM-TO maphl are6-
pauyeCKHX BBIPQKEHHII OTHOCHTEIRHO HEKOTOPOH 3aMeHH IepeMeH-
HOli. TUNMYHBEIM IIPUMEPOM TAKOIO YpaBHEHHUA SIBJAETCS CIeAYIOIIMM:
rf (x) + qf (c —x) = p(x) (3aeck r, q, ¢ — OTIMYHBIE OT HY/IsA IEUCTBUTENb-
Hble yHcaa; |r| # |q|). Zng Toro 4To6El pemUTE TaKyl 3ajady, HyXHO
cHayana HaiiTh f(x) (a mHorza ToMBKO 310 M Tpebyerca ycnoBHEM).
IMockonbky f(x) ¥ f(c — x) HHBapHAaHTHE OTHOCHUTEJIBHO 3aMEHBI X Ha
¢ — X, 3TO IIO3BOJIAET, BHINOIHHB TAKYlO 3aMeHY, IOJMYYHTh €ellle OIHO ypaB-
HeHHe rf (c — x) + qgf (x) = p(c — x). PaccmaTrpHrBas noly4yeHHOE U IAHHOE
ypaBHEHHME KaK CHCTEMY ypaBHEeHHI oTHocuTenbHO f(x) u f(c — x),
MOXXHO M3 3TOM CHCTEMHI JOCTaTo4Ho npocto Haiith f(x). Zlna aToro
HY)KHO YMHOXMTB 06e yactu ypaBHeHus rf(x) + gf(c—x) =p(x) var,
o6e yacty ypapHeHUA rf (c —x) + qf (x) = p(c — x)} — Ha ¢ ¥ pacCMOTpeTh
IIOWIEHHYI0 PasHOCTb ypaBHeHui: rif(x) — g*f(x) =rp(x) — gp(c — x),
rp(x) —gp(c—x)

r2 — q2 -

otkyaa f(x) =
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ITpumep 8. Haittu xopHM ypaBHeHuUA f(x) =31, e x#0 u
2 (x) +f(§) = 6x.

PewreHue. 3aMeTuM, 4ro napa f(x) u f (%) MHBapHUaHTHa OTHOCHU-
TEJIBHO 3aMeHEBI X Ha % 3aMeHHB X Ha ; B paBeHcTBe 2f (x) + f (%) =6x,
noayuum 2f ( :—:) + f(x)= %(i YMHOXUB 06e 4acTu JaHHOTO paBEHCTBa

2f(Y+ f (;) = 6X Ha YHUCJO 2 K BBIYTS M3 IIOJYYEHHOro paBeHCTBa

MOWIEHHO paBeHCTBO Zf(é) + f(x) = -25 HaxoguM 3f(x) =12x — _25;,

oTkyzaa f(x)=4x— g Tenepr ocTasoCk pelINThH YpaBHEHHE 4X — % =31,

oTKyzAa 4x% — 31x — 8 = 0. KOpHAMM IIOC/IE€JHETO ypaBHEHUs SIBJIAIOTCA
yucaa x=-0,25 u x=8.

OTtseT: —0,25; 8.

IIpumep 9. Haittu Bce 3HaYeHUA NapameTpa a, IIPH KaXI0M H3 KOTO-
PHIX ypaBHeHHe f (X) =a uMeeT xoT1s OBl OZNH KOpEHb, €C/TH

2f(x)+3f(%—x) = cos® x+ 8sinx + 12cosx +2 @}

And JIIoboro AeHCTBUTEIBHOrO 3HaYeHNA X.
7T
PemreHne. 3aMeTHM, yTo napa f(x) u f (5 — x) HHBapHaHTHA OT-

HOCHMTE/ILHO 3aMeHEl X Ha % — x. 3aMeHHM X Ha % — x B paBeHctse (1).
TNonmyyum
zf(g-—x)+3f(x)=sin2x+8cosx+1zsinx+z. @

YmuoxuM Ha 3 ofe yacTu paBeHcTBa (2), a obe yacTu paBeHcTtBa (1)
YMHOXHM Ha 2 U pacCMOTPHM HX IIOYIeHHYIO pasHoCTh. [locne yripoiie-
HMIT nomyurM Sf (x) = 5sin? x + 20sinx, orkyza f(x) =sin?x + 4sinx.
CocTaBKMM ypaBHEHHe II0 YCIOBHIO 3ajja4u: sin’ x + 4sinx=a, Wi

sin?x+4sinx—a = 0.

IycTs t =sinx. Toraa t? + 4t —a=0 u t €[—1; 1]. Teneps 3aga4y MOXHO
nepedopMyIpoBaTh TaK: HalTH Bce 3Ha4eHHUA NapaMerpa a, IpU Kak-
ZIOM M3 KOTOPHIX ypaBHeHHe t2 + 4t — a =0 umMeeT X011 OB OMH KODEHB,
npuHaexamuii orpesky [—1; 11. IMycre f(t) = t2 + 4t — a. O6o3HaUMM
yepes t; M t, KOPHH KBaJpaTHOrO TpexwieHa f(t), cunrad, 4ro t; <iy, a
yepes t, — abcipiccy BepLIIMHE Tapaboitkl, sesoeiics rpaprkoM QyHK-
UK y = f(t). 3aMmeTuM, 4TO BeTBH Napabonrl Hanpas/ieHBl BBEPX H YTO
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130 Inasa 3. [IpriMeHeHMe CBOUCTB QyHKIMI

to = —2. CneaoBareibHO, t; < tg < —1, ¥ TONBKO 6OJIBIIMA KOPEHb TpeX-
wreHa f(t) MoxxeT IpHHaANexaTh oTpe3ky [—1; 1]. Zlna atoro Heobxoau-
MO H JOCTATO4YHO, YTOOE! BEINIOIHEHAINCE YCIOBHSA

f(—1 <0, 1-4-a <0,
f >0, % l144—a>0

r

OoTKyZa —3<a<5.

OTtser: [—3; 5].

ITpumMep 10. Haiity Bce 3HaYeHUA rapaMeTpa a, IIpy KaXXJoM H3 KOTOo-
phix ypaBHeHue h(x) =a — a’ umeer xoTs 6Bl O/INH KOPEHb, €C/H

h(x)}+3h(—x) =
= 4a+16|x|+ 16V x2+16—6|x+4a| —2|x —4a|+2x (1)

U1 mroboro JAelicTBUTEeILHOrO 3HAYEHHA X.

PemieHne. 3aMeTuM, 4To napa h(x) u h(—x) uHBapHaHTHa OTHOCH-
TeJBPHO 3aMeHBl X Ha —X. 3aMeHUB X Ha —X H BOCIIOJL30BaBIINCH CBOM-
ctBoM Moayaa (|—x| = |x|, a suauur, |—x + 4a] = |x — 4al, |—x — 4a| =
= |x + 4al), monyunm

h(—x}+3h(x) =
= 4a+16|x|+ 16V x2+16 — 6|x —4a| — 2|x +4a| — 2x. (2}

VmuOXMM Ha 3 obe yacTu paBeHcTBa (2) M BHIYTEM H3 pesyibrara
nowieHHo paBeHcTBO (1). Ilocre nmpuBeaeHUA NOAOGHBIX ClaraeMaIx 1o-

ayurM 8h(x) = 8a + 32|x| +324/x2 + 16 — 16|x — 4a| — 8x, oTkyzna

h(x) = a+4Ix|+4Vx?+16—2|x — 4a| — x.

CocTtaBuM ypaBHEHPIe IO YCJIOBHMIO 3a/la4i:
a+4lx| +4Vx2+16—2|x —4a] —x = a—d>?,

u, 3HAYUT, a? + 44/ x2 + 16 =x + 2|x — 4a| — 4)x|.
Tenepr 3agaya obpetaet Gosee NpuUBbIYHbIE YepTH: TpebyeTca HaM-
TH BCe 3Ha4YeHHsd IapaMeTrpa d, NPH KaXXIOM M3 KOTOPHIX ypaBHeHMe

a? + 4y x%+ 16 = x + 2|x — 4a| — 4|x| umeeT X015t 6B OAMH KOpeHB. Pac-
cMotpuM ¢yaKnmmn f(x) =a’ + 44/ x>+ 16 u g(x) =x + 2|x — 4a| - 4|x|,
onpe/ieJieHHElE M HellpepHIBHEIE Ha BceH yuCaoBoil Ipsimoi. I'padux

¢yHKIMM y = g(x) npeacrasisger cobOi JIOMaHyl0, COCTOAIIYIO M3 OT-
pe3KoB TpsAMBIX M jaydeil. [Ipu x > 0 kaxJoe 3BEHO JIOMaHOH fIBIAETCA
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yacThlo npAMoii Buga y = kb + 1, rae k < O (IIOCKOJIBKY BHE 3aBUCH-
MOCTH OT «PacCKphITHA» APYroro moayna koagpduimeHT npu x Oyzaer
oTpuIiaTensHBIM). CrieioBaTebHO, MpU X 2> 0 pyHKIMA y = g(X) yObIBaeT.
COBEpIIEHHO aHAJOIMYHO MOXHO TOKasaTh, 4YTO NpH X < 0 dyHxima

= g(x) BoapacTaeT. [TosroMy B Toyke x = 0 3Ta QyHKIMA AOCTHTa€T
CBOEro Hanﬁoﬂbmero 3HayeHMsd, T.e. max g(x) = g(0) = 8|a|. ITockonsKy
min f(x) = f(0) =a®+ 16, ypaBHeHHe UMeeT XOTA OB OAUH KOpEHI: B TOM
M TOMBKO TOM CITydae, ey min f(x) < maxg(x), T.e. ectu a® + 16 < 8lal,
orkyaa (Jaj—4)? <0ua==4.

OtseT: {—4; 4}.

B 3aK/Io4YeHKHe 3aMETHM, YTO HEKOTOphle — OOLIYHO caMbl€ ITPOCThIE —
3a7layH, CBA3aHHEIE ¢ HHBADMAHTHOCTBIO, MHOIZAA MOXKHO PEIIHTE i bosee
TPaMLIMOHHBEIMH CIIOCO6aMH, HalpUMeD, BEIIOIHUB 3aMeHy IepeMEHHON
U CBeJiA ypaBHeHHe K KBaJpaTHOMY WIH HCTIONb3yA rpadpuyeckre HHTEP-
npetanui. HecCKOMBbKO TaKMX 3aZay NpHBEJEHO B yNpaKHEHHAX. TeM He
MeHee, rocTapaiiTech pelTh 3TH 3aJa4H (ypakHeHusa 1—3), UCTIoNb3ys
HMEHHO HHBapHAHTHOCTD.

Ynpaxusenuda k §3.3

1. a) Halizute BCce 3HaYeHUA MapaMmeTpa a, AJIA KOKA0ro H3 KOTOPBIX
HMeeT eMHCTBEHHEI KopeHb ypaBHeHue 3 + 3% =a® —6a+11.

6) Haiigure BCce 3HaYeHMA IlapaMmeTpa ad, AJId KaXJO0ro M3 KOTOPHIX
HMeeT eIMHCTBEHHEIH KOpeHb ypaBHeHue 2% + 24 = a?—3a+10.

2. a) Haiigure Bce 3HaYeHWs apaMeTpa a, AJ1A KaKZOro U3 KOTOPBIX
HMeeT eI]MHCTBEHHBIH KOPEHb YPaBHEHHE X -+ (%) +16=2a.

6) Haliaute BCe 3HaYeHMUs NapaMeTpa a, /i KaXJoro M3 KOTOPHIX

3
HMeeT eIMHCTBEHHBIH KOPEHb ypaBHEHHE X + (%) +54=3a".

3. a) HaiinuTe Bce 3HaYeHUA NapamMeTpa d, A4 KaKJA0ro U3 KOTOPbIX
HMeeT €AMHCTBEHHEI KOPEHD ypaBHEHHE

*+@—-3)=|x—a+3|+|x+a—3|.

6) HaiiguTe Bce 3HaYeHUA NapaMeTpa a, AJd KaXJOoro M3 KOTOPbiX
vMeeT eIUHCTBEHHH KOpeHb YpaBHEHHE

2+@—d*=|x—a+4|+|x+a—4|.

4. a) Halinure Bce 3HaYeHMA NnapaMeTpa a, A1 KaXJ0oro U3 KOTOpHIX
MIMeeT eAMHCTBEHHBI KOpeHb ypaBHeHHe X2 — 4a sin(cosx) +a*=0.

6) Haiigure Bce 3HayeHMA IapaMeTpa 4, AJA KaKZOrO M3 KOTOPBIX
HMeeT eAHHCTBEHHHIH KOpeHb ypaBHeHMe 2x% — atg(cosx) +a*=0.

9-
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5. a) Haliaute Bce sHaYeHHs NapaMeTpa a, AJ1 KaXKA0Io U3 KOTOPHIX
1MeeT €AMHCTBEeHHBII KOpeHb ypasHeHHe a’ +a+v/3 + 6+ sin® ax =6 cos x.

6) Haiizure Bce 3HayeHus IlapaMeTpa d, AJA KaXJOrO M3 KOTOPHIX
uMeeT €JUHCTBEHHBIH KOPeHb ypaBHeHue a’ + av2 + 4 +sinax =4 cosx.

6. a) HaliguTre Bce 3HaYeHMA napaMeTpa d, A1 KaXA0r0 U3 KOTOPHIX
UMeeT €JMHCTBEHHEIH KOpEHb ypaBHEeHHe

2"‘2-4"+sin%{+cosﬂf = a®—3a%+2a+2+ V2.

6) Haiigyte Bce 3HaY€HMA IapaMeTpa d, U1 KaXXJOTO M3 KOTOPHIX
YMeeT €eAMHCTBEHHBIM KOPEeHb YpaBHEHHE
- 2 . TTX X
gl-x.3x +a3—5a2+4a+\/§=3m7 v
7. a) Halizyre Bce sHaYeHMA napaMeTpa a, AJIA KaXJA0ro U3 KOTOPHIX
MMeeT eJUHCTBEHHBIH KOpeHb ypaBHeHue 2 + 3sin? ax = 2 cos .
6) Haiizure Bce 3HAYEHHMA mapaMeTpa d, A KOKAOTO M3 KOTOPHIX
MMeeT eUHCTBEeHHHH KOpeHb ypaBHeHHe 3 + 2|sinax| =3 cos2x.
8. a) Hatizute Bce napsl (a; b) AeHCTBUTENBHEIX YHCEN a U b, A1 Kax-
JIOM U3 KOTOPBIX UMeeT €IMHCTBEHHEIN KOpPEHb YpaBHEHHUE

+ COs + 3.

sin?(71x) + sin(nax) = sin®(zh).

6) Haitaure Bce nape! (a; b) AeHCTBUTENBHBIX YMCEN a U b, 1 Kaxk40i
13 KOTOPHIX UMeeT €JMHCTBEHHBIH KOpEeHb YpaBHEeHHe

cos(2nx) 4 cos(27tbx) = |al.

9. a) Haligute Bce niapkl (a; b) neliCTBUTENBHEIX uMcen a U b, A Kax-
A0 U3 KOTOPHIX HMEeT €IUHCTREHHH M KOpeHb YpaBHEHHE

4cos(2mx) + cos(2bmtx) = a.

6) Hatigure Bce napsl (a; b) AeHCTBUTENBHBIX YHCEN d U b, 11 KaXK10H
K3 KOTOPBIX UMeeT e JUMHCTBEHHBIH KOpeHb YpaBHEHHE

cos(2mx) +3cos(2bmtx) = a.

10. a) HaliguTte Bce 3HAYEHMA NapaMeTpa d, A1 KaXKJ0ro U3 KOTOPHIX
HMeeT €AMHCTBEHHOE pelleHHe CUcTeMa YpaBHEeHUH

a(x*+1) = y—|x|+2,
x*+y?=4.

6) Halizure Bce 3HaYeHUs MapaMeTpa d, /IS KAXKAOTO M3 KOTOPHIX
HMeeT €JMHCTBEHHOE pellleHHe CUCTeMa YpaBHEHHU

a(x*+1) = y—|x|+3,
x*+y?=09.
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11. a) Haiigure Bce 3HaYeHKWA llapaMeTtpa a, A1 KOKAOr0o H3 KOTOPbIX
MMEET €JUHCTBEHHOE pelleHHe CHCTeMa ypaBHEeHHIH

ax?+a+2Jsinx| = y+1,
tglx+y*=1.

6) HaiiznTe BCe 3Ha4YeHMs IapaMmeTpa a, A KaKJOro M3 KOTOPHIX
HMeeT eJMHCTBEHHOE peHieHHe CUCTEMa ypaBHEHUH

ax®+a+3lsinx| = y +2,
sin® x +y? = 4.

12. a) Hatiaute Bce 3Ha4YeHUA TIapaMeTpa d, AJA KaOKI0ro U3 KOTOPHIX
HMMeeT eJUHCTBEHHOE pelleHHe CHCTeMa YpaBHEeHUH

2M x| +4=y+x*+aq,
x*+y?=1

6) HaiianTe Bce 3HAYeHHUS napaMeTpa d, AJd KaKAOro M3 KOTOPBIX
HMeeT ¢JMHCTBEHHOe peHIeHHe CUCTeMa ypaBHEHHUH

a(lx|+1) = y+cosx,
sinx+y? = 1.

13. a) HaiiguTe Bce 3HayeHMs NapaMeTpa a, A/ KaX0ro U3 KOTOPbIX
HMEET eIMHCTBEHHOE perleHne CHCTeMa ypaBHEHH

5.2 4 3|x| =2 =5y +3x%—5aq,
+y?=1.

6) HaliguTe Bce 3HaYeHHA IapaMerpa d, AJd KaXJOro U3 KOTOPBIX
KMeeT eJMHCTBEHHOEe pelieHre CHCTeMa YpaBHEHH I

3.2 4 2|x| -1 = 3y +2x? - 3aq,
X’ +y*=1.

14. a) HaiizuTe Bce 3HaYyeHUA IlapaMeTpa a, A1 KaKA0ro U3 KOTOPBIX
HMeeT €AMHCTBEHHOE peHIeHHe CHCTEMA YpaBHEHUH

x> =2(a+Dx+a*-12 =2y,
y2—-2(a+1y+a*-12 = 2x.

6) Haiizure Bce 3HayeHUs NapaMeTpa 4, AJA KaXAOrO U3 KOTOPBIX
HMMeeT eAUHCTBEHHOEe pelieHHe CHCTeMa ypaBHEeHHH

x*—(2a+1Dx+a*-3 =y,
y2—Qa+1)y+a*—3=x.
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15. a) HaiizuTe Bce 3HaYEeHMA NapaMeTpa a, U KKAOr0 U3 KOTOPBIX

HMeeT eJUHCTBEHHOEe peHIeHre cCucTeMa
(3—2V2)Y +(342V2)Y —3a = x*+6x+35,
y?2—(a*-5a+6)x* =0,
-6 <x<0.

6) Hadaute Bce 3HaYeHUs mapaMmerpa a, AJI KaKJOrO U3 KOTOPBIX

UMeeT eJUHCTBEHHOe pelleHHe CUCTeMa
2—VI)*+ 2+ VI -5=a—2y+y?,
X2+@2—-a—-a?)y*=0,
-2<y<0.

16. a) Haiiaute Bce 3HaYeHUA IapaMeTpa a, AJMd KaXAOro H3 KOTO-
PBIX CYLIECTBYeT eAMHCTBEHHAanA TpoMka (x; y; 2) AeHCTBHUTEIBHBIX YHCell
X, ¥, 2, YAOBJIETBOPSIOLAs CUCTEME YpaBHEHHH

x>+ (6—x)5 =2y,
(x—3)+(y—3)2+2z%+a%> =4,
12yz% —2(a—2)y%z+18 = 9a.

6) Haiizure Bce 3HaYeHWA NapaMeTpa a, A1 KaKAOro U3 KOTOPHIX Cy-
1ecTByeT €AUHCTBEHHaA TpoHKka (X; y; 2) AEUCTBUTENLHBIX YHCEI X, ¥, 2,
YZIOBJIETBOPAIOIIAA CUCTEME YPaBHEHUH

x4 (8—x)1! = 2y,
(x—4)*+(y—4*+2°+a* =25,
20yz?— (a—5)y?*z +40 = 8a.
17. a) HaiiauTe BCe 3HaYeHMA IapaMmeTpa d, A1 KaKAOTO U3 KOTO-

PBIX CyILIECTBYeT €AMHCTBEHHAasA TpOHKa (X; ¥; 2) A€HCTBHUTEIBHBIX YHCE
X, ¥, 2, yAOBJETBOPAIOIIad CUCTEMe ypaBHEHUH

4
2%+ 2 = (@®—4*+y*+8,
ly|lz* +222 —a?z+a+4 = 0.

6) Haligure Bce 3HaYeHMA lapaMeTpa a, /11 KaXKAOr'0o U3 KOTOPEBIX CY-
IIECTBYET €JUHCTBEHHAas TPoiKa (X; y; 2) JeNCTBUTENBHBIX YHCeN X, ¥, 2,
YAOBJIETBOPSAIOIIAA CHCTEME YpaBHEHUH

3 +3x = (@®~9)%+y2 +6,
y?23 4+ 22 —2a%2+a+84 =0.
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18. a) Haiaure BCe 3HaYeHUA liapaMeTpa a, s Ka&KA0ro U3 KOTOPHIX
HMeeT eJHHCTBEHHOE peHieHHe CHCTeMa YpaBHEHUH

(x+2)2+2(a+2y)+y?+2%2 =0,
(2+xyz%(a+2)y/1-2xy)(asin®z+x+y) =0,
Cy+1)tg(x+y)+cos(x~y) =1.

6) Haiigyte Bce 3HayeHHUs napameTpa a, AJA KaXJOIO U3 KOTOPBIX
HMEET eIMHCTBEHHOE pelIeHHe CUCTeMa YpaBHEHUI

(xy —2) -sin(y —x)+2z = z-cos(x+y),
(x—1?+y*+2y+2°+a=0,
(a-sin*z+y—x)(a+1)1gly+1)+1) = 0.

19. a) Hailizure BCce 3HaYEHUA napaMeTpa a, AJ1A KaXAOro U3 KOTO-
PBIX CyLIECTBYeT eAMHCTBEHHaA TpoHKa (X; y; 2) A€HCTBUTEIBHBIX YHCEN
X, ¥, 2, YAOBJETBOPSIOLIAA CUCTEME YPaBHEHHU I

x:+y? =4z,
x+y+2z =2a.
6) Haiigure Bce 3HaYeHUA NapaMeTpa d, AJd KaKAOI'0 U3 KOTOPHIX CY-

IEeCTBYeT eAUHCTBEHHas TpoHKa (X; y; 2) ACHCTBUTENbHEIX YUCEN X, Y, 2,
YAOBJIETBOPAIOIIAA CUCTEMe yPaBHEHMI

x*+y? =9z,
x+y=3a+3z.

20. a) Haiigute BCe napel (a; b) aelcTBUTENBHBIX YKcen a U b, ana
Ka)XJ0# 13 KOTOPHIX HMeeT eAMHCTBEHHOE pelleHHe cucTeMa YpaBHEHUM

xyz+2z=a,
xyz?+z =b,
xi+y?+2* =4

6) Hatigure Bce naps! (a; b) aelicTBUTENBHEIX YUCEN a U b, f/1s1 KaKAOK
13 KOTOPHIX UMEET €JUHCTBEHHOE pellleHHe CHCTEMa YpaBHEHUHM

4dxyz+x = q,
8x’yz+b=x,
X4y’ +z2 =1
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21. a) Haiisgure kopHU ypaBHeHHs f (x) =6, ey
3f(x)—2f(4—x) = 2x*+27x—56

ZJ1s1 NI060ro AeHCTBUTENILHOTO 3HAYEHHS X.
6) Haiigure xopHU ypaBHeHHA f(x) = 14, eciu

4f (2—x) — f(x) = 6x* —47x +56
211 mo6oro AeiCTBUTENEHOTO 3HAYEHHUA X.
22. a) Haiigure xopHu ypaBHeHuUsA f(x) =6, ey x#0 u

Bf(%) — f(x) = 8x.

6) Haiizyure xopHu ypaBHeHMs f(x)=—8, ec x#0 u
af(3)-feo =15x.

23. a) Haiizure xopHU ypaBHeHMA f(x) =10, ecu
2f(x) + f(—x) = 22 1 3.2 4 (0,25)* + 3- (0,5)"
A1 TI0OOro eiCTBUTEBHOrO 3HAaYEHHUA X.
6) Haiizure kopHM ypaBHeHMA f(x) =15, ey
Fx)+5f(—x) = 25* —2-5°+(0,04)* %> —2.(0,2)* !
2151 1roboro eCTBUTENEHOTO 3HAYECHHA X.

24. a) Haiiaute Bce 3Ha4YeHUA napaMeTpa a, IIPH KaXXA0M H3 KOTODEIX
ypaBHeHMe f(x) =a uMeeT XOTA Obl OHH KOPeHBb, €CIH

2f(x)+f(37ﬂ—x) = 3cos?x+7sinx—14cosx +3

ZU1s TI0BOT0 AeiCTBUTENBHOTO 3HAYEHHUSA X.
6) HaiauTe Bce 3HaYeHHsA mapaMeTpa a, NMPH KaXJOM M3 KOTOPBIX
ypaeHeHue f(x) =a umeer XOTa 6Bl OZHH KOPEeHb, €CIH

f(x)+2f(37ﬂ—x) = 4cos? x +9cosx—18sinx+4

A5t moboro AeHCTBUTENBHOTO 3HAYEHHUA X.

25. a) HalizuTe Bce 3HaYeHMA napamMeTpa d, IPU KaX/J0M U3 KOTOPHIX
HepaBeHCTBO f (x) < 0 cripaBeZ/IMBO JJIs II0O0T0 IeHiCTBUTEIBHOIO 3HaYe-
HUA X, €CNH

2f(x) + f(—x) = 5x — 25|x + 2| — 8|x —a— 2|+ 5a+21.

6) Haiizure Bce 3HaYeHMA mapameTpa d, IIPH KaKAOM U3 KOTOPHIX
HepaBeHCTBO f(x) > 0 cnpaBeZMBO aJist M06Oro AeiCTBUTENBHOrO 3Ha-
YeHMA X, eCIH

fO)=2f(—x) =12x+7|x+4|-17|x—a—4|—8a—11.
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BaXHOM YaCThI0 MaTeMaTHYECKOH KYJIBTYPHl, HeO6X0AMMOM /I OBJla-
JeHHs METOJAMU pelIeHHMA HeCTaHAApTHHIX ypaBHEHWIl U HepaBeHCTB
(B ToM 4KCIIe U 38/ja4 C [TapaMeTPOM), ABJIAETCS YMEHHE CTPOUTH I'padpUKH
3/leMeHTapHBIX QYHKIHH U HCTIONB30BaTh rpadpuyecKie WHTepnpeTannu
ypaBHEHHH M HEpaBEHCTB. 3aJa4yd, B pelleHWU KOTOPHIX rpadHyecKue
HWHTEpIpeTaliy UrpaloT KJIIOYERYIO POJIb, MOXHO C ONpeJeeHHOH cTene-
HbIO YCJIOBHOCTH pa3fie/IMTh Ha TPH OCHOBHBIE Ipyminel. K nepBoii oTHeceM
3aJa4yy, B KOTOPBIX rpadpHyecKkye MHTepIpeTaluy [O3BOJAIOT HAIVIALHO
NIpE/ICTABUTh pPELIEHHE W 3allicaTh OTBET, a MOMCK OTBETa C NOMOIIBIO
TOMIBKO @HaJINTMYECKUX CPEeACTB NPUBOAUT K OLIYTHMEBIM JIOTHYECKHM
TPYAHOCTAM. B TakuX 3aja4yax cTelieHb IlapaMeTpa o6bIYHO paBHa 1, a 1o
THITy 3TH 33Jla4Y¥ IIpeJCTaBIAI0T COO0H CUCTEMBI HEpABEHCTB JHOO CBO-
AATCSA K TaKUM cucteMaM. [TocieaHee nosBosgeT H306pasuTs MHOXKECTBO
BCEX TOYEK IUIOCKOCTH Oxa (3geck a —InapameTp), yZOBJE€TBOPAIOLINX
YCJIOBMIO 3aJja4H, B BUZE HEKOTOpOii UrypEl (MHOIZIa TOBOPAT «0bJ1acTh»,
a caM MeTOZ pellieHM:A Ha3bIBaIOT «MeToAoM obnacrteli»). [Tocie sToro,
paccMaTpHBas pasjM4HEBe TOMOXKEHHs MOPU3OHTaJbHON npaAMoil a = ¢
(Takyo IpsAMYyI0 YacTO HAa3bIBAIOT «CYMTHIBANONIEH»; 34eCh C— YHCIIO)
OTHOCHTEJIbHO M306paykeHHOM 06/1aCTH, MOXHO AOBOJIBHO IIPOCTO HalTH
OTBET Ha BOIIpOC 3aJa4yu. Ko BTopol rpyrne oTHeceM 3aJaqyH, AOITycKa-
olye npAMYyI0 rpadHyecKyio MHTEpIIpeTaluio, T.e. npeArioarawoliye
IIOCTPOEHHe (B TOM YHCJIE € TIOMOIIBIO H3BECTHHIX 3/IeMEHTapHEIX Npeob-
pas’oBaHMil) M, BO3MOXHO, HcclejoBaHue rpadpuka ¢yHKuuM. K TpeTbeit
rpyTiIie OTHeCeM 3aJa4H, pelleHHe KOTOPEIX OCHOBBIBAETCS Ha HCCIIeZ0Ba-
HHUM B3aMMHOI'O PacloyOKeHMA U3BECTHHIX QHUIYP — NPAMBIX, OTPE3KOB,
YIJIOB, OKPY>KHOCTeH — I10C/le COOTBETCTBYIOIEH (rpadiieckoii wiu reo-
MeTPHYECKOH) UHTeplipeTallii JaHHBIX YpaBHEHMI WK HepaBeHCTB (T. e.
37lecb, B OTIMYME OT 33/lay NpeAbIAYLIMX TPV, pacCMaTpUBAIOTCA He
TOJBKO rpaduku PyHKIMI, HO M reoMeTpudecKHe (PUrypEHl, 3ajaHHEE
YpaBHEHHMAMH WM HEPABEHCTBAMU).

§4.1. MeTop obiacTeit

HayHeM c 3a7a4 niepBO# IpYIIIILL, T. €. € 33Ja4, pellaeMBIX C IOMOIIBIO
«MeToga obsnacTeii», HO CHayala BCIIOMHHM, KAKUMH OTHOMIEHWAMH CBA-
3aHbl TOYKH rpaduka AaHHON QYHKIIUM U BCe ApyrHe TOYKHM KOOpAWHAT-
HOM ILTOCKOCTH.
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Ecin aHa ¢yHkuus y = f(x), To Bce Touku (x; f(x)) KoopAMHaATHOH
IUIOCKOCTH OXy Y TOJBKO OHM TIPHHAJJIEXAT I'paduKy 3TOH QYHKLHH.
OyYeBHIHO, YTO BCE TOYKH, OPAUHATH KOTOPHIX 6osbie yeM f(X), T. €. TOY-
ki (X;y), OpAMHATH KOTOPHIX YZOBJETBOPSIOT HEPABEHCTBY y > f(x),
HaxoAsTcA Haj rpagpukoM QYHKUMH; TOYKH (X;y), OPAMHATHI KOTOPHIX
YAOBJIETBOPAIOT HEPABeHCTBY y < f(x), HaxoaaTca 1oA rpadpukoM ¢QyHK-
uu (cM. puc. 1).

le

y=f0x)

y> f(x)
/%f) N

0 X

Puc. 1

Paccy)xgas aHaNOTMYHO, MOXKHO JIerKO H3006pasviTh Ha KOOpAVIHAT-
HOM TUIOCKOCTH BCE TOYKH, YAOBJETBOPAIOLIME, HalipuMep, HEPaBEHCTBY
a < y < b ipu ycnoBuu a < b: aTo ropM3oHTaIbHAasA 110/10Ca, OrpaHHYeHHasA
npAMBIMH Yy =a ¥ y =b (cm. puc. 2).

Puc. 2 Puc. 3

MHOXeCTBOM BCEX TOYEK KOOPAMHATHOM ILIOCKOCTH, YAOBJIETBOPAIO-
IIMX HepaBeHCTBY ¢ < x < d 1pH ycIoBUH ¢ < d, ABIAETCA BEPTUKA/IBHAA
I10JI0Ca, OrpaHMYeHHad MPAMBIMM X =¢ ¥ X =d (cM. puc. 3).

HalizeM Teneps MHOXXECTBO BCeX TOYeK (X; y) IIOCKOCTH OXy, KOOp-
JIMHATH! KAXKAON U3 KOTOPBIX YAOBJETBOPAIOT HEPABEHCTBY

2y —x—4(y+x—4) <0.
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[IpousBeeHHE ABYX YHCE HETIOIOXUTENBHO, €C/TH 3TH YHC/Ia UMEIOT pas-
HBIE 3HAKHM MM XOTA 6Bl O4HO M3 HMX paBHO Hymo. [ToaToMy AaHHOe Hepa-
BEHCTBO BBITIOJIHAETCSA TOJMBKO B CJIy4ae, eCiu

2y—x—-4<0, 2y—x—42=0,
y+x—4>0 Wi y+x—4<0.
IlepBas cucTeMa j1erko PUBOAUTCA K BUAY
y £0,5x+2

Y 4_x;

y/

WV

BTOpasi — K BUAY
0,5x+2
4—x.

AN\

4
Y
JTO 03HAYaET, YTO JJAHHOMY HEPABEHCTBY YZAOBJETBOPAIOT BCE TOYKH KO-
OpPAAMHATHOM IUIOCKOCTH, KOTOPHIE PacIio/IOKEHH He BhIIEe OJHOM U3 nps-
MBIX y =0,5x+2 WM ¥y =4 — X U He HMXKE JPYTOM M3 ITHX NPAMBIX.
Taxum ob6pa3oM, HCKOMOE MHOXKECTBO OIpaHUYEHO IapOil BEPTHKAJIBHBIX
yI710B, 06pa30BaHHBIX 3TUMM NPAMBIMH (Ha pPHC. 4 3TH yI/bl 3alITPHXO-
BaHbl). KoopauHare! moboii TOYKH, IPHHAAJIEXAIEH YacTH TUIOCKOCTH,
orpaHW4YeHHOM APYToH Ilapoi BEpTHKAaJIbHBIX YIJIOB, 06pa30BaHHEIX 3TH-
MH NpAMBIMHK (Ha PHUC. 4 3TH YIVIBI He 3al0TPHXOBaHEI), YAOBJIETBOPSAIOT,
KakK JIErKO NIOHATD, HepaBeHCTBY (2y —x —4)(y +x—4) > 0.

Puc. 4

Boobme, MHOXecTBOM Bcex To4eK (x;y) 1wiockoctu OXy, yaosje-
TBOPAIOIKX HepaBeHCTBY f(x)g(x) < 0, ABIAIOTCA BCe Te TOYKH (X; ¥)
3TOM IUIOCKOCTH, A/ KOTOPHIX yucia f(x) 1 g(x) UMeIoT pasHble 3HaKH,
T. €. BCE€ T€ TOYKH, KOTOPBIE JIEXXAT BEILIE OAHOro U3 rpa¢ukoB yHKIUIA
y=f(x) win y = g(x), HO HIKe APYTOro; MHOXECTBOM BCeX Touek (x; y)
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rUtocKoCcTH OXY, YAOBJIETBOPAIOIINX HepaBeHCTBY f (x)g(x) > 0, ABIAI0TCA
BCE T€ TOYKH 3TO¥ IVIOCKOCTH, It KOTOPHIX yHcaa f(x) u g(x) ogHOro
3HAKa, T.e. BCe T€ TOYKM, KOTOpHIE JIEXXAT BhIIE KAKAOTO M3 rpadpHKOB
y = f(x) u y =g(x) Wiy HiKe KaXX0ro u3 Hux (cM. puc. 5).

F Sgc
x) Y,
_ f0

y= f

f()gh) >0

f)gx) <0
fx)glx) <0

N
\/ f(X)g(x) >0

Puc. 5

Hanee, ecnu pauel rpaduxu yHkuuk y = f(x), y = g(x), y =h(x),
MOXHO 6e3 TpyZa u30o6pa3HTh MHOXECTBO BCEX TaKUX To4dek (x; y) ruioc-
koctu Oxy, YTO, HAlIpuMep,

y<f
y =2 g(x), (cm. puc. 6).
y=zh

Puc. 6



§4.1. MeTtoz obnacreit 141

Cdopmymupyem ans ¢yHkumil, rpaduxy KOTOpBIX HM306pakeHbl Ha
puc. 6, HOByIO 3ajJayy: HaliTH Bce 3HAYEHUA TIapameTpa d, IPH KaXAoM
M3 KOTOPBIX CHCT€MA HEPABEHCTB

a<
az
az

HMeeT XOTA 651 O/IHO pellleHHe, U yKa3aTh PeleHHa CHCTEMH IS KXKA0To
Y3 HalIecHHBIX 3HaYeHMil napamerpa d. Takas ¢OpMyIHMpOBKa Moze-
JIUpYeT B JIOCTAaTOYHO 0OllleM BHAe IMOYTH y00yio 3ajady Ha «METO/
obsacreii». Jlig OTBeTa Ha ITOCTaB/IEHHBIE BOITPOCH YA06HO HCNOIL30BATh
IWOCKOCTh Oxa, H306pasHB Ha Hell MHOXXECTBO BCEX TOYEK, KOOPJH-
HAThl KOTOPHIX YZOBJIETBOPAKOT JaHHON CHUCTEMe, H TaK Ha3HIBAEMYIO
«CYMTHIBAIOLIYIO NPAMYI0» (KaBBIYKHU B JajbHeiimeM 6yneM OITycKaTh),
T. €. IPAMYIO a = ¢ (37eCh ¢ — YH(JI0), MapaJebHy0 ocH aberuce. C mo-
MOIIBIO MAPaI/IEJIbHOTO IMIEPEHOCA 3TOM NMPAMOI JOBOJIBHO MPOCTO Ofpe-
JAEJMTb, KaKHe 3HayeHHA MOXeT NMPpHHMMAaTh IapaMeTp d, U BHIIMCATD
pelleHus CHCTEeMHB! JJIA KaXKAOro M3 3TUX 3HavyeHHH. Ha puc. 7 u3ob-
paXX€HO OZHO M3 BO3MOXXHBIX IOJIOXKEHWH CYMTHIBaIOILEH MpAMOM. J[s

Puc. 7

COOTBETCTBYIOIIEIO 3HAYEHWA ITapaMeTpa pelleHHeM CHCTEMH ABJAeT-
Cs MHOXeCTBO [xy; x5} U [x3; x,], T2 YMCIO X; HAXOAWUTCS KaK KopeHb
ypaBHeHUA h(x) = a, yncIa X3 M X3 — KaK KOPHH ypaBHEHHMA f(x) = a,
4HCIO0 X4 — KaK KOpeHb ypaBHeHHA g(x) =a.

[TepeiizieM K KOHKPETHBIM IIPHUMEPAM.
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ITpumep 1. Ha#TH Bce 3HaYeHHA MapaMeTpa a, Py KaXI0M U3 KOTOPbIX
HepaBeHCTBO arccos(3ax + 1) < arccos(2x +3a — 1) uMmeer xoTs 6B OAHO
peLIeHHe, U yKasaTb pelIeHHs HEpaBEHCTBA I K&KAOro 3Ha4YEHHHA a.

Pemenne. HepaBeHcTBO arccos ! < arccosq BHIIONHAETCA B TOM U TOMB-
KO TOM CJIydae, eIt

4,
-1,
1

N \V \%

[
q
l

(IIepBOEe M3 HEPABEHCTB CHCTEMH CJI€JyeT M3 TOro, ¥TO QyHKIMA y =
= arccost MOHOTOHHO y6piBaeT Ha obsacTy ompeJesieHudA, ABa MOCIEA-
HUX — U3 TOTO, YTO 3Ta GYHKUKA onpejeneHa npy t € [—1; 1], u mepsoro
HepaBeHCTBa cHcTeMbl). TakuM o6pasomM,

3ax+1>2x+3a-1, (Ba—2)x > 3a—2,
2x+3a—12=2 -1, OTKyZ1a x> _%a,
3ax+1<1, ax < 0.

M306pasiM MHOXECTBO BCeX TO4YeK (x;a) IUIOCKOCTH Oxa, ylOBIETBO-
“ 2
pSIIOLIMX TOCTeZHer cucreme. [1d 3TOro 3aMeTHM, 4YTO NpH a> 3 Iep-

2
BO€ HEPABEHCTBO CHCTEMBI ITPHBOAMTCA K BUAY X 2> >1; opu a= 3 Tepsoe
HEPAaBEHCTBO CHCTEMBbI NpUBOAMTCA K BHAY 0-x 2 0 (M ero pereHuem

" 2
sBageTca nroboe HEUCTBUTE/IBHOC ‘-IH(’JIO)' npua< nepBoe HEPABEHCTBO

CHCTEMHI TIPUBOANTCA K BHAY X < 1. Mickomoe MHO}KECTBO MOKAa3aHo IITPH-
XOBKOM Ha pHc. 8. [lna 3amucH oTBeTa yio6HO paccCMaTpHBaTh pasMiHbIE

Puc. 8
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IIOJIOXKEHUA CYMTHIBAIOIIEH NPAMOI a = ¢ (¢ — AeMCTBHTEIBLHOE YHCIO),

" 2 2
napaieabHoit ocr abenmcc. Tpu a < —3 WIK @ > 7 3Ta NpsMas He MMeeT

C 3allTPHXOBaHHOM 061aCThIO HM OAHOH 06wiei Touku. TIpH a = ——g— 3Ta
IIpAMas MMeeT C 3alITPHXOBaHHOM 06JacThi0 €AMHCTBEHHYIO OOGHIYIO
TOYKY, JIEXKAL[y10 Ha IIPAMOM d = —%x (mpu sTom x=1).[lpua e (~ %; 0]
3Ta TpAMas NepeceKaeT 3alUTPMXOBaHHY 06JacTh MO OTPE3KY, JieBHIH

" 2 3
KOHEL| KOTOPOro JIeKHUT Ha MpAMOHN a = —3X (4, 3HaYMT, X = —Ea), a

IpaBblid — Ha npsAMol x = 1. Tlpu a € (O; %] 3Ta NpsAMas IepecekaeT
3aITPHXOBAHHYIO 06JIaCTh IO OTPE3KY, IEBHI KOHEI| KOTOPOTO JIEXHT Ha
MpAMOM a = -—%x (4, 3HaAYHUT, x = —%a), a IpaBbIii — Ha OCH OpAHHAT (M,
3HavMT, x =0).

OTBeT: peuieHHi HET IIpH a € (—oo; —%) U (%, +°°); {1} npu a=—§;

[—%a; 1] MpU a € (—%; O] ; [—%a; O] npu a € (O; %]

3aMeTHM, YTO B NMOAOOHBIX 3a/a4ax s YIIPOILEHHA 3allHCH pereHrH
yZAOGHO BEIpaXXaTh IlepEMEHHYI0 Yepes MapaMeTp U YKas3hiBaTh HaiileHHOe
BbIpa)X€HH€ Ha COOTBETCTBYIOLIEM rpaduKe, Kak 3TO CAEJAHO B HIDKHEH
4acTH puc. 8.

Ilpumep 2. HaiiTy Bce 3HaueHHA NTapaMeTpa a, IPH KaXI0M M3 KOTO-
PBIX CUCTEéMa HepaBeHCTB

a+3x <12,
a+4x > x?,
asx

HMeeT XO0TA 6b1 OZIHO pellleHNe, U YKa3aTh PEIIEHHA CUCTEME] 1A KaXK/I0TO
3HaYeHUA da.
Perrenue. IlpuBeeM JaHHYI0 CHCTEMY K BHY

a< 12-3x,
az>x?—4x,
asx

U ITOCTPOUM B cHCTeMe KoopauHAaT Oxa rpaduiku $yHKIME a =12 — 3x
(npsimMas, npoxozsAman Yepes Touku (4; 0) u (3;3)), a=x2 — 4x (napa-
6ona, BETBM KOTOPOii HaIlpaB/ieHHI BBEPX, C BEPUIMHOHN B Touke (2; —4),
nepecekaronas ocp aberuce B Toukax (0;0) u (4;0)), a=x (psimas,
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npoxoasamas depe3 Touku (0; 0) u (3; 3)). MHOXecTBO BCEX TOYEK (x; a)
wiockoctH Oxa, YAOBJIETBOPSIOIMX JAaHHOH CHCTeMe, NOKaXeM CEphiM
uBerom (cM. puc. 9). Jlna 3am¥icH OTBETA 6yzneM paccMaTpuBaTh pas-

Puc. 9

JIMYHbIE TIONOMKEHHUS CUYMTHIBaKOIIEH TpAMON (ABa TaKHX IIOJIOXKEHMA:
a=a,; ¥ a=d, NOKa3aHL Ha pHC. 9). HpH a< —4 wm a> 3 CYHTHBa-
IOIaA TIpAMAs He MMEET € 3alITPHXOBaHHOM 06/1aCThI0 HM QAHOM obmeit
ToOYKH. [Ipr a = —4 CUMTHBAIOLAA NpsIMas HMEET C 3alTPUXOBaHHOK
06J1aCThIO eJUHCTBEHHYIO 06Iy10 TOYKY — BepuIKHy napabossi (T.e. pe-
IIeHHeM JaHHOM CHCTEMH ABJIAETCA X = 2), ITpH @ =3 3Ta NpAMas HMEET
C 3alUTPUXOBAHHON O6JACTHIO TAKXKE €IMHCTBEHHYIO OOIIyI0 TOUKY —
TOYKy TlepecedeHHs NpAMBIX a = 12 — 3x u a = x (T.e. pelleHreM JaH-
HOII cucTeMHl sBaAerca x = 3). Ilpu a € (—4; 0] cuurThBalomas npAMas
repeceKaer BaIIITpIrIXOBaHHy}O 061aCTh 10 OTpE3KY, KOHIB KOTOPOro
Jexar Ha mapabone a = x* — 4x. B atroM c.nyqae JIEBHIN KOHel| OTpe3Ka
SIBJIAETCS MEHbIINM KOpHeM ypaBHeHHUsA x? — 4x — a = 0 (3TOT KOpEHb
paBeH 2 — va-+4), a npappiii — 60JBIIXM KOPHEM 3TOrC YpaBHEHUA (oH
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paBseH 2 + va+4). Ilpu a € (0; 3] cuuThiBalomas mpsmMasi repeceKkaet
3aIITPHXOBaHHYIO 00J1aCTh IO OTPE3KY, JIEBBIil KOHEel] KOTOPOTo NEKHUT Ha
NMpsAMOii a = x (M, 3HAYUT, X =a), a IpaBblii — Ha nmpsAMoi a=12— 3x (u,

12—a
3HAYMT, X = ~—3 ).

OTBeT: pelieHui HeT IpH a € (—; —4) U (3; +); x=2 npu a=—4;

x=3 npu a=3; x€[2—+va+4; 2++Va+4] npuac(— 40],xe[ 123 a]

ipu a € (0; 3].

IIpumep 3. HaliTy BCce 3HaYeHUA IapaMeTpa a, IPH KaKJOM H3 KO-
TOPBIX XOTA 6bl OZHO pellleHHe HepaBeHCTBa x +a+|x —a—1}+1<3x
IIpUHAANEeKUT oTpe3ky [0; 1].

Pewrenue. [leperunieM HepapeHCTBO B BHAe |x—a—1|{<3x—x*—a—1
M BOCIIOJNB3yeMCA TeM, 4YTO |[p| < ¢ B TOM M TOJIBKO TOM Cjy4ae, eC/d
—g<p<q,T.e. ecnu

2

{péq,
p=z—q.
[NonyyrM cHCTEMY HEpPaBEHCTB
x—a—1<3x—-x%?—a-1, x(x—2)K0
OTKyza 2
x—a—12>-3x+x*+a+1, vA as—%—+2x—l.

MHo)@ecTBOM BCexX To4eK (x;a) wioCKoCctn Oxa, KOOpAMHATE KOTOPHIX
YAIOBJIETBOPAKOT HepaBeHCTBY X (x — 2) < 0, AB/AEeTCs I0J10Ca, 3aK/II0UY€eH-
HasA MeXAy NpAMBIMH X =0 1 X =2 (BKJII0Yas 3TH NpAMBIE). MHOXECTBOM

BCex To4eK (x; @) TWIockocTH Oxa, KOOPAHWHATH KOTOPHIX YIOBIE€TBOPSIOT
2

2
X x
HEPaBEHCTBY A< — 5 + 2x — 1, saBnsercsa napabosna a = -5+ 2x—1m
YacCTh IUTOCKOCTH, PacIojIOKeHHasa HIDKe 3Tol mapabosnsl (cM. puc. 10).

1
11—

10 E3 2014. Marematuka. 3agava (5
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CucTeMa HepaBeHCTB
x(x—2) <0,
xz
a< -5 +2x—1

uMeeT XOTs 6B of/HO pereHHe Ha orpeske [0; 1] ToNBKO B TOM CiTyuae,
ecnd a < 0,5.
OtBeT: ae (—w; 0,5].

Yopaxuenns x §4.1

1. a) HaiizuTe Bce 3HaYeHHUA MMapaMeTpa a, IpH KaOKIOM H3 KOTOPHIX
CHCTEeMa HEpaBEHCTB

a<x+3,
a+2x 212,
3a>x+1

HMEET XOTsI 6B OZIHO pellleHHe, H YKaKUTE pelleHHA CHCTEMBI IS KOKIO-
ro 3Ha4yeHUs a.

6) Hailmute Bce 3HaYeHHUA ITapaMeTpa a, IIPH KKAOM H3 KOTOPBIX CH-
cTeMa HepaBE€HCTB

2a+x <15,
3a > 2x+5,
a<3x+18

HMMeeT XOTs 6Bl OTHO pellleHHe, H YKaKUTE peLIeH|A CUCTEMBI 1A KaXKAO-
ro 3Ha4YeHu d.

2. a) Haiizute Bce 3Ha4YeHUdA napaMerpa d, MPHA KKJOM M3 KOTODhIX
HepaBeHCTBO arccos(ax — a+ 1) <arccos(2x +a — 3) UMeeT XoTA OBl OIHO
peLIeHre, U YKKUTe pellleHHs HepaBeHCTBa /ISl KaXXI0ro 3HaYEeHHUs a.

6) HaiiauTe Bce 3HaueHHA mapaMeTpa a, IPH KaXAOM M3 KOTOPBIX
HepaBeHCTBO arcsin(ax +a+ 1) > arcsin(2x +a + 1) nmeet xo1A 661 OAHO
peleHHe, U YKOKUTE pellleHHs HepaBeHCTBa I KaXK/J0ro 3Ha4eHu a.

3. a) Haiizure Bce 3HaYeHHA IapaMeTpa d, MPH KaXJOM M3 KOTODBHIX
HepaBeHCTBO arcsin{ax+2a+1)+arccos(2x+-a+3) 2% UMeeT XOoTd 651 01-
HO pellleH’e, H YKOKHUTE pellleHUs HepaBeHCTBA /1A KaXKA0ro 3HaYeHHA 4.

6) HaiiguTe BCe 3HaYeHNA ITapaMeTpa a, ITPH KaXKJO0M M3 KOTOPHIX Hepa-

. Y[9
BeHCTBO arccos(ax—2a+1)+arcsin(2x+a—5) < 5 HMeeT XOTA OBI O/THO
pelieHHe, H YKAKUTE pellleHHs HepaBeHCTBa JJIA KaXX0ro 3HaYeHus a.
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4. a) HaijguTe Bce 3HaYeHUA NTapaMeTpa d, IPY KaXJ0M K3 KOTOPHIX
CHCTeMAa HEPABEHCTB

2a+3x < 24,
2a+8x > x?,
2a<x

HMeeT XOTA 6Bl OZHO pelleHHe, U YKaOKUTe pellieHHUA CUCTEMBI I KKI0-
ro 3Ha4yeHuA a.
6) Haligute BCe 3HaYeHUA mapaMeTpa a, MPH KaXXAOM M3 KOTOPHIX CH-
CTeMa HepaBEeHCTB
at+x <12,

9a+12x > x2,
3a<x

MMeeT XOTA OBl OJHO pelnieHHe, U YKaXHUTe pellleHHA CUCTEMBI JJ1s1 KaKJ0-
ro 3Ha4YeHHA d.

5. a) Haligure Bce 3Ha4YyeHHA ITapaMeTpa a, IIPH KaXKJ0M M3 KOTOPBIX
XOTs 6Bl OZIHO pelLIeHHe HepaBeHCTBA x? + |x +a— 3|+ 5< 5x + a npu-
HaJJIeXXUT OoTpesky [1; 2].

6) Haliaure BCe 3HadyeHUA ITapaMeTpa a, IpH K&XJ0M U3 KOTOPBIX XOTA
611 OZIHO pelIeHne HepaBeHCTBa 6x > 2x% +a + |2x — a — 2| + 2 npunazie-
YXMUT oTpe3ky [—1; O].

6. a) Haiiaute BCe 3HaYeHUs IMapaMeTpa a, IIpH KaKIOM K3 KOTOPbIX
cymecTsyeT Xota 661 ogHO uMcao x € (1; 2), He ABAAIOLICEC peleHHeM
HEPaBEeHCTBa

a++va?-2ax+x% < 3x—x%

6) Hafligute Bce 3HaueHHA mapaMeTrpa a, MPH KAKJOM M3 KOTOPHIX Cy-
HIECTBYeT XOTA 6Bl OHO YHUCIO X € (—2; 1), He ABAAIONIEEC pelIeHHEM
HepaBeHCTBa

252 +6x+a+ Va2 +4ax +4x? < 0.

7. a) Haltaure Bce 3Ha4eHUA MapaMeTpa a, NPU KAKAOM M3 KOTOPBIX
CHCTEMA HEpaBEHCTB

7a+6x > x2,

a < vx,
3a+x <10

UMeeT XOTA 6Bl OAHO pEHICHHE, U YKaXKUTE PEHICHWA CUCTEMHI VT KaXKJ0-
o 3Havu€HHA a.

10°
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6) Haiiaute BCce 3Ha4eHUA napaMeTpa a, MpH KaXXJ0M U3 KOTOPHIX CH-
cTeMa HEPABEHCTB
3a+2x > x?,

a < 2/x,
2a4+x <5

HMeeT XOTs 6B OIHO pellIeHHe, H YKaXUTe PelIeHUA CUCTEMBI JJIs1 KaXX/o-
ro 3HaYeHHA d.
8. a) Haliqure Bce 3HaYeHMA MapamMeTpa a, IpU KOKJOM M3 KOTOPHIX
cUCTeMa HepaBeHCTB
I2x - aI "-<-. 4,
a+4 > x?

HMeeT XOTsA 6Bl OfHO pellleHre, ¥ YKaKUTE pellleHus CUCTEeMBI I KaXJ0-
ro 3Ha4Y€HUA a.
6) HaiizuTe BCe 3HaYeHUs napaMeTpa a, [IPH KaX/J0M M3 KOTOPbIX CH-
CcTeMa HepaBEeHCTB
I3x+a| €9,
a+x?<9

UMeeT XOTA 6Bl O/JHO pelleHre, H YKKHATE PEIIeHUA CUCTEMBI I KaXK0-
ro 3Ha4Y€eHUs a.

9. a) Haligure Bce 3HaYeHUA nmapaMeTpa a, IIpH KaXJOM H3 KOTOPHIX
HEpaBeHCTBO (a + 4x — x%)(a — x) <0 umMeer xoTa 6B OZHO peLIeHHE, H
YKa)KHTe pelieHHsa HepaBeHCTBa I KaXKJOro 3Ha4eHHUA da.

6) Haiizute BCe 3HaYeHUA NapaMeTpa a, IPH KAXKJOM M3 KOTOPHIX
HepaBeHCTBO (a -+ 6x -+ x%)(a + x) <0 umeeT XoTs 6B OHO peEllEHKE, U
YKQKHTE peuleHHs HepaBeHCTBa I KaKJOTo 3HaYeHHA d.

10. a) Haliaure BCe 3HaYeHUA NapaMeTpa d, IIPH KaXKJOM M3 KOTOPhIX

CHCTEMAa HEPABEHCTB
a<y/25-x2,
(4a—3x)(3a+4x) =0

HMeeT XOTA OB OIHO pellleHHe, H YKOXUTe PeLIeHHA CHCTEMBI A KaXJ0-
ro 3HaYeHUA a.

6) Halinure BCe 3HaYeHUs napaMmeTpa a, IpU KaKJI0OM U3 KOTOPBIX CH-
cTeMa HEPAaBEeHCTB

a+1/169—x% >0,
(5a—12x)(12a+5x) <0

HMeeT XOTS 6B OIHO peUI€EHHE, U YKAOKHUTE PEHIEHHMA CHUCTEMBI JIJTA KaX40-
'O 3HauYCHHA a.



§4.2. [Ipeo6pazopaHus rpadpuKoB 149

§4.2. IpeoOGpa3oBaHua rpapUKOB

[lepeiizeM Tenepy K 3aa4aM, CylleCTBEHHOH 4acThiO peuleHHsa KOTo-
PHIX SIBJIAETCA TIOCTPOEHHE rpadrika HEKOTOpoM QyHKIHH, B TOM 4YHCe
P IIOMOUIM 3/IeMEHTapHEIX npeo6pa3oBaHuii rpadyKa H3BECTHON QYHK-
M. Jlaxe ecii npeobpa3oBaHusA rpadgpuKoB paHee He H3Y4alHCh, MOHATD,
KaK OHM «yCTPOEHBI» H «paboTaloT», MOXHO, 3ajiaBas cebe JIOBOJIBHO OYe-
BHHBIE BOIIPOCH M OTBEYast HA HUX.

Hanpumep, kak W3 rpaduka ¢yHkuuM y = f(Xx) NOIy4UTh rpaduk
dyukuuu y = f(x) +b? OTBeT Ha 3TOT BONPOC AOCTATOYHO IIPOCT: €C/H
abCiMCcCH TOYEK 3THX rpadHKOB OAWHAKOBHI, TO COOTBETCTBYIOLIHE MM
OpAMHATEH oIM4aloTca Ha |b|. [oaTomy

* zpaux Pynkyuu y = f(x) + b nonyuaemca u3 epaguxka gynkyuu
y = f(x) napaneasHbim nepeHocom 0anHozo zpaduxa edoas ocu Oy
Ha |b| edunuy ssepx (ecau b>0) wnu enus (ecau b<0) (cm. puc. 1).

Yy y=f(x)+b,b>0

C\K y=f

T~
70

N

it}

X
y=fx)+b,b<0

3w

Puc. 1

A kak u3 rpaduka Pyaxuna y = f(x) nomyuuTh rpapuk GyHKUMH
y = f(x —a)? OTBeT Ha 3TOT BOIIPOC TaKXKe HE CJMIIKOM CJIOXKEH: €C/IH
OpAMHATHl TOYEK 3THX IpadMKOB OJMHAKOBE, TO COOTBETCTBYIOLLHE MM
abcrpcch oMIHYaloTcs Ha |al. [ToatoMy

e epapux ynkyuu y = f(x — a) nonyuaemca us epaduxa @yHkyuu
y = f(x) napainenvHuiM nepeHocom 0axHozo zpaguxa edonb ocu Ox
na la| edunuy enpaeo (npu a > 0), wiu anego (npu a < 0) (cM. pHc. 2).

5 lal lal A\
IN— /1,

VEARVERVA

y=f(x—a),a<0 y=f(x) y=f(x—a),a>0

Puc. 2
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Tenneps MOXHO caenaTh cieAyiomMii BHIBOA: rpaduK PyHKIHM y =
= f(x — a) + b mony4aerca nocsefoBaTeNbHBIMH Napal/Ie/ILHEIMHU T1€pe-
HocaMM r'paduka ¢yHKuMH Y = f(x) Ha |a| eguuui| BAoab oc Ox U Ha
|b| eannu Bomb oc Ox. 3aMETHM, YTO TAKOe IpeobpasoBaHHE MOXHO
omycaTh kopoye: rpadpuk GyHKINHK y = f(x —a) + b nonyyaeTcs cABKTOM
(napasiebHEIM 1IepeHocOM) rpaduka GyHKUMH y = f(Xx) Ha BeKTOp
T(a; b) (cM. puc. 3a; 3aecs a> 0 u b > 0). Jlna AanbHeHuIero BaxXHo, YyTo
U rpa¢uk ypaBHeHus f(x — a;y —b) =0 mony4aerca casuroM (mapas-
JieJIbHBEIM ITepeHoCcoM) rpaduka ypaBHeHus f(x; y) =0 Ha BeKTop I(a; b)
(cm. puc. 36; 3gech a >0 u b > 0). HarmoMHUM, YTO rpa¢KOM YpaBHEHHA
f (x; ¥) =0 Ha3bBaIOT MHOXECTBO BCeX TodeK (x; y) mwiockocTd Oxy, ans
KaKJ0# 13 KOTophIX f(x; y)=0.

yn

0
y=f(x)

a)
YV fx—a,y-b)=0

y=f(x—a)+b

[
S

b,b>0
/_\\/ a,a>0 _
0 X
flx,y)=0

6)
Puc. 3
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OTBeTHM Temephb Ha CJEeAyIOLIMHA BOMpPOC: Kak U3 rpadpuxa ¢QyHK-

uuH y = f(x) nomxy4yuTts, HanpuMep, rpa¢uk GyHKIHUU y = f (%x) WM
y = f(2x)? U 3gech HaM MOMOr'YT AOCTATOYHO IPOCTHIE PaCCYXIEHMHA.
B camom aene, ecnn opamHaTH Touyek rpadukoB GYHKuMH y = f(x),

1
y=f (ix) M y = f(2x) OAHMHAKOBHI, TO COOTBETCTBYIOLIHE UM abcicchl

TOYeK rpadpuka y = f (%x) B/BOe Gosblile, a Touek rpadpuka y = f(2x)
BABOe MeHbIIe, yem abcupcchl Touek rpaduka y = f(x). [lostomy Ana
TOro, yToOH M3 rpaduka GyHkuuu y = f(x) noayuuTs rpaduk GyHKIMH
y=f (%x), HY)KHO AaHHBIH rpadHK «pacTAHYThL» B /iBa pa3a BAOJb OCH
abcupcce (MHOIZA B TAKMX CJIydasdX TOBOPAT O pacTHKeHHMH rpadHka OT
ocd Oy). AHAJIOTHYHO JJIA TOro, YTo6H M3 rpadpuka yHKUuM y = f(xX)
NMoAyYuTh rpaduk GyHKIMH y = f(2X), Hy)KHO ZaHHBIN rpadHK «OKaTh» B
ZIBa pasa BA0Jb OCH abcipce (MHOrJa B TaKUX CIy4asx TOBOPAT O CKaTHH
rpaduka k ocu Oy).
Boobiie,

* dna nocmpoenus 2paguka gynxyuu y = f(kx) npu k>0, k# 1 nado
pacmanyms epadux gyrkyuu y = f(x) e k pas edoab ocu abeyucc. Ipu
3ToM ecau k > 1, TO 4aCcTO rOBOPAT HE O pPacTsDKEHMH, a O CKaTHH
rpaduka (cM. puc. 4a, 46).

y = f(kx),
O0<k<«l1

y = fx)

a)

ANAWAWAYSNS

6)
Puc. 4
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AHaNoruyHo, paccMaTpuBas rpadpuku GyHKIMN y = f(x} u y =c- f(x),
MOXHO CAEJIaTh CAeLyIoIHUH BEIBO;:

* 0na nocmpoexus 2paguxa gynkyuu y =c- f(x) npu ¢>0, c#1 nado
pacmaryms 2paguk gyukyuu y = f(x) 8 ¢ pas edonb ocu opduHam.
Ipu aTOoM ec/M ¢ < 1, TO YACTO TOBOPAT He O paCTsHKEHHH, a O OKaTHH
rpadrka (cM. pHc. 5a, 56).

Yi

A AL
NS

y=f(x)

O0<ecx1
a)
Y\
AA A
[} 0 Yo x
Y =¢f (x),
c>1
6)
Puc. 5

ITpy M3y4eHHH AByX NOCKeJHUX Mpeobpa3oranuii rpa¢rkoB QyHKIMIT
K03GGHIMEHTH pacTsDkeHHs (B HEKOTOpPHIX yueOHMKax M nocobuax Bce
Takyhe NMpeobpaszoBaHKMA Has3hIBAIOT CKAaTHEM) K M ¢ CYUTAIHCH TOJOXKH-
TeJbHBIMK. J1/1A TOrO YTO6H YMeTh CTPOMTS rpadMKU M B TOM ClIydae, ec-
s 3TH KO3QPHIMEHTH OTPHLIATE/IbHBI, PaCCMOTPHM, C MMOMOILBIO KAKHX
npeobpazoBaHiit MOXXHO M3 rpadrka ¢yHkimH y = f(X) NMOIYIMTE rpa-
¢uxu QyHKUME y = f(—x) 1 y = —f(x). Ecym abcupcerl Touek rpadu-
kOB yHKIHI ¥ = f(x) H y = f(—Xx) paBHBH N0 aGCOMOTHON BeJIHMYHHe
M UMEKT MPOTHBOIIONOXHBIE 3HAKH, TO COOTBETCTBYIOIIME MM OpAMHATEHI
ONMHAKOBBL. 3HAYMT, rpadHKH 3THX GYyHKIMH CUMMETPHYHB OTHOCHTEJb-
HO ocH opauHaT. Ecmm abciucch Toyek rpadukoB ¢yHkimil y = f(x) u
y = —f(x) paBHH, TO COOTBETCTBYIOLIHE MM OpAMHATH paBHHI 1O abco-
JIOTHOM BeJIMYMHE M MMEIOT NTPOTHBOIONIOMXKHEIE 3HAKU. 3HAYUT, rpaduKu
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3TUX QPYHKIUH CHMMETPUYHE OTHOCUTEIBHO ocH abcuuce. Tenepb MOXHO
c$OpMy/IHPOBaTh ITPaBHUIO:

* 0na nocmpoenus zpaduxa ynkyuu y = f(—x) Hado 3epkaibHO Om-
pasums epagux ¢dynkyuu y = f(x) omHocumensHo ocu opduHam
(cM. puc. 6a); ona nocmpoerus 2paguxa dynkyuu y = —f(x) Hado
3epkanbHo ompa3ums 2paguxk gynkyuu y = f(x) omHocumensHo ocu
abeyucc (cM. puc. 66).

Y4 y

L\
A

y=f() y = f(x) y=-f()
a) 0)

\

=Y

Puc. 6
C nmomomnipio nocjaeAoBaTeNbHEIX NpeobpasopaHmii rpadpHKOB MOX-

HO M3 rpadpmka ¢yHkHH y = f(x) nonyuuth rpaduk QyHKUMH y =
=c- f(kx+1) + b. PaccMOTpHM BO3MOXXHYIO MOCJI€AOBATEIbHOCTb TAaKHUX
npeo6pa3oBaHui.

1. IlpeacTaBnasieM HCKOMYIO GYHKIHIO B BUAEe y=c: f (k(x+a))+b. s
3TOTO HY>XHO BEIHeCTH KO3QdiineHT k 3a cCKOOKY: y=c: f (k (x+%) ) +b

l
H 0603HaYMTD % depes a.

2. Ctpoum rpadmk dyHkimn y = p, (x), rae p,(x) = f(kx).
3. Crpoum rpaduk GyHKUMH y = p,(x), rAe

p2(x) = py(x+a) = f(k(x+a)).
4. Ctpoum rpadpuk yHKIMH Y = p3(x), rie
p3(x) = c-p,(x) = c- f(k(x+a)).
5. Ctpoum rpadpuk yHKIMH y = p,(x), tA€e
Pa(xX) = p3(x)+b=c- f(k(x+a))+b.

ObpaTvM BHMMAaHHE Ha TO, YTO NMYHKTH 2, 3, 4 JaHHOTO aJropuTMa
MOX@HO BEITIOJHATE B JII060M noc/efoBaTelbHOCTH. Kpome TOro, eci Ko-
3¢ PHUIIHEHTH! pacTsHKeHHA k ¥ ¢ OTPHLIATEIbHEL, TO B ITYHKTaX 2 K 4 HY)KHO



154 I'nasa 4. I'paduyeckye MHTEpIIpeTALHHU

CHa4asia BHIIOJIHUTE pacTsDkeHue B |k| win B |c| pas BJomb COOTBETCTBYIO-
el OCH, a 3aTeM 3epKaJbHO OTPAa3HTb OTHOCHTENBHO APYroi ocH Mouy-
YEHHEHIH ITOC/IEe PACTXXEHHA rpadHK.

JonomHmM cnMcok npeobpasoBaHuii rpadHKoB QYHKIHMH elle ABYMA
npeobpa3oBaHuAMY, CBA3AHHBIMH C IOCTPOEHHMEM IpadUKOB QyHKIHIH
y=|f(x)| n y = f(Ix]) mpu ycnopum, yto rpadpuk yHxmmm y = f(x)
3ajaH. PaccMOoTpuM mnocrpoeHre rpadpuka ¢GyHKIuH y = f(|x|). Ipu
x > 0 rpaduk 3TOH $yHKUMK coBnajaeT ¢ rpadpukoM PyHkimm y = f(x),
MOCKONBKY B 3TOM ciy4ae [x|=x. [Ipu x <0 uckoMblii rpaduk coBnazaeT
¢ rpapukoM PyHKUMH y = f(—X), MOCKONABKY B 3TOM caydae |x| = —x.
Moatomy 1A NOCTpoOeHUA McKoMoro rpadHka npu X < 0 Hy)KHO 3epKajb-
HO OTpa3sHThb OTHOCHMTENBHO OCHM OpPAMHAT TY 4acThb rpaduka yHKIMM
Y = f(x), pna xoTopoii x > 0 (cM. puc. 7a, 70).

/\\//7 \/\yV\

r=fo VAR VA
y = f(xD
a) 6)
Puc. 7

Ina noctpoenus rpaduka GyHkipH y = |f(x)| AOCTaTOUHO 3aMETHTB,
4TO 1pH f (x) > O OH coBnazaeT ¢ rpa¢pukoM ¢yHkiuM y = f(x) (IMOCKOIb-
Ky B 3ToM ciy4ae | f (x)|= f(x)), a mpu f (x) <0 opayHaTH TOYeK rpadHka
y =|f(x)| paBus! oparHaTam COOTBETCTBYIOIMX Touek rpadrka y = f(x)
1o abCOMOTHOH BeJIMYHMHE, HO MPOTUBOIIONOXHH IO 3HaKy. [103TOMY rpa-

e L=

Y
/ Y
0 _
X
ol x
y=£0) y =1fl
a) 6)

Puc. 8
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¢uk dynkuun y = | f (x)| MoxHO momy4yuTs 13 rpadpuka GyHkiH y = f(x),
3€pKaJIbHO OTpa3HB OTHOCHTENBHO OCH abcCljyice Te ero 4acTH, KOTOpble
pacronOKeHbl HIDKE 3TOM OCH, 1 ocTaBMB 6e3 M3MeHeHMs YacTH, paclio-
JIOXKEeHHBIE BhIIlle OCH (CM. pHc. 8a, 80).

IpuBeaeM cBoAHYIO Tabnuily npeobpasoBaHmii rpadHKOE.

y=f)+b IMapanenbHEl# nepeHoc rpaduka GyHKUMH y = f(x)
Baoab ocu Oy Ha |b| egunvi; peepx (npu b > 0) wm
BHU3 (pu b < 0)

y=flx—a) Mapaanensubiil nepeHoc rpaduxa GyHkuMHM y = f(x)
BAOMEL ocH Ox Ha |a| eavnul Baopaso (npu a > 0) wiK
BJeBo (rnpu a < 0)

y = f(kx), k>0 | PactaxeHue (oxarue) rpaduka QyHKIMHU y = f(x) B
k pa3 Baonb ocu Ox

y=c-f(x), ¢>0 | PactsxeHue (cxkaTue) rpaduka $yHkiuu y = f(x) B
¢ pas Baonb ocu Oy

y = f(—x) Cummerpua rpaduka GyHkuuu y = f(x) OTHOCHTEb-
HO ocu Oy

y =—f(x) CummeTpus rpaduka QyHKIMH Y = f(X) OTHOCUTENb-
HO ocn Ox

y = f(x]) CuMMeTpHA OTHOCHTENBHO ocu Oy 4YacTH rpaduka

byakumu y = f(x), pacronoxeHHOI B NpaBoii KOOp-
AVHATHOM TIONYTUIOCKOCTH: MPH 3TOM 4acTh rpaduka
$ynkuuu y = f(x), pacronoxeHHas B MpaBoil KoOp-
AUHATHOM MOMYTUIOCKOCTH, COXpaHAETCs, a ero 4acTh,
pacnoioXKeHHas B JIE€BOM KOOPIUHATHOM TONYTUIOCKO-
CTH, orOpackiBaeTca

y = | f(x)| CuMMeTpusi OTHOCUTENBHO OcH Ox 4YacTH rpadmia
$yHkuMH y = f(x), pacnonckeHHoH B HIDKHEH Koop-
AVHATHOM TOMYTUIOCKOCTH: MpM 3TOM YacTh rpaduka
$yHkumu y = f(x), pacronoxeHHas B BepXHeH Koop-
AVHATHOH MOJYIUIOCKOCTH, COXpaHAeTCs, a ero 4acTh,
pacno/JoXeHHas! B HIDKHEH KOODAMHATHOM MOJYTLIOC-
KOCTH, oTOpachBaeTcs

INonw3aysick aToii Tabnuieil, MOXHO CTPOUTH rpadMKH bojiee CIOKHBIX
byuxuil. Tak, 414 nocrpoenuns rpadrka yuximn y = | f (|x])| Hy»xHO nO-
CTPOMTE CHayaja rpaduk ¢yuxkimu y = f (|x|), a 3aTem Ty ero 4acTp, ko-
TOpast JIEXXUT HIbKe ocH Ox, OTPasHTh CHMMETPHUYHO OTHOCUTE/BHO 3TOH
OCH.

PaccMOTpHM HECKONIBKO XapaKTEPHBIX 3a/1a4 3TOH I'pYTIIHL.
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INpumep 1. HaiiTh BCe 3Ha4YeHMs NapaMeTpa a, IIpH KOXI0M H3 KOTOPBIX

ypaBHEHME ax + \/ 3 — 2x — x2 =44 + 2 ¥MeeT eIMHCTBEHHBIH KOPEHb.
Pewenue. IlepemnuilieM ypaBHeHHE B BUAE 4/ 3—2x—x?=—ax+4a+2
¥ paccMOTpuM rpaduku QyHKIHE y = \/ 3-2x—x?uy=—ax+4a+2.

ITockonbky mnpaBas 4acTb GOpMY/BL y = \/ 3 —2x —x? HeoTpHIIaTe/bHa,
JIeBas ee yacTb TOXe He MO)keT ObITh OTpHLaTe/IbHOM. [103TOMY

y2=3-2x-x2
yz20,

(x+1)*+y* =4,

OTKyZAa {y >o0.

3HauHT, rpadpmKoM QyHKIHH y = \/ 3 — 2x — x? AB/sIETCA Ta YaCTh OKPYX-
HocTH (x + 1)?2 + y? = 4, opaMHATH TOYeK KOTOpOH HEOTPHIIATE/BHEL,
T. €. IOIYOKPYXXHOCTh pajiryca 2 ¢ eHTpOM B Touke (—1; 0), pacronoxes-
Has He HIbKe ocH abcipce. 3Ta MoAyoKPYKHOCTh HMeET C Ochio abeumce
obume Touxu A(—3; 0) u B(1; 0). 'padpykoM yHKUMH ¥y = —ax +4a+2
AB/AETCA TMpAMas. 3aMeTHM, YTO ¥y = —a(x — 4) + 2 ¥ ecJiM x = 4, TO
y = 2 BHe 3aBHCMMOCTH OT 3HayeHHMH mnapamertpa. IlosToMy mnpsAmMasd
y =—ax + 4a + 2 npu /mro60M 3HayeHHH NapaMeTpa [MPOXOAUT Yyepes ToY-
Ky M(4; 2). JlaHHOe ypaBHEHHEe MMeeT €JHHCTBEHHBIH KOPEHb TOJIBKO B
TOM CJIy4ae, KOr/ia 3Ta IpsiMast UMEe€eT C NMOJIyOKPY>XHOCTBIO € IHHCTBEHHYIO
oburyo Touky. ITociiezHee BO3MOXKHO, €C/H 3Ta NpsAMas KacaeTcd IOTy-
OKPYXHOCTH JTH6O0 pacronoxeHa Mexy npaMeiMi MA 1 MB (cm. puc. 9)
TaK, YTO ee ymioBoH koaddunueHT —a € (a;; a,l, e a; u a, — ymio-
Bole kO3¢duiMeHTH NpaMeIx MA M MB cOOTBETCTBEHHO. IIOCKOIBKY
Haubonee yjajieHHas OT OCH abCIHCC TOYKa NMOIyOKpPYXKHOCTH C HMeeT
Ty XK€ OpAMHATY, YTO M TOuKa M, mpsMas MC, mapaireibHast ocH abc-

|

(4; 2)

A

/

2
=y

yl
¢
]
1
o
0

Puc. 9
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uuce, OyaeT KacaTelbHOM K MONYOKPY>KHOCTH. B 3TOM ciiydae a =0. Haii-
AeM Tenepb a; H d,. Ilockonbky Touka A(—3; 0) npUHAAIEXUT PAMOiL
Yy =—ax+4a+2, ee KOOPAMHATH YAOBJETBOPAIOT YPABHEHHIO 3TOMH IIps-

moii. [Toatomy 0=3a+4a+2, oTkyza a:—%—. Takum obpasoM, a; = -‘;i Ilo-

CKONBKY TOYKa B(1; 0) npuHaanexuT npaMoi y =—ax +4a+2, ee Koopau-
HATHl YIOBJIETBOPAIOT YpaBHEHHIO 3TOM NpAMoii. IToatoMy O=—a+4a+2,

OTKyAa a = —%- Takum obpazom, a, = % 3HauMT, —da € (a;; a,], ecym
2 2 2 2
7<—ag—§, OTKyZa -3 ga<—7.

OteeTt: {O} U [—%; —%)

3ameyanue. O6paTm BHHMMaHHE Ha TO, YTO IpH BHIGOpEe GYHKIMIT
B TaKHX 3ajlayax LieecooOpasHO pyKOBOACTBOBATBbCA CIEAYIOMMM IIpa-
BWIOM (pa3symeeTcs, B Te€X 3ajiayax, IZie 3TO BO3MOXXHO): rpadMK oJHOM
u3 byHxkuMi He AO/DKEH 3aBUCETh OT NapaMerpa. Kpome Toro, yacto B
PeIIEeHHH TaKHX 3a/lay yJaeTcs CYILIEeCTBEHHO MpPOABHHYTHCH, IpoOaHa-
JIM3MPOBaB (YHKIMIO, 3aBUCAIYI0 OT INapaMeTpa, ¥ HaliJsd Kakoe-TO
ee obulee A1 BCeX 3HaYeHMI mapameTpa CBOHCTBO. B pacCMOTpeHHOM
NMpHMEpPe TaKUM CBOMCTBOM SIB/IsUIach NMPHHAIEXKHOCTh TOUKU M(4;2)
rpadpuKy yHKIMM IpH JIOOOM 3HayeHMHM napamerpa. B ciegyromeit
3aZlaye TAKHM CBOMCTBOM ABJIS€TCS NPHHAJNEXHOCTh BEpHIMHBI YyIVa
HEKOTOPOH PHKCHPOBAHHOH IPAMOIA.

IIpuMmep 2. HaiiTH BCe 3HaueHUA NapaMeTpa d, P KaXXAOM H3 KOTO-
PhIX ypaBHeHHe |x? +2x — 3| — 2a=|x — a| + 3 uMeeT poBHO TPH pas/uy-
HBIX KOPHS.

Peitenue. llepenuieM aganHoe ypaBHeHHE B BHJe

|x*+2x—3| = |x—al+2a+3

¥ paccMOTPHM rpadmky ¢yuxamit y = |x? +2x —3| 1 y =|x —a|+ 2a + 3.
I'padvk ynxumu y = [x? + 2x — 3| mony4aercs u3 rpaduka GyHKUMH
y =x%* 4+ 2x — 3 (310 mapabona, BeTBM KOTOPOii HalpaBjeHH BBEPX,
BepLIMHAa HMeeT koopAuHaTH (—1; —4), ToukaMH mnepeceyeHHs Iapa-
6o/bl ¢ ocamu koopauHaT aeiasroTes (1;0), (—3;0), (0; —3)) ¢ momo-
IIbIO 3€PKANbHOrO OTpaXkeHU (CHMMeTPHH) OTHOCHTENBHO OcH abcice
4aCTH napabonbl, pacloONOKeHHOH HkKe 3TOH Ocu. ['paduk yHKUMHM
Y =|x — a| + 2a + 3 nonyyaerca us rpadpuxa PyHKuMH y = |x| (aTOT
rpaduk npeacTaBageT co6OH MpAMOMH yrosn ¢ BepiiHMHON B Touke (O;0)
H CTOpPOHaMH, JIeXKalllMMH Ha NPAMBIX ¥ = X H Yy = —X BEIIIEe OCH abc-
I[MCC) Mapa/lebHBIM NIepeHOCOM Ha BEKTOP T(a; 2a + 3). Takum obpa-
30M, rpad¢mkom dyHKaMM Yy = |x — a| + 2a + 3 ABAgeTcs NpAMOMH yroa ¢
BEpIIHMHOH B TouKe (Xo; ¥o), TAE Xo =4, Yo = 2a + 3. U3 AByX nocries-
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HUX $OpMYyN clieAyeT, YTO Y, = 2x, + 3. CleaoBaTe/IbHO, BEPHIHA YIJIa
y =|x — a| + 2a + 3 nexuT Ha npsaMoH y = 2x + 3, a He ABJIAETCA MPO-
HM3BOJIBHOM TOYKOH IUIOCKOCTH. JlaHHOe ypaBHeHHE HMMEET pOBHO TpH
pasJIMYHBEIX KOpHA, ecyH rpadpuxu GyHKIuH HMMET POBHO TPy oblie
TOYKH, YTO BO3MOXXHO TONABKO B JABYX CJydasax: COOTBETCTBYIOIIHE IIO-
JOXKeHua yma y = |x — a| + 2a + 3 ana 3Tux ciaydaeB obO3HayeHbl Ha
puc. 10 pudpamu (1) 1 (2). B caygae (1) cropona ymia y =|x —al+2a+3

Puc. 10

KacaeTcs napabonsl y = [x2 + 2x — 3| B Touke, JieXkalleii Ha OTPayKeHHOM
y4dacTke napabonsl y =x2 + 2x — 3 (orcrona |x% + 2x — 3| =—x*—2x+3)
JileBee BEpLIMHEI yIJIa, T.€. B TOYKe, abcumcca KOTOpOM MeHbite a (OT-
ciofia |x —a| = —x + a). KacaHnve O3HayaeT, YTO KBaJpaTHOE ypaBHEHHE
—x2 —2x+3=—-x+a+2a + 3 »MeeT eAHHCTBEHHBI KOpP€EHB, T.€. YTO
€ro AUCKPHMHHAHT paBeH Hy/0. [IpuBejeM ypaBHeHHe K CTaHAApTHOMY
BuAy x2 + x +3a =0 u, npupaBHAB AUCKpUMHHAHT D =1 — 12a K Hy/mo,

b ].
Hal/eM a = -—. B ciyyae (2) cTopoHa yIJia, pacnonoXeHHas cjieBa OT €ro

12°
BepHIMHE (OTCIOAa |[x —a|=—x+a u y = —x + 3a + 3), IpOXOAHT Yepe3
Touky (—3; 0). Iloaromy 0=—(—3) +3a + 3, oTkyaa a = —2.
1
OTeerT: 19 —2.

IIpumep 3. HaliTH BCe 3HaueHMA NapaMeTpa a, IIpY KaKI0M U3 KOTO-

PHIX YpaBHEHHE ax +

L 4g4|= 6
3 4| =2a umeeT x0Ts Gbl OAMH KOPEHb, M yKa3aTh
YHCJIO KOPHe# ypaBHEHMS Ui KaKAOT0 3HaYeHu d.

1
Pemienue. [lepensuiliem AaHHOE YpaBHEHHE B BHIE ol 4|=2a—axn

paccMOTpuM rpadHKH QYHKIHHT y = 1 +4| u y=2a — ax. I'paduk ¢yHK-
Y=1% p YH
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1
IoHHN y — |"x' + 4' Inojay4acTcs € NOMOIBIO Mapa/lIeJIbHOIO IepeHoca I'v-

1
nepboinsl y = L BAOJIB OCH OpAMHAT Ha 4 eAMHMIB BBEPX M MOCIEAYIO-
IIETO 3€PKAJIBHOID OTpaXkeHUs (CUMMETPHH) OTHOCHTEIBHO OcH abciice
YaCTH ITOJMYYEHHOro IoCJie napajebHOro nepeHoca rpadprika QyHKIHH
1 N
y=¢+ 4, nexamiei Hxe ocH abenuce. I'padpukom ¢yHKIMM ¥ = 2a — ax

AIBJIAETCA NIPAIMast. 3aMeTHM, 4TO y = —a(x —2) necmu x =2, T0 y =0 BHe
3aBHCHMOCTH OT 3HAYE€HHH napameTpa. [I03TOMy Nnpsimas y = 2a — ax IpH
n060M 3HayeHMM NapaMeTpa MPOXOAMT Yepes Touky A(2; 0). Ha pue. 11
NOKa3aHbl TPH MOJIOKEHUS NMPAMOH y = 2a — ax: AB u AC — KacaTeJIbHbIE

]. o)
K rpadpuxy QyHKIHH y = '; + 4| (oHH KacaloTCs HeOTpa)XeHHOH 4aCTH

1
3TOro rpaduka, T.e. rpadrka PyHKIHH y = *t 4), AD COOTBETCTBYET
3HavyeHMIO a = 0, coBajaeT ¢ ocblo abCLHCC U HMeeT ¢ rpapHKOM eRHH-

CTBEHHYIO OOIIYIO TOUKY P ("% ; 0) . [lpsAimMast AE Ha TOM e pHCYHKe mep-
NeHAUKYJISIpHa ocH abciuce.
Haiizem koopaunaTe! Touek B u C. JI/11 3TOro ZOCTATOYHO HAMTH OT-
1
JIMYHBIE OT HYJIA 3HAYEHHA NapamMeTpa, NpH KOTOPBIX ypaBHEHHE pries 4=

= 2a — ax ¥MeeT eJMHCTBEHHH KOpeHb, DTO ypaBHEHHE MOXHO Neper-
carb B Buge ax? —2(a—2)x+1=0. Eum a #0, MoyYeHHOe YpaBHEHHE

o a— 2
HMeeT €AHHCTBEHHBIN KOPEHb X = T TOJIBKO B CJTy4ac paBCHCTBa HYNIO

€ro JUCKPHMMHAHTA % =@a—2)%—a, oTKyAa a> ~5a+4=0una=1

Wi a=4. Ecma=1, To x=—1 (touka B); ecsit a=4, TO X = % (Touka
C). CrepopaTenbHO, ypaBHEHUAMH NPAMEIX AB ¥ AC ABIAIOTCA COOTBET-
CTBEHHO y =2—X U Yy =8 — 4x.

Yrcsio KOpHe# AaHHOIO YpaBHEHHMA PaBHO IPH KayKJOM 3HaueHHH ma-

H IIpSAMOM

pameTpa a YHCIy obIHX ToyeK rpaduka GyHkiuu y = ISIE +4

Y =2a — ax, yr;ioBoi Koa$pPHLIHEHT KOTOPOIi paBeH —a.

JlaHHOe ypaBHeHHEe HMEET eAHHCTBEHHHBIH KOPEHbD, €C/IH

1) npamas y = 2a — ax nexuT BHYTpY Napsl BEPTHKAIBHBIX YITIOB,
OMH M3 KOTOPBIX —YToi BAC, T.e. kye < —a < kyg, th€ kpg = —1 u
kc = —4 — yrnoBble k03dduIHEHTE PAMBIX AB ¥ AC COOTBETCTBEHHO,
otkyna a€ (1; 4);

2) npaMas y = 2a — ax COBNAaZaeT C NPAMOH AD WM JIeXUT BHYTpH
Napbl BEPTHKAJIBHEIX YTJIOB, OAHH M3 KOTOPHIX — yroa EAD, T.e. —a >0,
OTKyza a € (—x; 0].
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JlaHHOe ypaBHEHHE ¥MeET POBHO AiBa KOPHA, €CJ/iM NpAMad y = 2a —ax
COBIIaJaeT ¢ NpAMOI AB Wi ¢ npaAMoil AC, oTkyaa a=1 win a=4.
JlaHHOe ypaBHEHHE MMEET TPH KOPHsA, €CIH

1) npsiMas y = 2a — ax JEXUT BHYTPH Naphl BEPTHKAIBHBIX YTJIOB, OAUH
13 KOTOpEIX — yroi B; AB (em. puc. 11), T. e. kyp <—a <0, orkyaa a € (0; 1);

Y

h

[

o
XYY REpp—
»

Puc. 11

2) npamasd y = 2a — ax JIKUT BHYTDH Ilapbl BEPTHKAJIBLHEIX YTJIOB,
OAMH 13 KOTOphiX — yroi CAE, T.e. —a <k, OTKyAa d € (4; + ).

OTBeT: OAHH KOpeHb, ec/M a € (—o; 0] U (1;4); ABa KOpHsA, eC/M
a€{1; 4}; Tpu KopHA, ecn a € (0; 1) U (4; +).

1+log,(x+2
Ipumep 4. PenInTh HepaBEeHCTBO 2x6+ - Ba(x+2)

x
Peirenne. [Ipu x > 0 zaHHOe HEPAaBEHCTBO NMPUBOAUTCA K BUAY

6
2x_3f_1 —1>log,(x+2),

OTKyZa gﬁ;} > log, (x + 2). Ipy x <0 aHaJIOTHYHO NMOJYYHM HEpaABEH-

CTBO

zi +} < log,(x + 2). Paccmotpum dyrkuuu y = f(x) u y = g(x),



§4.2. [Npeo6paszoBanus rpadHUKOB 161

4x—1 _ 2(2x+1)—3 1,5
tme fO) = 337 = ( ;x+i =2- 3ro5 80 =logylx +2), m

noctponm Mx rpaduku. I'padux dynkumu y = f(x) (onpeaeseHHO IpH
Bcex x # —0,5) nosyyaeTcs nMpy ITOMOIIM OIHMCAHHBIX paHee CTaHAapT-
HBIX 3JIEMEHTAPHBIX Npeobpa3oBaHuil (pacTsbkeHHMA B 1,5 pa3a OoT ocH

abcrpce U napalesbHOro llepeHoca Ha BEKTOP T(—O,S; 2)) runep6oisl,

siBsoNIekca rpadukoM PyHKIHMH Yy = —%. I'padpux dyHxumm y = g(x)
(onpezesieHHOM IPH BCeX X > —2) NOyYaeTcA napaieibHEM NepeEHOCOM
rpaduka GyHKUHH y =log, x Ha iBe eZMHMIIHI BJIEBO BAOIbL OCH abCLKCe
(cm. puc. 12). Tpebyerca HaliTh Bce x > 0, A1 KaXIOro M3 KOTOPBIX
F(x) > g(x), 1 Bce x <0 (c yueToM TOrO, 4TO X > —2, X # —0,5), ANst
KaxJgoro u3 KoTophix f(x) < g{(x).

Puc. 12

IIpu x € (—2; —0,5) HepaBeHcTBO f(x) < g(x) (a 3Ha4YMT, ¥ AAHHOE
HEpaBEHCTBO) PeLIeHHil He UMeeT, Tak Kak f(x) > 2, a g(x) <2.

IIpu x € (—0,5;0) HepaBeHcTBO f(x) < g(x) (a 3HayuT, U JAHHOE
HEPABEHCTBO) BHITOMHAETCA, Tak Kak f(x) <0, a g(x) > 0 mas Bcex
x € (-0,5; 0).

ITpu x € (0; 1) HepaseHcTBO f (x) > g(x) (a 3HAYMUT, ¥ JAHHOE HEPABEH-
CTBO) pelueHu He HmeeT, Tak Kak f(x) <1,a g(x) > 1.

ITpu x € (2; +) HepaBeHcTBO f(x) > g(x) (a 3HAYMT, U aHHOE HEpa-
BEHCTBO) PELIEHMIT He MMeeT, Tak Kak f(x) <2, a g(x) > 2.

11 Er3 2014, Matematuka, Jagava C5
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OcTtanock paccMmorperh orpesok [1;2]. 3peck [oka3aTesbCTBO He
CTOJIb OYEBHAHO (MpeablAyIIHMe JIErKO CJIeAyIoT K3 CBOMCTB GyHKUMI
y=f(x) u y=g(x) ¥ npocTelIMX HEPABEHCTB), HO PHCYHOK «II0JCKa-
3BIBa€T» HIEK0 JOKa3aTeNbCTBa: Kaaasa u3 GyHkiMi y = f(x) u y = g(x)
BO3pacTaeT Ha 3TOM OTpe3Ke, JOCTHras CBOEro HaMMEHBIIEro 3HaYEHUA
B JIEBOM KOHIl€ OTpe3Ka, a HauboJbIIero — B MPaBOM, HO TIOXOXKE, YTO
I[rllz:gc f)=f(2) < 1[111121} g(x) =g(1). Ecsmn 3T0 Tak, To ¥ Ha orpeske [1; 2]

7

JAHHOE HEPABEHCTBO He Oyzer MmeTh pemeHuii. CpaBHuUM f(2) = S
u g(1) = log, 3. Ipeanonoxum, yro f(2) > g(1). Torga % > log, 3 u,

CJIeJOBaTENLHO, 2% >3, otkyzaa 27 > 3%, T.e. 128 > 729, 4TO HEBO3MOXKHO.
3uauMT, JonyieHue HepepHo. IToatroMy ¥ Ha oTpeske [1;2] nanHOe
HEPABEHCTBO He YMEEeT PeHIeHHUI.

OtseT: (—0,5;0).

YnpaxHeHHs k §4.2

1. a) ITocrpoiite rpadpyx GyHKIMKM y = 22;211

3HayeHUAX k npAMas y = kx uMeer ¢ rpapHKOM POBHO OZHY OOILYIO TOYKY.

U OTIpEe/IeINTE, PHU KaKHUX

6) IocTpoiite rpaduk GyHKINHU y = 1 OIIpeAe/INTE, IPH KaKuX

2x — x2
3HaueHusX k psamas y = kx uMeeT ¢ rpa¢iKOM POBHO OfHY OOILYIO TOUKY.

2. a) INocTpoiite rpaduk ¢yHKuMM y = x2 — 2x — 4|x| u onpezenuTe,
OpY KaKUX 3HAYEHMSAX ¢ MPAMAas y == ¢ — 2 UMeeT ¢ rpadpuKoM HE MEHee
OJHOH, HO He Gonee Tpex OOHIMX TOYEK.

6) Ioctpoiite rpadpuk GyHKIMH y = 3|x| + X — x* U onpegenute, IIpu
KaKUX 3HAYEHUsIX ¢ ITpAMas y =c¢ — 3 UMeeT ¢ rpadikoM He MEHEEe O HOM,
HO He Gosee AByX OOIuX TOYEK.

3. a) HaliguTe Bce 3HaUY€HHA napameTpa d, JJIs1 KOKJ0I0o U3 KOTOPHIX

2

¥IMeeT eMHCTBEHHBIN KOpeHb ypaBHeHuE 3a + \/ —3—4x—x?=ax+1.
6) HaiiguTe Bce 3HaYyeHHMs NapaMeTpa d, A KaXAOro M3 KOTOPBIX

¥IMeeT eJMHCTBEHHBIN KOPEHL YpaBHEHME aX + \/ ~5—6x—x*=D5a+2.
4. a) Haliaure Bce 3HaYeHUS IapaMeTpa d, 411 KaXAOro U3 KOTOPHIX

YIMEET e JUHCTBEHHBIN KOPEeHb ypaBHeHue ax +2a+ 3= \/ —7+8x — x2.
6) Haiizure Bce 3Ha4eHWs NapaMeTpa d, AJd KaXAOrO M3 KOTOPHIX

YMeeT e JVHCTBEHHEIH KOpeHb YpaBHEeHHe 6a + \/ —24—10x —x?=ax+1.

5. a) HaliguTte Bce 3HaYeHUs napameTpa d, pu KaXJ0M M3 KOTOPBIX
ypaBHeHue 12|x? — 4| =2a + |a — 12x + 12| + 36 umeeT poBHO TPH pas-
JIMYHBIX KOpHH.
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6) HaiizuTe Bce 3HAYEHHA INapaMeTpa d, IIPH KaXXAOM H3 KOTOPBIX
ypaBHeHHe 6|x% — 4| =2a + |a + 6x + 6| + 18 MMeeT POBHO TPH pPa3/IMIHbIX
KOPHS.

6. a) HaiiguTe Bce 3Ha4YeHUs MapaMeTpa d, IPH KaXXAOM H3 KOTOPHIX

1
ypaBHEHHE %ax +|x+ 2| = 2a rMeeT XO0Ts Obl OAUH KOPEHb, U YKKUTE

YHCJIO KOPHEHN YPABHEHMA A1 KaXXA0r0 3HAYEHUA d.
6) HaiiguTe Bce 3HauYeHHUs1 NapaMeTpa 4, ITpU KAKAOM M3 KOTOPBIX

1 1
YPaBHEHHE 50X + P +1
YMCJIO KOPHEHN YpasHEHHA 419 KaXKAO0Ir0 3Ha4Y€HM d.
7. a) HaliauTe BCe 3HaYEHUs lapaMeTrpa d, [Py KaKJIO0M U3 KOTOPBIX
ypaBHeHHE ax|x|+ |3x + 2| =2a|x| iMeeT pOBHO OZVH KOPEHb.
6) HaiizuTe Bce 3Ha4YeHMA IapaMeTpa d, IpPH KAXKJAOM H3 KOTOPBIX

ypaBHeHHe ax|x|+ |5x + 2| = 6a]x| uMeeT poBHO TpH pa3THYHBIX KOPHS.
log,(x+8)—1

= a umeeT XoTH OHl OAWH KOPE€HLb, 1 YKAXKHUTE

8. a) Pemuvte HEPAaBEHCTBO

X2 log,( 1x6) 2
6) Pennite HepaBEHCTBO 14> p” .

9. a) Haiijure Bce 3HaYeHHs napaMeTpa d, MpU KaKJOM U3 KOTOPBIX

5 Rl

ypaBHeHHe 2+ | = — 3| = ax uMeeT 6osee ABYX MONOXKUTENBHBIX KOPHEI.
6) HaiignTe Bce 3HayeHUsI MapaMeTpa d, IMPYU KaXKJOM U3 KOTOPHIX

S o
ypaBHEHUE 4 + i 6] = 2ax umeeT GoJiee ABYX MOJOKUTENBHBIX KOPHEH.

10. a) Haiigure BCce 3HaYeHMST MapaMeTpa d, IPY KKJIOM K3 KOTOPhIX

5 "
ypaBHeHHe a|x — 3| = % hmeer 6osee IByx HEOTPHULIATENIBHBIX KOPHEH.

6) HaiiguTe BCe 3HaY€HMs NapaMeTpa a, IIPH KaXKAOM U3 KOTOPBIX
10 S
ypaBHeHHe a|x — 6| = —— HnMeeT Gonee ABYX HeOTPULIATENBHBIX KOPHEH.

x+4
11. a) HaiiguTe BCce 3HaYEHUs TapaMeTpa d, ITPH KaXXJOM U3 KOTOPHIX

MMEET eZIMHCTBEHHOE PEMIEHHE CHCTEMA YpaBHEHHi
y=vV5+4x—x2+2,
y =1/9—a?+2ax—x*+a.

6) HaiiauTe Bce 3HaYeHMS lTapaMeTpa d, MPH KKA0M U3 KOTOPEIX Me-
eT eJMHCTBEHHOE PelIEHHE CUCTEMa YpaBHEHUH

y = V5 —8x—4x2 42,
y +2a = 1/9—4a? + 8ax — 4x2.

12. a) Haiigute Bce 3Ha4YeHUA MapaMeTpa a, MpH KaXJOM U3 KOTOPHIX
ypaBHeHHME |x + 3| — alx — 1| =4 nmeeT XoTA 6bI OIMH KOPEHB, H YKAXKHUTE
KOPHM YpaBHEHUA /1 KaX/JO0ro 3HaY€HH d.

1
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6) HaliguTe Bce 3HaYeHWs MapaMmeTpa d, IPH KaXKAOM U3 KOTOPHIX
ypaBHeHHe a|x + 3} + 2|x + 4| = 2 uMeeT X015 OB OIYIH KOPEHB, M YKAXKHATE
KOPHHM ypaBHEHMA A4 KaXJIOro 3HaueHU d.

§4.3. TeomeTpuueckue Haen

3TOT naparpad NocBsLIEH 33/1a4aM, B KOTOPHIX rpaduieckue uHTEp-
IpeTalMy OCHOBBIBAKOTCA €LIE U HA NeOMETPHYECKUX IpeACTaBIeHHAX.
MHorue 13 Takux 3aJa4 CBA3aHbI ¢ ypaBHEHHEM OKPYXHOCTH, GopMysoi
paccToAHKA MEXJy AByMA TOYKaMH, YpaBHEHHMEM I[IPSIMOM, T. €., B CyIl-
HOCTH, C PacCTOSIHMSIMH M METO/IOM KOOpAMHAT. JleHCTBUTENEHO, MEXTY
reoMeTpHUYECKUMI U anrebpardecKuMHM 3a1a4aMu, MEXXAY A3bIKOM ajre6-
PHl («sa3bIKOM GOPMYJI») U SI3BIKOM I'e€OMETPHH («A3BIKOM PaCcCTOSHMIA»)
CYIIECTBYET HEOCIIOpMMasA CBsfi3b, CTaBHIasd €O BpemeH Jlexapra O4eBUJ-
HOM faxe 1A He CJMIIKOM MCKYIIEeHHOIo B3r/ifza. PellleHyie MHOIHX
FeOMETPHUYECKHX 3a/la4y CBOJHTCA K PelIeHHIO CUCTEM anrebpandeckux
ypaBHEHHH M TpebyeT yMeHMsi IIPUMEHSTh COOTBETCTBYIOHIHW anre6-
panyeckuil MHCTpyMeHTapHii. MeHee 3aMeTHbl (0COGEHHO HIKOIBHHKY)
rEOMETPHYECKUE HJEM, ABIAIOHIMECH OCHOBAHHMEM JUIA PelIeHHs pAaa
anrebpanyecKkux 3a/a4: YpaBHEHUI, HEPaBE€HCTB, BHIYHCIEHN Haubo/b-
HIMX M HaMMEHBIIWX 3HAYEHUM HEKOTOPHIX BhIpakeHuil. CBA3aHO 3TO,
BEPOATHEE BCErO, € TEM, YTO anrebpavdecKUil A3BIK ABIAETCH CBOETO
poJa NMepBLIM MaTeMaTHYECKUM A3bIKOM HIKOJbHUKA, @ Fe€OMETPHUYECKHUH
A3bIK — BTOPEIM. V3y4yeHHe s3pIKa HEBO3MOXHO HayHMHaTh 6€3 cioBaps
WM XOTA Obl pasroBOpPHHKaA. B Hailem cjlyyae cjloBaphb JOBOJBHO ITPOCT:
B HEM BCero TpH cTpouku. /Uit ynrobcTea npuBesieM ero B BHE Tabaulb.

Asrebpanyeckii si3piK (361K GopMyit) | TeoMeTpHYecKHil A3EIK (A3BIK PaCCTOSHHIA)

Yucna U 6yKBBI PaccTosHuA [0 KOOpAMHATHBIX oceit (Ko-
OpAHHATHI)
Mozynb pa3HOCTH ABYX YHCEN PaccrosiHve mex gy AByMA TOYKaMH KOOp-

JUHATHOMN TIpAMO

CyMMa KBaApaTOB ABYX YHCEN KBazipaT pacCTOsHHA MeXAy ABYMA TOY-
KaMM KOOPAMHATHOM ILUIOCKOCTH

[lombiTaemMcs TeNEPh C MOMOIIBIO 3TOrO CJIOBApA 3aHATLCA «IIEPEBO-
JIOM>» C TEOMETPHYECKOT'O A3bIKa Ha ajireGpandecKuii, HAIKMCAB [1EPEBOALI
HECKOJIbKHUX ZIOBONBHO YNOTPEOUTENBHBIX «(pa3» — OCHOBY HAIIEro «pa3-
TrOBOPHMKa». [IpH 3TOM B JIeBOH KOMIOHKE TaOMMLBI OyAyT 3armHcaHE! Pppaskbl
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HA sI3bIKE PAcCTOAHHM, a B MPaBOil — MX «IIepeBOAbI» Ha S3BIK GOPMYII,
CHabXeHHbIE B HEKOTOPHIX CIy4YasX KOMMEHTapHAMH.

SI3BIK pacCTOSTHHIH

INepeBoa Ha A3bIK GopMyn

1. PaccTossHue OT TOYKH ¢ YHCIOBOH
OCH Zi0 TOYKH —22 MeHbIIEe 5.

|t + 22] < 5. Kommernmapuii. PaccTosHuHE MEXIY
TOYKaMH a4 ¥ b YHCIOBOH OCH PaBHO MOAYJIKO
pasHocTH yucen a u b, T.e. r(a; b)=|a—b|.

2. CyMMa pacCTOSAHH OT TOYKH X YHC-
JIOBO OCH o TodeKk —3 M 5 paBHa 12.

Ix+3]+]|x—-5|=12

3. Touka 5 yncnoBOM OCH paBHOYAAIE-
Ha OT Touek x — 1 u x% —16.

| — 6] =|x% 21|

4. PaccTossHUE OT TOUKM, JIeXKaule Ha
npaMoit y =3x — 2, fio ocu abcyuce B
5 pa3 6onblle pacCTOAHMA ZI0 OCH Op-
AHWHAT,

|3x — 2] =5|x|. Kommermapuii. PaccTosiHue OT TOY-
k4 (x; y) rpaduxa dyHkuun y = f(x) xo ocu abe-
1ce paBHo | f(x)|, a io ocu OpAMHAT paBHO |x|.

5. Touka M(a;b) TNpHHAILIENXUT OK-
PYXHOCTH C LI€HTpOM B HayaJle KOOp-
AUHAT K pajUuycoM 3.

a?+b%=9

6. CymMMa paccrosHyii ot Todxu M (x; y)
Ao touek P(3;4) u K(—2;5) He 60np-
mwe 6.

V=324 —02+/ (x+2)2+(y—5)?<6

7. Paccrosmve ot Todkd M(m;n) emu-
HHYHOH OKPYXKHOCTH JI0 TOUKH P(—4; 1)
pAaBHO 3.

m2+n2=1,

V(m+42+(n—-1)2=3

{

8. Paccroanue or Touku M(p;q) ok-
PYXHOCTH ¢ eHTpoM (—2; —4) u pa-
auycoMm 2 no Touku P{a; b) oxpyxHo-
CTH C TEM € 1IeHTPOM W pajuycoM 6
paBHO 8.

(r+2)%+(q+4?*=4,
(@+2)%2+(b+4)2=36,

\/(p—a)2+(q—b)2=8

9. CymMa pacCTOSHUH OoT TOYKH M, ne-
JKamei Ha npsMoH y =2x — 1, jo To-
yek P(3;4) u K(—1; 1) paBna 5.

vV x—3)24+(2x—5)24 1/ (x+1)24(2x—2)?=5.
Kommenmapuii. Eci TOYKa JIEXHT HAa TPAMOM
y=2x—1, To ee xoopAuHaTHL: (Xx; 2x—1).

10. PaccTosiHve OT ToukKH M, nexameit
Ha NpsAMOH y = X, 0 TOYKH P, nexa-
mieii Ha mpsaMoi y = 2x — 3, He MeHb-
e 9.

\/ (a—b)2+4 (a—2b+3)2 >9. Kommenmapuii. B cwry
NPMHAVIEXKHOCTH TOYEK JAHHBIM IIPAMBIM KX KOOpAH-
HaThl B ODILEM BHAe MOXHO 3ammMcath Tak: M(a; a),
P(b; 2b—3), rae a U b— NPOU3BONBHEIE JIEHCTBH-
TeJIbHBIE YHCIA,

PaccTossHMEe Mexty GHUrypaMu A ¥ B (3TO MOryT ObITh TOYKH, TIPAMEIE,
IUVIOCKOCTH M T.1.) 6yziem ob6osHa4yaTth r(A; B). HanoMHHM, YTO paccTos-
HHE MeXy AByMsA GHrypaMH — KpaTJaiilee H3 BCeX BO3MOXHEBIX PacCTO-
SAHUI OT TOYKH OfHOM GHUrypHI IO TOYKU JPYTOM.

O6paTMM BHHMMaHHE Ha TO, YTO YCJOBHE INPHHAJJIEXHOCTH HEKOTO-
poil Touku M Toi Wi HHOH ¢urype (Hanpumep, MPAMOM HJIH OKDYX-
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HOCTH), 3aJlaHHOM YypaBHEHHEM, MOXKET OBITH 3aIMCAHO C [OMOIIBIO
pasm4HBIX 6YKB, a He TOJMBKO C MOMOUIBIO OYKB X u y. Tax, paBeHCTBa
(p—3)2+(q+2)?=16 u (m— 3)?+ (n + 2)? = 16 03HAYAIOT, YTO ¥ TOYKA
(p; @), 1 Touka (m; n) MPUHAJIEKAT OKPYKHOCTH € LEHTPoM (3; —2) u
paauycom 4, T.e. okpyxuoctu (x — 3)? + (y + 2)? = 16 xoopAMHATHOIA

tockocty Oxy.

Teneps ce1aeM HECKOMBKO «IIEPEBOZIOB» € alre6panyecKoro A3blKa Ha
reoMeTpudecKUit, oQpOPMMB U UX B BiE TabIHLIbL

Aseix dpopmyn [lepeBoA Ha A3BIK PaCCTOSHUM
1. Peumute ypaBHeHUE Haiitn Bce TOUKH X YHCNIOBOH OCH, PACCTOSHHE OT
|x—5|=2|x+3|. KaXJ0H K3 KOTODBIX /IO TOYKH 5 B ZBa pasa 6o/pIne

paccTORHHA A0 TOYKH —3.

2. Mmeer A cucTeMa ypaBHEHHiI
p>+q*=16,
r? 4+¢2=25,
(p—n?+(q-6*=100

XOTs OB OAHO pelleHHe?

MOXHO N1 Ha KaX/J0H U3 KOHLEHTPHYECKHX
OKPYXHOCTeH C LIEHTPOM B Hayajle KOOPAHHAT,
PAZAuYCH KOTOPHIX paBHHI 4 M 5, HAHTH N0 TOYKE,
paccTosiHHe MeXAYy KOTOPEIMH paBHO 107

3. HaliTH HaHMeHEbIIee SHaYeHHE
$yHKIMH
y=v (x=1)249++/ (x+3)2+16.

Ha ocu abcumce HallTH TOYKY, CyMMa pacCTOSIHHI OT
KoTOpoii Ao Touek (1; 3) u (—3; —4) MHHUMANbLHA,

Kommenmapuii. Yucno 4/ (x—1)% +9 paeHo
paccTosiHHIO Mex gy ToukaM# (x; 0) u (1; 3); yucino

(x+3)2+ 16 paBHO PaCCTOSHHIO MEXAY TOYKAMK
(x; 0) u (—3; —4).

4. HaltTH HAaMMeHBlIee 3HAYEHHE
(YHKUHK
y=vVx+22+@x+1)%2+
+1/(x—3)%2+ (2x-5)2.

Ha npamoii y =2x HalTH TOYKY, CyMMa pacCTOSHHUH
OT KOTOpo#H f0 Touek (—2; —1) u (3; 5) MUHUMAJIBHA.

Kommenmapuii. Yucio \/ (x+2)2 +(2x+1)? pasHo
PaCCTOSHKIO MeXAy ToukaMH (x; 2x) u (—2; —1);
JHCIIO \/ (x —3)2+ (2x —5)2 PaBHO paCCTOSIHUIO
MEeX Ay TouKaMHu (x; 2x) u (3; -5).

5. PeluMTE HEPABEHCTBO
z—t)2+(z—3t+5)2<18.

HaitTH Bce Takye TOYKHM Ha NPSAMOi ¥ =X H BCe TaKHe
TOYKH Ha NpAMOH y = 3x — 5, 4To KBaJipaT paccTos-
HHA OT TOYKH Ha NpAMOH y =X A0 TOYKH Ha ApAMOH
¥ =3x—15 He npepocxoaur 18. Kommenmapuii. Cymma
(z— t)2 +(z—3t+ 5)2 paBHa KBaJIpaTy pacCTOAHUA
MeXJy ToukaMH (2; 2) u (t; 3t —5).

6. PelrnTh ypapHeHHeE C
napameTpoM |x| =5|ax — 3|.

Ha rpaduxe ¢pynkuyn y =ax + 3 HaiiTH Bce TOUKH,
PAcCTOSIHME OT KAXAOHM M3 KOTOPBIX A0 OCH OPAUHAT B
5 pa3 6onplle paccTosHMA 4o ocu aberucce.

7. Ha#itn Bce sHayeHHs
rapaMeTpa a, IPH KaXKJ0M K3
KOTOPBIX HMeeT €AKHCTBEHHOE
pelleHHe CHCTEMA YPABHEeHM I
m-32+n-4)2%=c?
m? +n?=4.

Ha#ti pasuyc oKpy>KHOCTH € IeHTPOM B To4Ke (3;4),
€CJIM U3BECTHO, YTO 3Ta OKPY>KHOCTL KacaeTcs
OKDPY>KHOCTH, paJNyC KOTOpOH paBeH 2, a IIeHTPOM
ABJIAIETCA Hadano KoopAHHaT. Kommenmapuil.
Haiizennsiit paauyc 6yzer paseH |al.
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Cnefyer TOAYEepPKHYTh, YTO INpaBWIbHbIE «[IEPEBOABI» Y Pa3IHYHBIX
«ITIEPEBOAYMKOB» MOI'YT OTIMYAThCA (3TO ABJIAETCA OCOOEHHOCTBIO «Ilepe-
BOJIOB» B MaTeMaTHke). Tak B 3azauuu 3 Bmecto ToukH (1; 3) MoxHO 6BUIO
B3sTh TOUky (1; —3), a Bmecto Touku (—3; —4) paccMaTpuBaTh TOYKY
(—3;4). B 3aganum 5 cymma (z — )% + (z — 3t + 5)° MOXeT 03HayaTh
KBaJIpaT pacCTOsIHMs MexAy Todkamu (z;z) u (t; 3t — 5) (T. e. KkBagpar
pacCTOSIHMA MeXx/y TOYKOM Ha TPAMOM y = X U TOYKOH Ha MpPAMOH
y =3x —5), a MOXeT o3Ha4yaTh M KBaApaT PaCCTOAHHA MEXAY TOYKaMH
(z;2+5) u (t; 3t) (T.e. KBagpaT pacCTOSHHUA MEX/Y TOUKOH Ha MPAMOM
y =x+ 5 u Touxoil Ha mpsMoit y = 3x). BripoueM, 3ta 0cOGEHHOCTD
MPHCYLIA B MEPEBOJAM XYAOKECTBEHHOH JMTepaTyphl: MPU COXpPaHEHNM
cmbiciia U $abysisl HEKOTOpbIE NPEAJIOKEHHA B Pa3/WYHBIX IepeBOAaX
MOI'YT OT/IMYaThCA BECbMa CylIeCTBEHHO. B HalleM cIyyae BaXKHO TO/BKO,
9TOOBI «IIEPEBOA» OBLT a/IeKBATEH «OPUTHMHAJY»: 3TO I03BOJIMT BEPHO HH-
TEPIIPETHPOBAThL U PENIMTD 3a/a4y NPy JF060M MPaBH/IbHOM «II€pEBOLE».

Teneps, nociie oBlaieBHs ONPEAENEHHBIMHU «A3LIKOBLIMY HaBbIKAMU»,
MOXKHO IepENTH K PEHIEHHIO 3a1a4.

[Ipumep 1. HaiiTh HaumeHbIllee 3HaYeHHe GYyHKLIIMN

y= \/x2—2x+5+\/x2—16x+89.

Pewiense. PerreHue 3Toi 3aJa4¥ ¢ IIOMOIbIO TIPOM3BOAHOM NpHBE-
Z€T, O4EBHAHO, K TPOMO3/IKMM BEIYHCJIEHHSM, A ¥ HE BO BCEX IIKO/JIbHBIX
yye6HMKaX MOXHO HaiTH GOPMYITy IPOU3BOAHOM C/10MHOM dyHKIwH. I1o-
npobyeM MepeBecT YCIOBHE 3a/1a4y € A3bIKa QOPMYJ Ha fA3LIK paccTos-
HHi1. [ 3TOro BHEIUM MOJHbIE KBAAPaTH B ITIOIKOPEHHHIX BBIpAXXEHH-

AX: y = \/a —1)2+4+ \/ (x —8)2 + 25. Kaxxaoe M3 cjaraeMhix IMpaBoii
YacTH IIOC/IeAHETO PAaBEHCTBA MTpeAcTaBiseT coboit paccTosHHE OT TOYKU
A(x; 0) ocu aberce 10 HEKOTOPO#M TOYKU ¢ $MKCHPOBAHHLIMH KOOPAUHA-
TaMH, HE 3aBHCALIUMH OT repeMeHHo# X. Takum o6pasoM, peluTh 3a/a-
4y — 3HaYUT HAWTH TaKylo TOYKY A OCH abCLHCC, CyMMa PacCTOSHHUM OT
KOTOPOI1 [I0 IBYX JAaHHKIX TOYeK MMHHUMaNbHA. Ecin faHube ToYku B u C
JIEXAT 10 pasHble CTOPOHHI OT OCH abcrpice, TO MCKOMAA TOYKa, OYEBHA-
HO, €CTb TOYKa Iepecederms NpsamMoit BC ¢ ockio abeiuce, MOCKOMBKY AJ1A
m060ii ApyTOi TOYKU A; ocy abCLHCC CyMMa pacCTOSHUH OT HEe /10 TOYEK
B u C 6yzet 60nblie B CHIy HEpaBEHCTBA TpeyroibHuKa: AB + AC = BC,
A;B+ A,C > BC (cMm. puc. 1). Aberucce! Todek B 1 C M3BECTHBL — 3TO
1 u 8, a KBaZipaTsl MX OpAMHAT PaBHbI COOTBETCTBEHHO 4 1 25. Bribepem
3HaKH OpAMHAaT To4ek B u C Tax, YTOOb 3TH TOYKH OKA3aJIMCh JIEKAITHMHI
IO pasHbIe CTOPOHHI OT ocH abcuumcc: B(1; —2) u C(8; 5). Haiitu ypaBHe-
HUe npaAMoi BC He npeicTaBiseT TpyAa (3TO MOXHO CAe/1aTh pasHbIMH
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cnocobamu): y = x — 3. Torga abcumcea TOYKH A paBHA 3, a HCKOMBIM

MUHNMYM paBeH 1/ (3—1)2+4+ 1/ (3 —8)2+25, 1.e. 7v/2.
C

OtBeT: 7/2.

3ameyaHnue 1. HaitH paccrossHue BC MOXHO M Kak CHIIOTEHY3y Ipsi-
MoyTo/nbHOro TpeyronsHuKa BCD ¢ karetamu BD = CD =7. Abcumccy To4-
KM A MOXHO BBIYMCJIMTB, HE COCTaB/fAA ypaBHeHHs Npsamoil BC, a Boc-

TNO/Ib30BABIIHCH TIof06HEM TpeyroNbHUKOB AB;B 1 AC;C, U3 KOTOPOro
AB, BB, 2

HEXOIMM 27" = Fc- =5 M, TIOCKONbKY B,C, =7, nonydyaem AB; =2, a
HcKoMasi abclpcca paBHa 3.

3aMeyaHHe 2. B 3a7a4ax Ha BHIYHC/IEHHE HAHOOIBIIErO WiIX HAMEHE-
HIEro 3Ha4YeHMs GYHKIMH O06fA3aTe/IbHBIM SIBJAETCA YKa3aHHE TOYKH, B KO-
TOpOM 3TO 3HadYeHHe JocTHraerca. CBA3aHO 3TO € TEM, YTO B TAKHX 3a-
Aadax 4acTo HCIOb3yeTcs YCIOBHe ofbpaleHHsa HEKOTOPOro HeCTPOroro
HEPaBEHCTBA B PaBEHCTBO, YTO BO3MOXHO Jianexo He Becerza. M xota B
OTBET 3allMCHIBAeTCd MMEHHO Haubo/MbHIEE MM HaHMEHBLIEE 3HAYEHHE
GYHKIUHM, TeM He MeHee 6e3 060CHOBaHM TOrO, YTO 3TO 3HAYEHHE JOCTH-
raercs, pelleHue He MOXKeT 6HITh NMPH3HAHO NMOJHBIM M 3aCYuTaHo. Jlis
TaKoro o60CHOBaHMs B GOMBLHIMHCTBE CIyYaeR AOCTATOYHO HANTH TOYKY,
B KOTOPOH 3T0O 3HaY€HHE JOCTHUIAETCs, YTO M OBUIO C/ieJIaHO TP PeleHHH
nmpumepa 1.

IIpuMep 2. PelinTh CHCTEMY YpaBHEHHH

V=624 y2+/x2+(y—4)? = 2413,
Vx—92+y2— /x2+ (y —3)2 = 34/10.

Pemienne. PaccMOTpHM Ha KOOPAWHATHOM IUTIOCKOCTH OXy TOYKH
A(6; 0), B(0; 4), C(9;0), D(0; 3). PeliTh CUCTEMY — O3Ha4YaeT HAWTH BCE
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TOYKH M (x; y), A1 xaxaoH u3 kotopeix MA + MB=2+/13, MC+MD =
=34/10. Ho AB= /62 +42=24/13, CD = /92 + 32 =34/10 (cM. puc. 2).

CnegoBatenpHo, MA + MB = AB (T.e. Touka M npuHaJJIeXUT OTpe3-
Ky AB), MC + MD = CD (t1.e. Toyka M mpHHajnexuT orpesky CD).
IToaToMy TOYky M MOXHO HallTH KaK TOYKY Iepece4eHUs OTPE3KOB
AB u CD. YpapHeHMA NpAMBIX AB 1 CD, KOOpAMHATEI ABYX TOYEK Ka KON

M3 KOTOPHIX U3BECTHHI, HaxoasTcsa 6e3 Tpyaa: y = —%x + 4 — ypaBHEHHE

npsiMoll AB; y = —%x + 3— ypaBHeHHe npaMoit CD. /i BEIYUCIEHUS

abcuuccel TOYKH M OCTaloCh PEHINTh YpPaBHEHHE —%x +4= —%x + 3,

otkyna x =3. OpauHaTa TOYKU M HaxoAMTCA NMOACTAHOBKOM MOJTYyYEeHHOMN

abcIycch B ypaBHEHHE 10601 M3 npsaMbix AB wm CD: y = —% -3+4=2.

Puc. 2

OTtBeT: (3; 2).
3ameuyanHe 3. HaiiTh ypaBHeHHe IpsaMoii AB MOHO, B YaCTHOCTH,
BOCIIO/TL30BABHIHNCH TE€M, YTO YIJIOBOHM x03QGHIMEHT 3TOM MPsAMON OTpu-

aTeJIeH U paBeH _ 08| T.e. —2
u p |OAI’ o e 3’

KU TlepecedyeHunsI IPSIMOM C OCBIO OpAUHAT) PaBHA 4, OTKyZAA ¥y = —%x +4.

d Ha4yaJbHasA OpAHHaTa (Op,Z[PIHaTa TOY-

AHaNOrH4yHO HaXOAUTCA M ypaBHeHHe npssmod CD.

B HEKOTOPBIX CAYYadX NPH ONpPEJEJIEHHOM HaBHIKE PelleHHs nonob-
HBIX 3aJ]a4 MOXXHO OGoMTHCH M 6€3 PHCYHKOB, OCOOEHHO KOTZa MCIIO/b-
3yeMble reomeTpuueckre ¢aKTh XOPOHIO M3BECTHHI ¥ He HYX/JaloTcd B
MIPAMBIX WUIKOCTpalUAX. PaccMOTpHUM TPH TaKUX NpuUMepa.

IIpumep 3. HaiiTu Bce 3HayeHUA IapaMeTpa a, IPH KaXKJIOM M3 KO-
TOPHIX MOAY/Ib PA3HOCTH KOpHEl ypaBHeHHdA X2 —6x + 12+ a’>—4a=0
ITpUHMUMaeT Haubonbiiee BO3MOXKHOE 3HaYEHHUE.

Peutenue. Pemnm 3agauy apymsa criocobamu. IycTh X; ¥ X; — KOPHH
JAHHOrO ypaBHeHHsA. TpaJMIHMOHHOE PELIEHKE 3a4a4YH COCTOMT B BbIY¥C-
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JIEHHMH Han6onbiero sHaveHns GyHKIpH f(a) = |x; — X,|, 1. e. QyHKIMM

f(a) = 2\[—3+4a—a2, wiH  f(a) = 2\/1—— (a—2)?,

paBHOrO, OYEBM/HO, 2 IIpu a = 2. DTo pelieHHe TpebyeT onpeaereHHON
KYJABTYDbI BEIYHCIEHHH. K TOMY ke 3HaYHMTeNbHasA 4acTb y4YalluXcs, CKO-
pee BCEro, MOIBITAETCA MPOBECTH MccleZioBaHue QyHKIIHN Ha HaubosbLee
3HAYEHHE 110 TPaJHUIHOBHOMY aJrOpUTMY, TpebyromeMy IpUMEHEHNA HPO-
HM3BOJIHOM, ¥ CTOJKHETCS HA 3TOM ITyTH C HEU36e)XHBIMU M IOBOJILHO 3HaYH-
TEJILHBIMU TPYAHOCTAMH, CBA3aHHBIMH ¢ ZuddepeHIMpoBaHHEM CI0KHON
$yHKIHMY 1 npeobpa3oBaHHEM HPPaLMOHAIBHBIX BhIpa:KeHUH. Bropoii cro-
cob 3aKTIOYAETCA B «TIEPEBO/IE» YCJIOBHs JaHHOM 3a/Ia4H € airebpanyecko-
I'o f3bIKa Ha TeoMeTpHUYecKHil. st 3TOro BhAENNM ITOJIHLIE KBaJpaThl B
JieBOM yacTH ypaBHEHHMS U NepPeIHrIIeM ero B Buze (x — 3)2+(@—-2)*=1
IonyyeHHOE YpaBHEHHE ABIAETCS ypaBHEHHEM OKDPY:KHOCTH B CHCTEME
xoopAuHaT OXxa, a KOPHY JIaHHOro ypaBHEHMA paBHbI abclyiccaM TOYEK
TepecedyeHus OKPYXHOCTH H TIPSMOM, INapaiebHOM ocH abeiuce. Pac-
CTOAAHHE MEXAy 3THMH TOYKAMH MAaKCHMalbHO, €CJIM OHU SIBJIAIOTCA KOH-
LlaMU IHaMeTpa OKPY»KHOCTH, paBHOro 2.

OtBer: 2.

IIpumep 4. HaliTu Hau6onpllee 1 HAMMEHbIIIEE 3HAYEHHNA BhIPaXKEHHSA
(a—d)?+ (b+p)?+ (c—q)?, ecmuuncaa a, b, ¢, d, p, g TAKOBHI, YTO

a’+b*+c? =0,
d?+p*+q* = 16.

Pewenue. [lepeBezieM yC/IOBHE 3a/1a4M Ha 361K PACCTOSHUI: BbIpaXke-
aue (a —d)? + (b + p)? + (c — q)? npeacTapaAeT coboii KBaapaT paccToOs-
HUs Mexxay Touxamu (a; b; ¢) u (d; —p; q), nepBas 13 KOTOPHIX JIEKUT Ha
cdepe ¢ LIEHTPOM B Hadasie KOOPAHHAT U paJuycoM 3, BTOpas — Ha cdepe
C Te€M e LHEHTPOM U pajuycom 4. Haubonblllee paccTOAHNE MEXAY TOYKa-
MH 3THUX cdep paBHO CYMME PaJUycCoB, T. €. 7, 8 HaUMEHbIIIEe PaCCTOAHE
PaBHO pa3HOCTH PaguycoB, T.e. 1. TTo3TOMy HCKOMEIE 3HAYEHUA PaBHBI
49 u 1. 3Hayenue 49 focTUraeTcs, HanpuMmep, npua=d=c=q=0,b=3,
p =4. 3Hayenwre 1 gocTHraercs, Hanpumep, npu a =d =c=q=0, b=3,
p=—4.

OTserT: 49; 1.

IIpumep 5. HaiiTu Bce 3HaYeHMsA napaMeTpa a, pH KaXk/ oM U3 KOTO-
PBIX KIMeeT eIHHCTBEHHOE pellleHHe CHCTEMA ypaBHEHUH

(x+2a~1)?+(y+5a—2)* =4,
(x—3a+1)*>+(y —6a+5)? =09.
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Penrenve. Ha reoMeTpuyeCKOM f3biKe YCJIOBHE 33/ladd O3HAYaeT,
410 TpebyeTcss HAMTH BCe 3HaYEeHHs MapaMeTpa d, IMPH KKJIOM K3 KO-
TOPBIX OKPYXKHOCTH C LIEHTpoM B TOuke (—2a + 1;—5a + 2) u paau-
ycoM 2 KacaeTcsd OKPY>KHOCTH C IIeHTPOM B Touke (3a — 1;6a — 5) u
pajuycoM 3. 3TO BO3MOXKHO B TOM U TOABKO TOM CJyyae, eCJIi paccTo-
SIHMEe MEeXAY LeHTpaMHM OKPY>XHOCTeH paBHO CyMMe paJuyCcoOB (BHeIl-
Hee KacaHWe) WIH pasHOCTH pajuycoB (BHyTpeHHee kacaHnue). Taxum

obpa3oM, INojyyaeM JABa YPABHEHHSA: \/ (5a—2)2+(11a—7)>=5 wm

\/ (5a—2)2+(11a-7)? = 1. KopusAMH NEpPBOro ypaBHEHMs ABJAIOTCS

14 "y
4MCIa -7 U 1, a BTOpOe ypaBHeHHe He UMeeT KOpHeH.
14

OTBer: 735 1.

B 3aruitoueHme naparpaga pacCMOTPHM HECKONBKO 60Jiee CIOKHBIX 3a-
Zlay, CBA3AHHEIX ¢ TEOMeTPHUYECKMMH UHTEPIPETAITUAMH, IPe/|/IaraBIIHX-
¢ B pa3Hble I'Ofibl Ha €JUHOM rocyfapCTBEHHOM 3K3aMeHe 10 MaTeMaTHKe
(3azaya C5).

ITpuMep 6. HaiiTy Bce 3Ha4YeHHs ITapaMeTpa, IPH KaXXJ0M M3 KOTOPHIX
“MeeT eIMHCTBEHHOE pellleHHe CHCTeMa YpaBHEeHHH

24 (y -4)? = 16,

VX2+ =122+ 4/ (x—a)2+y% = \/a®+144.

Pemenue. Ileproe ypaBHeHHE CHCTEMBI ABIAETCA YPaBHEHHEM OKPYX-
HOCTH ¢ HeHTpoM C(0; 4) M paguycom 4. Jlepas 4acTh BTOPOIO ypapHe-
HHUA paBHA CyMMe pacCTOAHHUM OT TOYKHM M (X;y) KOOpAMHATHOM IUIOC-
KocTU Oxy po toyek A(0O; 12) u B(a; 0) aTol r1ocKOCTH. 3aMEeTHM, 4YTO

JuIiHa oTpeska AB paeHa 1/ (0—a)?+ (12— 0)2 = y/a2+ 144, T.e. paBHa
IpaBoil YacTH BTOPOrc ypaBHeHHS cHCTeMebl ITostomy MA + MB = AB,
OTKyZla ciaefyeT, 4To Touka M(x; y) npuHajnexut orpe3ky AB. Tenepb
YCJIOBHE 3a/jlaqd MOXKHO TepeBeCTH C fI3blka QOPMYJ Ha fA3BIK PacCTos-
HMI: PEIUMTh 3aja4qy — 3Ha4UT HallTH BCe 3HAYEHWS IapaMeTpa d, IpH
Ka)KJOM M3 KOTOPBIX CYILIECTBYeT €IMHCTBEHHas Touka M (x; y) KoopZAu-
HaTHOM IUIockocTH OXY, KOTOpas MPHHAAJIeXHUT KaK OKPY>XHOCTH C LieH-
TpoM C(0; 4) u paanycoMm 4, Tak U oTpe3Ky ¢ koHIamu A(0; 12) u B(a; 0).
Takum obpasomM, TpebyeTcst HailTu Takoe moioxeHHe Toukd B(a;0) Ha
ocu abcimcc, MPHU KOTOPOM MpAMas AB KacaeTcsi OKPYXHOCTH B TOYKE
M(x; y). Ilocneanee BO3MOXKHO B AByX cayvasax (CM. pucC. 3), IIPH 3TOM
COOTBETCTBEHHBIE 3HAYEHUA ITapaMeTpa PaBHbI MO abCOMIOTHOM BeTHYlHe
Y MMPOTHBOIIOJIOXKHBI II0 3HaKy. B ymobom ciaydae oTpesok CM sABiaseTcs
pazuycomM, IpoBeAeHHbLIM B TOUKY KacaHusd, T.e. CM =4. Ho CA=28, 3Ha-
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uuT, yron CAM =30°. TTostomy OB=0A-tg30°=12- % =43 (rge Tou-
ka O — Ha4ya10 KOOpAUHAT). Cle/JoBaTeLHO, a =14+v/3.
Y
12aA

Puc. 3

OTtBeT: a =+4+/3.
TIpumMep 7. HaitTu Bce 3HaYeHMA I1apaMeTpa d, IpH KaX/0M H3 KOTO-
PBIX MMEET €IMHCTBEHHOE pellleHHe CHCTEMa ypaBHEHHI

(Ix| —6)*+(y —12)* =4,
(x+1)2+y%=d%

Pewrenste. [Ipu x > 0 ypaprenue (x| — 6)2 + (y — 12)* =4 sBisercs

ypaBHEHHEM OKPYKHOCTH w; C 1IleHTpoM B Touke C,(6; 12) u paauycom 2.

[Tpu x <0 370 ypaBHEHHE ABIAETCS YPABHEHHEM OKPYKHOCTH w, C LieH-
TpoM B TouKe C,(—6; 12) 1 TeM ke paguycoM (CM. pHC. 4).
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Ecin a = 0, BTOpoe ypaBHeHHe AAHHON CHCTeMpl IMPHHUMAaET B
(x+1)?+y2=0, orkyaa x =1, y = 0. 3TH 4ucIa He ABIAOTCA pe-
IIEHHEM MepBOro ypaBHeHHA cUcTeMbl. Eciu a # 0, Bropoe ypaBHeHHe
JNaHHOM CHCTEMBI ABJIAETCSA YPaBHEHMEM OKDPYXHOCTH  C LIEHTPOM B
Touke C(—1;0) u paguycom r = |a). Takum obpaszoM, TpebyeTca HailTH
BCe OIMYHBIE OT HY/IS 3HAYEHMS MapaMeTpa da, MPH KaKJO0M M3 KOTOPBIX
OKPYXXHOCTb @ HMeeT €IUHCTBEHHYIO OOIYI0 TOYKY ¢ O6beJHHEeHHEM
OKPYKHOCTeH wq U ws.

13 Touyku C mpoeefem nyd CC; U 0b603HaYMM yepe3 A, U B, TOYKH
€ro IrnepeceyeHHs C OKPYKHOCTBIO w;, [fle A, sexut mMexay C u Cj.
Tax kak CC, = \/(6+ 1)2 4122 = /193, nonyvaem, uto CA, = /193 — 2,
CB,=+193+2.

Ilpy r < CA, WM r > CB; OKPY>KHOCTH  H (v, HE [IePeCeKaloTcsl.

Ilpu CA,; <r < CB; OKpy>XHOCTH @ H ; HMEIT ZIB€ OOIIHEe TOYKH.

Ilpu r =CA, unm r =CB, OKPYKHOCTH (v H (v, KacaloTc.

W3 Toyku C npoeeneM ny4d CC, ¥ 0603Ha4duM yepes A, H B, TOYKH
€ro rnepecevyeHHs ¢ OKPYXXHOCTBIO w,, IAE A, sexur mexay C u C,. Tak

kak CC, = \/(—6+ 1) +122? = 13, nonyyaem, yto CA, =13 — 2 =11,
CB,=134+2=15.

Ilpu r < CA; vnu r > CB, OKPYXHOCTH @ H -, HE IepeceKaloTcsl.

Ilpu CA, <r < CB, OKpPy>XHOCTH @ H W, HMEIOT AB€E 0OII1E TOYKH.

Ilpu r =CA, i r = CB, OKPY»KHOCTH w H (v, KacaloTcs.

JaHHaa cucTeMa MMeeT €IMHCTBEHHOE pellleHHe TOrAa U TONbKO TO-
[7ia, KOIZa OKPYXKHOCTh w KacaeTcd POBHO OAHOM M3 ABYX OKPY)XHOCTeH
w; U w, U He UMeeT HU OAHOU o6Iell TOYKH ¢ APYTOH OKPYKHOCTHIO.
Tax kak CA, < CA) <CB, < CB,, yCJI0BHIO 337141 YAOBAETBOPAIOT TONBKO
yHcna r=11 ur=+/193+2, otkyaa a=+11 wm a = +(+/193 4+ 2).

OtBeT: —v/193—-2; —11; 11; V193 + 2.

[Ipumep 8. HaiiTu Bce 3HaueHud NapaMeTpa da, IPH KaXKJ0M M3 KOTO-
PBIX HIMEET POBHO TPH Pa3/IMYHBIX pellleHHs CHCTeMa ypaBHEeHHEH

(x"4)2+(}"'4)2 =9:
y=|x—a|l+1.

Penienne, [lepeoe ypaBHeHHe CHCTEMBI ABIAETCS YPABHEHHEM OKPYX-
HOCTH C HeHTpoM B Todke (4;4) u paguycom 3. Mpaduk yHKIMM y =
= [x — a| + 1 nonyyaeTca mapajneIpHEIM IEPEHOCOM Ha BEKTOp l(a; 1)
rpa¢uka ¢pynkium y = |x|. [lockonbky rpaduk ¢yHKIMM y = |x| mpeacTas-
nseT coboii MpsAMO#t yro ¢ BepiumHoii B Touke (0; 0) M CTOpOHaMH, Jiexa-
MMM Ha NpAMBIX ¥ =X U y = —X BbIIe ocH abciuce, rpaduk GyHKIMH
¥ =|x —al + 1 Taroxe nmpeacTapnset co60i MpAMOE Yros, HO C BePIIMHOM
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B Touke (a;1) ¥ cropoHaMM, IapaIeJILHBIMK IIPAMBIM ¥ =X H ¥ = —X
(cM. puc. 5). Cpasy e 3aMeTHM, 4TO IpsAMas y =1, Ha KOTOPOM JIEKUT
BEpUIMHA yIJIa, ABAETCA KacaTelbHON K OKPY»XHOCTH.

yi :

Puc. 5

PoBHO TpH 0ofLIHe TOYKH GUIyphl MMEIOT B CI€AYIOIMX CITyYanX.

1. BepurHa npAMOro yriia JIEXXHT B TOUKe M kacaHuA OKPY)XXHOCTH U
npAMOi y =1, a ero CTOpOHB! MepPeceKalT OKPYXKHOCTh B IBYX TOYKaX
(mepBbiii cryyait). 3TO BO3MOXHO, TOJIBKO eC/IH a =4.

2. Ofga U3 CTOPOH IPAAMOTO yIvia IepeceKaeT OKPY>XHOCTD B ABYX TO4-
Kax, a Zipyras KacaeTcs OKDPYXXHOCTH B Touke A (BTOpO# Ciryuay) WIM B
Touke B (Tpermii ciydait). HaileM 3HadeHus nmapameTrpa JJis 3THX ABYX
ciaydaeB. ITOCKOABKY Paj/iyC OKDPYXKHOCTH, MPOBEAEHHBIN B TOUKY Kaca-
HHS OKPYKHOCTH M IPSMOM, NepreHAUKYIAPeH NMpAMOM, YeThIPEXyTo/b-
HUK BQAC sBJseTCs KBaJApaToM CO CTOPOHOM 3 H IHAarOHAaJIbIo 34/2. Torza
MD=MC=QC—-QM= 342 — 3. CeoBaTenbHO, AJMS CIydas KacaHHsA
B Touke B nonyyaeM a =3+2 — 3 +4 =1+ 3+/2. Jlst KacaHUA CTOPOHEL
yIVia M OKPY>HOCTH B TOUKe A aHaJIOrHYHO IOTy4aeM €Ile OZIHO 3HaYeHHe
napamerpa: a=4— (3v2—-3)=7—3vV2.

pua<7—3v/2uma>1+ 32 npsAMoii yron umeet He Gosee ABYX
OBHIMX TOYEK C OKPY>KHOCTBIO.

[pu7—-3vV2<a<4wmid<a<l + 3+/2 npAMOit yros UMeeT YeThipe
obIIHe TOYKH C OKPYXKHOCTBIO.

OtBeT: 7—3v2; 4, 14+ 3V2.
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IIpumep 9. HaiiTu Bce 3HayeHUs MapameTrpa a, MPH KaXKJOM U3 KO-
TOPBIX C/eAyIoNlas CHCTeMa ypaBHEHMH HMeeT XOTA Gbl OJHO pelleHue
(x; ;5 2):

(x—4sinz)2+(y +4cosz)? =1,
IxI+1yl = a.

Pentenue. Ilpu n060M AeliCTBUTENIRHOM 3HAYEHMH Z [IEPBOE ypas-
HEHHe JaHHOKM CHCTEMHI ABIAETCA ypaBHEHHWEM OKPYXKHOCTH v ILIOC-
KocTH OXy C pajuycoM, paBHeIM 1, ¥ LEHTPOM B TOUke (Xy; Yo), Tae
Xg=4sinzg, y, = —4cosz. [TockonbKy xg + yg = 16, LLeHTp OKPY>XHOCTH
B CBOIO OYe€pejb JIEXUT Ha OKDY)XHOCTH C LIEHTPOM B Hayajle KOODAH-
HaT ¥ pajuycoMm 4. Takum o06pa3oM, MHOXKECTBOM BceX Touek (x;y)
IVIOCKOCTH OXxy, KOOPAWUHATH KOTOPBIX YAOBJIETBOPSIOT IIEPBOMY ypaB-
HEHMIO JAHHOM CHCTEMBI, ABIAETCS KOBIIO, 3aKNIOYEHHOE MEX/Y ABYMA
KOHUEHTPHYECKHMH OKPYXHOCTAMM (BKIlOYAaA caMH 3TH OKPYXXHOCTH) C
LIEeHTPOM B Hayajie KOOPAHHAT U pazuycaMu 3 U 5 (puc. 6). Ecm a <0,

Puc. 6

AaHHas CUCTeMa, OYEBUAHO, pelleHHUi He uMmeeT. Eciu a > 0, MHOXeCTBOM
BCeX To4eK (X; ¥) IUIOCKOCTH OXy, KOOPAMHATE KOTOPBIX YAOB/JIETBOPHIOT
BTOPOMY YPaBHEHHIO JAHHOH CHUCTeMBbl, fIBJIeTcA KBaJpaT ¢ AWaroHa-
JIBIO 2a M CTOPOHOM av/2, orpaHuYeHHBIA IpAMBbIMHA y =a — X (tipu x > 0,
y20), y=a+x (mpu x<0, y>0), y=—a—x (mpu x<0, y<0) u
y=-—a+x (mpu x 20, y <0). JlanHasa cucTemMa uMeeT XOTH ObI OAHO
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peElleHHe B Tex WM TOJABKO TeX CIydasX, KOrfa Keajpar JUH60 BITHCAH
B MEHBILYI0O OKPY)XHOCTb, OrpaHHYMBAIONIYI0 KOJBIO (B 3TOM CIydae
a = 3), 60 OIMHCaH OKONO GONBIIEH OKPY>KHOCTH, OrPaHUYMBAOLIEH

KOMBIO (B 3TOM CAydae Q_ZQ =5, oTKyAa a = 5v2), u60 3aHUMaeT

IPOMEXYTOYHOE MONIOKEHHUE MEXAY ABYMA 3ITHMH MONOXEHUAMH (B 3TOM
crydae 3 <a < 2v/5).
Orser: [3; 5v2].

VopaxueHnus K §4.3

1. a) HaiiiuTe HauMeHblllee 3HaYeHHE QYHKIUH

y =V 0c—-2)2+16+ v (x—10)2 +4.

6) HaiizuTe HaMMeHblIee 3HadeHHe QyHKI[HH

y = V32 +4+1/ (x—9)2+9.

2. a) HaiiauTe HanMeHbllIee 3HaYeHHe QyHKIHUH

y= Vx2+9+1/x2—8x+20.

6) Haiiqure HauMeHbIllee 3HAYEHHE PYHKIIHH

y= Vx24+14/x2—24x +153.

3. a) HailauTe HauMeHplee 3HaYeHne QyHKIIUH

y = Vx24+6x+25+vx%— 10x+29.

6) Haiimite HaMMeHbLIee 3HadYeHe QyHKUNU

y = Vx2+8x+20+ \/x2—16x+73.

4. a) Halizute HauMeHbLIee 3HaYeHHe QYHKIIHH

y = \/(x—3)2+(x—7)2+ ﬁx—15)2+(x—2)2.

6) Haiizute HauMeHblIee 3HaYeHe QYHKIMH

y= vV —12+x—2)2+V(x =72+ (x+6)%

5. a) PemuyTe ypaBHEHHE \/x2 —6x+58+ \/x2 4+10x4-89=17.
6) Pelite ypaBHeHUe \/ x2+48x+20+ \/ x2—10x+125=15.




§4.3. 'eomeTpHYecKrie HaeH 177

6. a) Pelurrre HepaBeHCTBO \/ x% —20x+ 109+ \/ x%2—2x+82<165.

6) Penrrire HepaBeHCTBO \/x2 +6x+ 58+ \/x2 —4x+29<13.
7. a) Pelirite HepaBeHCTBO

V2x—1)2+ (x=7)2+ v (2x —13)% + (x— 2) < 13.

6) PelviTe HepaBEeHCTBO

Vx—2)2+Bx—7)%+ v (x—8)?+ (3x+1)2 < 10.
8. a) Haitgyite Hanbosblllee 1 HAMMEHbLIee 3HAYEHHA BhIPAKEeHUA
(@a—c)?+ (b—d)?

ecJIM yucaa a, b, ¢, d TakoBbl, YTO

a?+b? =4,
{ ¢ +d? = 36.
6) Haiiaute HauboNblllee U HAUMEHBIIlee 3HAYEHHs BHIPa)KeHHS
, (a+w’+ B +v)?
ecJIM yucaa a, b, u, v TakoBsi, 4TO
a’+b? = 64,
{ u? +v? =25,

9. a) HaiiguTe Haubospllee ¥ HaMeHbIIee 3HaY€HNA BhIPaKeHHA
(@+d)*+ (b ~p)*+(c+q)?
ecJIv yucaa a, b, ¢, d, p, q TakoBbl, UTO
a?+b*+c2 =4,
{d2+p2+q2 = 121.
6) Haiigute Hanbonplee H HAaHMeEHbIIIee 3HaYEHHA BblpaXKeHHs
(@a+d)*+(B+p)?+(c—g)?
ec/lH yuciaa a, b, ¢, d, p, q TakoBbl, 4TO
{ a?+b*+c* = 25,
d?+p*+q? = 81.
10. a) Pemunre ccTeMy ypaBHEHHH
V2 +(y =152+ (x—8)2+y2 =17,
{ VX2 4+ (y—12)2+ 4/ (x— 16)2+ y2 = 20.

12 Er3 2014, Matematika. 3apava C5
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6) PeurnTe cricTeMy ypaBHEHHH

Vx2+(y—8)2++/(x—6)2+y2 =10,
\/(x—5)2+y2+ \/x2+(y—12 2 =13.

11. a) Haiigure BCe 3HAYEHMUA MapaMeTpa d, IpU KaKJ0M U3 KOTOpHIX
MMeeT eAHHCTBEHHOe pelleHre CHCTeMa YypaBHeHUH

x?+y? = 6x—16+8y,
(x—6)*+(y—8)?%=d%

6) HaiizuTe BCe 3HaYeHHA IapaMeTpa a, PH KaXKA0M M3 KOTOPEIX HMe-
eT eJMHCTBEHHOE pellleHHe cHcTeMa ypaBHeHUH

{x""+y2 = 8x—37+10y,

x—=7D*+(y—9*=d

12. a) HailiguTe BCe 3HaueHHA napaMeTpa g, IpH KaKJI0M U3 KOTOPHIX
HMeeT eIMHCTBEHHOe pellleHHe CUCTeMa YpaBHEHH

(x—2a—3)24(y —3a-5)? = 190,
(x—3a—8)%+(y—4a—3)*=09.

6) Haiiute BCe 3HaYeHKs IapaMeTpa a, IPH KaXJ0M U3 KOTOpPbIX HMe-
€T eIHHCTBEHHOE pellleHHe CHCTeMa ypaBHeHUH

(x —5a—6)2+ (y —4a+5)* = 36,
(x—6a—5)2+(y—5a+8)? =16.

13. a) Hajigute Bce 3HaueHUs IapaMeTpa d, IIpHU KaKJIOM U3 KOTOPHIX
HMeeT eIMHCTBEHHOE pellleHre CHUcTeMa ypaBHeHHH

(x—a~-2)2+(y—a—4?= (2a-1)?
(x—2a+1)*+(y—2a—-3)? = (a— 1>

6) HajigyTe BCce 3HaYeHKs MapaMeTpa d, MPH KaXKJ0M U3 KOTOpBIX HMe-
eT eIMHCTBEHHOE pelleHHe CHUCTeMa ypaBHEHHH

(x—a—1)?4(y—a—3)2 = (2a—3)%
(x—2a+3)%2+(y—2a—-1)? = (a—2)°

14. a) HaiiauTe BCe 3HaueHHA lapaMerpa a, IPU KaKJA0M U3 KOTOPBIX
MMeeT €IMHCTBEHHOoe pellleHie cUCTeMa ypaBHeHUH

{x2+(y—6)2 = 36,

\ﬁc2+(y—18)2+ \ﬁx——a)2+_y2 = v/ a®+324.
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6) Hatigure Bce 3HaueHUA [TapamMeTpa d, IIPU KaXX/I0M U3 KOTOPhIX HMe-
eT eJUHCTBEHHOE PEllleHHEe CUCTeMa yPaBHEHUH

{x2+(y—5)2=25,

VX2 +(y =152+ 4/ (x—a)®+y% = v a? +225.

15. a) HaliguTe BCe 3HayeHUs mapameTpa d, IPpU KaKAOM M3 KOTOPBIX
MMeeT POBHO [Ba pellleHus CUCTeMa ypaBHeHUH

(x+a—8)*+(y—a)? = 32,
Vx2+(y—8)2++/(x—8)2+y2 = 8v2.

6) HaiignTe BCce 3Ha4YeHUs apamMeTpa d, IPU KaXXJOM U3 KOTOPBIX HMe-
€T POBHO JiBa pellleHHs CUCTEMa ypaBHEeHUH

(x+a—10)%2+ (y —a)? =50,
VxX2+(r =102+ 4/(x— 102+ y2 = 10V2.

16. a) HaiiguTe BCe 3HaYeHKsa apaMeTpa a, IPH KKJ0M H3 KOTOPBIX
MMeeT €JMHCTBEHHOE pellleHHe CHCTEMa ypaBHEHUH

y*—(2a+1y+a*+a—2=0,
Vox—a)2+y2+/(x—a)2+(y—3)2=3.

6) HailzuTe Bce 3HaYeHKA lTapaMeTpa d, NPU Ka’kJOM U3 KOTOPBIX HMe-
eT eJHHCTBEHHOe pelleHHe CUCcTeMa YpaBHEHUH

Y2+ (2a+5)y+a’+5a+4 =0,
V42 + 432+ (x+a)2+y% = 3.

17. a) HaiiguTe BCe 3HaueHUs napameTpa d, IpU KaKA0M U3 KOTOPhIX
MMeeT €JMHCTBEHHOE pellleHHe CUCTeMa ypaBHEHUH

(Ux|=5)2+(y—4)?* =09,
(x+2)?%+y?=d>

6) HaiiguTe BCe 3HaUeHHs NapaMeTpa d, IPU KaX/10M U3 KOTOPBIX MMe-
eT eIMHCTBEHHOE pellleHHe CHCTeMa ypaBHEeHHUH

(Ix|—10)*+(y —5)* = 16,
(x+2)2+y*=da>

18. a) Haiigure Bce 3HauyeHHs MTapaMeTpa d, IIPH KaXKAO0M U3 KOTOPBIX
HMeeT POBHO TPH pa3jMYHbIX pellieHHs CUCTeMa ypaBHEeHUH

(x—3)*+(y—6)* = 25,
y = |x—al+1.

12*
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6) HaiigvTe Bce 3HaYeHHA napaMeTpa a, NP KaXXJ0M U3 KOTOPbIX HMe-
€T POBHO TPH pa3/IMYHLIX pellleHHs1 CUCTeMa YpaBHEeHWI
(x—-2*+(y—-57°=9,
y=|x—al+2.
19. a) Haiaute BCe 3HaYeHUs1 MapameTpa d, IpH KKJI0M H3 KOTOPBIX
HMeEeT POBHO TpH pellleHHs CHCTeMa ypaBHEHUI
y+a=|x|+5,
x2+(y—2a+5)% = 4.
6) HaiiguTe BCce 3HaueHHA [MTapaMeTpa d, MPH KaXXKJ0M U3 KOTOPBIX UMe-
€T POBHO TPH pellleHHs CHCTeMa YpaBHEeHUH
y+6=|x|+aq,
x2+ (y+3a—-13)2=09.
20. a) HaiiguTe Bce 3HaYeHUs NMapaMeTpa d, PU KaXXJ0M H3 KOTOPBIX
HMeeT eMHCTBeHHOoe pellleHHe CUCTeMa YpaBHeHHH
y =alx|+a+2,
x? 4+ (y —a?)? = 16.
6) Haiigure BCce 3Ha4YeHHA MapaMeTpa d, MPH KaXXJ0M U3 KOTOPBIX UMe-
eT eIMHCTBEHHOE pellleHHe CHCTeMa YpaBHEHUI
y =alx|+a+1,
24+ (y+a)?=09.
21. a) Hatigute Bce 3HaYeHUA MapameTpa a, IpH KKAOM U3 KOTOPbIX
CUCTEMA YpaBHEeHUN
y = V3|x|+4a+5,
x2+(y—5a—4)?=36
HMEET XOTS Gbl 0HO pelleHHe, U YKaXXUTe YHUCJIO pelleHHil CHCTEMBI AJIA
KaXXJ0T0 3HAYeHUA d.

6) Haiigute BCce 3HaYeHHA mapamMeTpa a, Ipyu KOXJ0M M3 KOTOPHIX CH-
cTeMa YpaBHEHHH

y = V3|x|+5a+4,
x24(y —6a—5)2 =49

HMeeT XOTA Ob OAHO pE€IICHHE, H YKOXHTE YHCIIO peIIIEHPIIU’I CHCTEMDBI AJIA
KaxXXgoro sHa4eHHuA d.
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22. a) Haiigure BCe 3Ha4YeHHA MapaMeTpa d, [IpY Ka)XA0M H3 KOTOPHIX
UMeeT X0TA 6b1 OqHO pelueHue (Xx; y; 2) cucTeMa ypaBHeHHH

(x+3sinz)?+ (y +3cosz)? = 4,
x| + 1yl = a.

6) Haiigute BCE 3Ha4YeHHA nNapaMeTpa a, IpY KaXJ0M H3 KOTOPHIX CJle-
ZAYIOHan CHCTeMa YpaBHeHHi uMeeT XoTA 61 0ZHO pelleHue (X; Y; 2):

(x—5sinz)?+ (y —5cosz)? = 9,
x|+ 1yl = a.

23. a) HaiigyTe Bce 3HaYeHMA napaMeTpa d, IpH KaXKJI0M M3 KOTOPHIX
C/leIyIoHian CUCTEMA YpaBHEHMI UMeeT XOTA Ovl 0ZHO pelueHue (x; y; z):

(x+vV25-2)2+(y—+/2)2 =09,
at+x=y.

6) HaiigyTe BCe 3Ha4YeHHA nNapaMeTpa a, IIPY KaXX/I0M U3 KOTOPbIX CJIe-
AVIOHIasa CUCTeMa ypaBHeHMiH uMeeT XOTA 6561 0IHO pelleHue (X; y; 2):

(x— 2P+ (y—-Vv16—-3)2 =4,
X+y=ada.

24. a) Haiigure Bce 3Ha4YeHUs NapaMeTpa a, IpH KaKJA0M M3 KOTOPBIX
“MeeT POBHO JBa PELIeHH CUCTeMa HepaBeHCTB

16y2 > 9x?,
(x—6a+1)?%+y? < 942

6) Haiiaure Bce 3HaYeHHA IapaMeTpa a, IpyY KaXJA0M U3 KOTOPHIX UMe-
eT POBHO /IBa pellieHHs! CcTeMa HepaBeHCTR

9y?2 > 16x?,
(x —7a+4)*+y? < 16a°.

25. a) HaiiguTte BCe 3Ha4eHHs MapaMeTpa a, IpH KaKJIO0M U3 KOTOPBIX
¥MeeT KOHeYHOE YMCJIO PELIEHUH CUCTeMa HEPaBEHCTB

(y—3x)(B8y—x) <0,
(x—a)?+(y+a)? < 16a.

6) HaiigyiTe Bce 3Ha4YeHMA [TapamMeTpa a, [P KaKI0M U3 KOTOPHIX UMe-
eT KOHEYHOoe YMCJIO PelIeHH CUCTeMa HepaBeHCTB

(y —4x)(4y —x) <0,
(x —a)*+ (y + a)* < 25a.



I'nasa 5. /ipyrue MmeTo/bl

9Ta m1apa [IoCBsIeHa MeHee 06IIHMM II0 CpapHeHHIO ¢ paCCMOTPEHHDI-
MM paHee MeTo/laM pellleHHs HeCTaHJApPTHHX YPAaBHEHHM M HEepPaBeHCTB
(B ToM yHnCie, ypaBHEeHHI M HEPABEHCTB ¢ NTapaMeTpoM). 3HAKOMCTBO ¢
3TMMM MeTOAAaMHU M OBJiafileHHe UMM NoMoryT 6ojee yBepeHHO YyBCTBO-
BaTh ce6fl Ha JK3aMeHe NO MaTeMaTHKe JIIO60T0 YPOBHS CJIOMXHOCTH, B
YaCTHOCTH, IIPU pELIeHUM 3aJaHuil yacTu 2 EauHoro rocyapCcTBEHHOIO
3K3aMeHa o MaTeMaTHKe.

§ 5.1. MeTtoa ynpoujaioiiero 3Ha4YeHuA

B aTom maparpade 6yayT pacCMOTpeHBl 33/la4yH, KJIIOYeBhIM IpH3Ha-
KOM KaXKJOHM M3 KOTOPHIX SIBJIAETCA HAaJIUYMe CJI0Ba «I060i» WK ero mpo-
U3BOAHBIX (Kak IPaBUI0, OTHOCAIIUXCH K TapaMeTpy, HO MHOI/id ¥ K I1epe-
MeHHoi) B dopmynHpoBKe. K HEKOTOPEIM {Jajieko He KO BceM!) U3 TakHxX
3a/la4d NpMMEeHHMa Cllefyoias yjed pelieHud. [TockonbKy napaMeTp Mo-
YKeT NPUHUMATE JIfoOkle 3Ha4eHHUA U3 HEKOTOPOr'o MHOXECTBA, MOXHO I10-
MEBEITAaThCA NMOAOCOPATH TAKOE €ro 3Ha4eHHe M3 3TOro MHOXecTBa, YTo IIpH
IIOAICTAHOBKE ITOr'0 3Ha4YeHus B JJaHHOE YpaBHeHUE HIH HepaBeHCTBO yAa-
€TCH YIIPOCTHUTD 3a/ja4yy, CBeJA ee K CTaHJAapPTHOMY YPaBHEHMIO WIH Hepa-
BEHCTRBY. B ciuly aToro 6yaeM Ha3elBaTh paccMaTpUBaeMsiii MeTos (ycTo-
AIBLIEHCA TePMHHOJIOTHM HET) METOZAOM YIIPOLIAIONIero 3Ha4eHHs.

IMpumep 1. HaliTu Bce 3Ha4eHHA X, YAOB/IeTBOPAIOIIHE YPABHEHHIO

log, (@*x* —5a%x*+4/6—x) =log,2,,(3—V/x—1)

IIpY no6oM 3HaY€HUM NTapaMeTpa d.

Pemenne. [loHATHO, YTO CTAHAAPTHEIMH CcrocobaMy pemiTh 3TO
ypaBHeHHEe HEBO3MOXXHO: OCHOBAHMA Jorapu¢pMOB pasIHUYHE], IIpHYEeM
OJHO M3 HUX fABJAETCA YUCIOBEIM, A Jpyroe 3aBUCHT OT NnapaMmeTpa, a
IlepexoZi K 0fHOMY OCHOBAHHIO ellie 6ojbllle YCIOKHUT 3aja4y. [lonpoby-
eM IIPUMEHUTh H/IEI0, H3/I0XKEeHHYIO Boille. [T0CKONbKY HY»KHO HalTU BCe
3Ha4YeHHs X, YAOBJETBOPSAIOIIME JaHHOMY YpaBHEHHUIO NpH Jito6oM 3Haye-
HHUM NapameTpa a, rocrapaemcs nogobparth Takoe 3Ha4eHHe NnapaMeTpa,
IIPU KOTOPOM pellleHHe YpaBHeHHs cTaBJapTHHIMU criocobamu He GyfieT
IIPEACTARIATh OCOOBIX CIOXKHOCTelH. B faHHOM ciyyae Takoe ymnpolualro-
ee 3HaYeHHe A0ocTaToyHO o4eBHJHO: 310 a = 0. Ilpn a = 0 ypaBHeHue
npumet BUA log, v6—x =log,(3 — v/x—1). OcHoBauus norapn$MoB
OJMHAKOBhI, IO3TOMY YHCJIA MMOJ 3HAKAMHU JIorap¥¢$pMOB PaBHEl, IPUYEM
Ka)KI0€ M3 HUX JO/KHO ORITh MOJOXKUTENIBHBIM. B CIUTY paBeHCTBA YHCeI



§ 5.1. MeToz ynpowaroimero 3HaueHus 183

YCJIOBHE ITOJOXKHUTENLHOCTH AOCTAaTOYHO 3alTMCcaTh TONBKO JJisi OQHOrO M3
HUX. Takum o6pa3oM, NoNTy4YaeM CUCTEMY

VE—x=3-+/x—1, 6~x=(3-Vx—1)
OTKyZAa
3—vVx—-1>0, A Vvx—1<3.
TTocsie o4eBUAHEIX Tpecbpa3oBaHuil MOC/IEAHAA CUcTeMa IIPUMET BH/L

3vx—1=x+1,
1< x<10.

ITockonbky o6e 4acTH ypaBHEHHA CUCTeMbI HeOTpUIAaTeNbHE! (JleBass — B
CHIY HEOTPHULIATENbHOCTH apU(pMeTHYeCKOro KBaJpaTHOroO KOPHSA, Ipa-
BafA—B CWIYy HepaBeHCTBAa CHUCTEMbI), MOXHO ofe 4acTH ypaBHEHKA
BO3BECTH B KBa/IparT:

Ox—9 =x%+42x+1, x2—7x+10=0,
1<x<10, oY 11 < x<10.

KopHAMHM KBaJpaTHOTO YpaBHEHMs ABIAIOTCE YMOIa 2 M 5, KaXJoe U3
KOTOPHIX YAOBJIETBOPAeT HepaBeHCTBy chcTeMsl. MiTak, npu a =0 gaHHOe
ypaBHEHHE MOXeT MMeThb TOJbKO JBa KOpHA: x =2 M x = 5. OcraetcH
IpopepUTh (M 3Ta YacTh pellleHHA fBIAETCA He MeHee Ba)KHOH, yeM
TIpeARIAYIAn), KaKHe M3 HaMJeHHBIX 3Ha4eHMIl X ABJAITCA KOPHAMH
JAHHOTO ypaBHEHHs He TOJILKO HNpH a = (0, HO M NpH JMIOOLIX APYyTHX
3Ha4YeHuAX mapameTpa a. Ilycte x = 2. Torza ypaBHeHHE IpHMET BHJ
log, (2 ~ 12a*) = log,2,, 2. fICHO, YTO OHO BHIIOJIHAETCA He TIPH NMo6OM
3Ha4YeHUH a — XoTs 6kl MIOTOMY, YTO €ro JjieBas 4acTh ollpe/ie/ieHa He NpH
nobom 3HaYeHrM napameTpa. [lycts x = 5. Torza gaHHoe ypaBHEHHE ITPH-
MeT B/ log, 1=log,z, , 1. [lorydyeHHOE PaBEHCTBO ABIAETCA TOXAECTBOM
Y BRITIOJIHAETCS NPH BCeX 3HaYEHHAX [TapaMeTpa d, MOCKoIbKy obe yacTH
3TOr0 PaBeHCTBAa TOXECTBEHHO paBHBL HYJIIO IIpH MoboM a.

OTBerT: 5.

INpumep 2. HaliTi Bce 3HauyeHHs IapaMeTpa a, /I KaX/I0ro M3 KOTO-
PBIX NIpH JIF060M 3Ha4YeHMH napaMeTpa b ciefyollas cucTeMa ypaBHEeHUH
uMeeT X0T 651 OIHO pelleHHe:

21+ |y + (b* —2b+2)* = 3,
zy(z+b—1) = 2a®> —3a+1.
Pewnenue. 3xech nogobpars ynpolnalllee 3HaueHHe TtapaMeTpa Hec-
KOJIBKO CJIOXKHEH, 4yeM B MpeAsAyilieM IprMepe. BoirenmB NOMHBIN KBaj-
paT, BTOpOE cJlaraeMoe B JIEBOI 4aCTH IlepBOr'o YpaBHEHMs CUCTEMBI MOX-

Ho npuBecTty K Bugy ((b— 1)? + 1)*. Hau6osnee npocToii BHJ 3TO cliarae-
Moe 6ygeT umeTh npH b = 1. Tak kak cucTeMa Jo/KHA UMETh pellieHHe ITPH
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n06oM 3HaYeHHH nnapaMmerpa b, oHa JomKHA UMeTh pelneHre U npu b=1.
[Tpu b =1, kak jlerko BH/IeTh, BCA CHUCTEeMa CYILIECTBEHHO YHpOLIaeTcs X
NIpYHUMAaeT BHJ

A+lyD*=1,
22y = 2a® —3a+1.

Tax kak |y| > 0 npu moboM y, nonyyaem, yro 1+ |y| > 1 npu mobom y.
[ToatoMy ectt y #0ua>0, 0 (1+|y)¢>1, ecmn y#0ua<0, 1o
(1+|yD? < 1. Orcrona creayert, yto (1+|y|)? =1 Tonbko mpu a=0 wm
y=0. Euin y =0, To U3 BTOPOTO YpaBHEHUA NOCJIeJHeW CUCTEMBI TOTy-
qaem, uTo 2a% —3a+1=0, T.e. a=1 mbo a =0,5. Takum o6pa3om, npu
b =1 cuctemMa MoXxeT UMeTh XOTH 651 OHO pPellleHHE JIMIITE B TPeX C/Iydasx:
a=0,a=1,a=0,5. IIpopepumM, JeHICTBUTEILHO JIH IIPH 3THUX 3HAYECHUAX Q
cHCTeMa MMeeT XOTA 6vl OZIHO pelleHMe NpH 1ro6oM 3HaYeHHH b.
ITycts a =0. Torga cuctemMa ripuMeT BUJ,

(b2 —-2b+2)* =1, - (b-1%2+1)2 =1,
zy(z+b-1)=1, zy(z+b—1) = 1.

[TonATHO, YTO NepBoOe YpaBHeHYe NOJIyYeHHOH cucTeMs! 6yIeT BHIITOTHEHO
IIpU Mo6BIX 3HauYeHUs X napameTpa b tonvko B ciydae 2 = (. Ho Toraa
JieBas 4acTh BTOPOro ypaBHeHHA obpailjaeTca B Hy/b, a Ipapas ero 4acTb
OTJIMYHA OT HynA. CeoBaTebHO, BTOPOE YPaBHEHHE CUCTEMEI (@ 3HAYMT,
M BCA CHCTeMa) pelnieHMil He uMeet. tak, nmpu a = 0 faHHaA cucTeMa
MMeeT pellleHHe He IpH JIo6sIX 3HaYeHUsAX napamerpa b.

Ilyets a=1 win a=0,5. Torga gaHHasa cucTeMa MpHMET BU/,

21+ |yDe+ (b —2b+ 2)* = 3,
zy(z+b—1)=0.

flcHo, yTo napa uyucen y =0, 2 =0 ABp1geTCcqd peilieHHeM CHCTEMBI IIPH JIk0-
6oM 3HavYeHUM b.

OtseT: 0,5; 1.

ITHU [JBa NIpyMepa JeMOHCTPHPYIOT OCHOBHYIO HJIe10, HCIIO/b3YIOIYIO-
cA IpY pellleHHH NoAo6HBIX 331a4. [TapaMeTp MoOXeT NpUHUMATh Jo6sie
3Ha4YeHHs, N03TOMY, noAobpas Taxkoe 3HAYeHHe NapaMeTpad, KOTopoe Cy-
IIeCTBEHHO ynpouiaeT 3aJaqy, Msl TeM CAMBEIM OrpaHHYMBAEM YHCJIO BO3-
MOXKHBIX pellleHHi. Ilocsie 3Toro ocTaeTcsa MOKa3arh, LeUCTBUTEILHO JIH
3TU pellleHHA 6yayT pelleHHMAMM 3aJaqyd NpH JIO6GBIX AOMYyCTHMBIX 3HA-
YeHHUAX ITapaMeTpa, a He TOJNLKO IPH ynpoliaromux. [locaeHuii aTamn B
pelleHHH fipjigeTca oba3aTenbHbIM, TaK KaK U3 TOro, YTo 3ajadya MMeeT
pelleHMe IIpY HEKOTOPOM KOHKPeTHOM 3Ha4€HMH NlapaMeTpa, elle He cJle-
ZyeT, 4TO OHa OyZeT MMeThb pellleHHe M NpH JI0OBIX APYyTrUX 3Ha4eHHAX
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3TOro NnapaMerpa. PacCMOTpUM elle ofHy 3aJa4yy, B KOTOPOH yKa3aHHYIo
HAEI0 IIPUXOAUTCA IPUMEHATH JIUILE TIOC/Ie HEKOTOPHIX IIpeobpa3oBaHuii.

IMpumep 3. HaifTk BCe 3HaYeHHs nmapaMeTpa b, IIpU Ka>KA0OM K3 KOTO-
PHIX )15 JiTo60ro 3HaYeHUs napaMeTpa a cieAywllee HepaBeHCTBO UMeeT
x0T 651 OHO pellleHue:

log, 2 — Z4+1%0 11,2 _ 4047 4 21a - 1|

< log, 22— 74 190=21,2 4 3(7a~ 1)x +49a — 350 +3.

PewreHue. 3ech He cpa3y MOXHO CKa3aTh, KAKOe 3Ha4eHHe IapaMeT-
pa a aBasetcs ynpowaiquM. IMockombky |f (x)| < g(x) B TOM ¥ TONBKO
TOM C/1y4ae, ecu

f(x) > —g(x),
JAHHOE HePaBEeHCTBO Moc/Ie Npeobpa3oBaHKi IPUBOAKTCH K CHCTEME
log,x < x*+ (7a— Dx+ (7a— 2)?,

7““2" 6.2 _ (7q - Dx+7a~1<O0.

Teneph MOHATHO, KaKO€ 3HAYE€HHe MNMapaMeTpa ABIAETCA YHIPOIIAIONHM:

fx) < glx),
>

3T0 a = % O6osnayuM 7a — 1 4yepe3 p, yToOsl enje Gosnblie ynpoCTUTD

cucreMy. [TockonbKy a npuHHMaeT oObie 3Ha4eHUs, p TOXKEe NMPUHHMa-
eT yobrie 3HayeHys, U Haobopot. [loaToMy B JaibHeHlIeM O napaMmeT-
pe a MOXKHO «3abhITh». C yyeToM HOBOro 0603Ha4eHHsA NMOCTe/HsAA CUCTe-
Ma IIPpUBOJAUTCA K BUAY
log,x < x*+px+(p—1)%,
p+10b—15
T x?—px+p <0.

Taxk Kak p MOXXeT IpUHMMATh JIIoOkie 3HaYeHus, nonoxue p=0 (t.e.a=

1 o
= 7), IIOIyYMM, YTO BTOPO€ HEPABEHCTBO IIOCAeAHe# CHUCTeMEl IMpHUMET

Buz (2b — 3)x? < 0. Tockonbky log, x onpezeneH numb npu x > 0, a1
BBHINIOJTHEHMA HepapeHCTBA (2b — 3)x? < 0 Heo6xomMMO, YTOOH BEITIOMHA-
siock HepaBeHcTBO 2b—3 <0, T.e. b <1,5. IlonpobyeM A0Ka3aTh, YTO 3TO
yCJIOBHE SIBJISETCS AOCTATOYHEIM, T. €. yTo NpH b < 1,5 cucrema

1084 2 +px + (p a 1)2)

+10b 15
P g x2—px+p<0
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(a cremoBaTenbHO, M AaHHOE HepaBeHCTBO) uMeeT xoTA Obl OZHO pe-
LIeHHe TMpH NboM 3HaYeHHH napameTrpa p (a C/1eJOBAaTE&bHO, H MU
no60M 3HaYeHUH NapameTpa a). BTopoe HepaBeHCTBO CHCTEMBI MOX-

HO NepenucaTth B BH/E % - (x2 — 5x + 5) + (2b — 3)x? < 0. Ksazpar-
+5

Helil TpexwieH x” — 5x + 5 obpaiyaercs B Hy/b TPH X = > 5 » W, TO-
ckoiibky b < 1,5, T gBa YKciAa SIBAAIOTCA pELIeHHsAMH HepaBeHCTBa
% - (x? - 5x + 5) + (2b — 3)x% < 0 npu mobom p. Jlanee, log, x < x npu

x >0 (goxaxurel!), a x% + px+ (p — 1)2 > x npu mobrx p U MOGHX X.
ITocieHee cieayeT U3 TOTO, YTO AUCKPUMMHAHT D = —3(p — 1)2 kBaapart-
Horo TpexuteHa x? + (p — 1)x + (p — 1)? HenonoXXUTeNEH, a 3HAa4YHT, Hepa-
BeHCTBO X%+ (p — Dx+ (p — 1)2 > O BRINOJHAETCA NpH MO6OM 3Hade-
HHH X, OTKyJla ¥ cJieayeT BhIIIOJIHEHHe HepaBeHCTBa x%+ px+(p— 1)2>x
npu ymo6oM 3HaveHuH x. UTak, log, x <x <x?+px+(p—1)? T.e. log,x <
<x?+px+(p- 1)? IpH JIOOBIX MOJOXUTEJbHBIX 3HAaYEHUAX X H, B

+ +
YaCTHOCTH, IIPH X = 5—2‘/—5 TeM caMbiM JIOKA3aHO, YTO YHUC/IA X = §-§-‘/-_§

ABJAKTCA pellleHUAMH CHCTEMEI

log, x < x*+px+ (p— 1),

+10b—15
P T x*—px+p<0

npu mobsix p u b< 1,5. Utak, npu b < 1,5 aTa cucrema (a 3Ha4MT, U AaH-
HOe HepaBEeHCTBO) MMeeT pelleHHe IIpH oboM 3HaYeHUH NnapaMeTpa p
(a 3HaunT, ¥ MTapameTpa a).

OTtBeT: (—; 1,5].

3aMeuaHnue. B npumepe 3, B OTVIMYKE OT IPEALIAYIIHX, JOIYCTHMBI-
MU 3Ha4YeHHAMH IlapaMeTpa ABWIKChH HE OTAe/NbHBIe YMCia, a IIPOMEXY-
TOK. JIOCTaTOYHO YacTO B TAKHUX C/IydYasX MMeHHO HaliileHHEIN ITPOMEeXy-
TOK M ABJII€TCA pellleHUeM 3a/la4H, 4To, B CBOIO o4yepe/ b, TpebyeT cTporo-
ro o60CHOBaHHMA, TaK KaK HAXOAUTCA 3TOT IIPOMEXKYTOK UCX0ZsA U3 Heobxo-
JUMBIX YCIOBUI CylIeCTBOBAHHUA pelleHHs, a JOCTATOYHOCTh, ECTeCTBEH-
HO, TpebyeT AOMOMHHUTEIbHEX 060CHOBAHWH.

Ipumep 4. Haiitu Bce 3Ha4YeHHA NTapaMeTpa a, A1 KaKI0ro U3 KOTo-
PHIX TIpH JI060M 3Ha4YeHHH napameTpa b ypaBHeHue

x*—4|x|—7b—al+3|b—3|—2b+5a—15=0
HMEET POBHO B4 KOPHHA.

Pemenue. O6o3HaunM —7|b —a| + 3|b— 3| —2b+ 5a — 15 uepe3 ¢ u
paccMoTpuM rpaduk YeTHoi GyHKIMU y = X2 — 4|x| + ¢, cocTosmmil 13
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AByX 4acTeil napabon y =x% —4x +c (mpu x> 0) U y = x% + 4x + ¢ (ipu
x < 0) ¢ BepliMHaMH B To4YKax (2;¢—~4) U (—2; c ~ 4) COOTBETCTBEHHO.
Ilpu ¢ <0 rpaduk nepecexaeTt ock abcumce B ABYX TOYKax; NpH ¢ =0—
B Tpex To4kax, NpH O < ¢ < 4 —B YeThIpeX TOYKaX; IpHU ¢ =4 — B [IByX
TOYKaX; MpHU ¢ > 4 rpa¢Kk He UMeeT C OChI0 abcuucc HU OfHOM oblieH

TOYKH.
Yy
c y=x*—4jx|+c
—2 2 /
t 0 —t X

JlasHoe ypaBHeHMe MMeeT POBHO [IBa KOPHA, eCIM Irpad K nepecekaeT
ochb abciyce B ByX TOYKaX, T. €. e/ ¢ =4 wiH ¢ < 0. PaccMoTpyM 06a
ITHUX CIyvas.

Ilycte ¢ =4, T.e. —7|b —a| + 3|b — 3| — 2b + 5a — 15 = 4, oTkyza
7|b — al — 3|b — 3| + 2b — 5a + 19 = 0. IlocnegHee paBeHCTBO JO/KHO
BBIIIOJIHATHCA NMPU J106oM 3HadeHMU b, B yacTHocTH npu b = 3. B aTtom
ciydae nontyyaeM 7{3 —a|+6 —5a + 19 =0, win 7|a — 3| = 5a — 25.
B ci1y HeOTpHLIATEILHOCTH MOZYJIA KOPHH IIOC/IeIHETo ypaBHEHHUSA AO/DKHEL

VZOB/IETBOPATh HEpaBeHCTBY 5a —25>0, T.e. HepaBeHCTBY a = 5. Ho

Torga 7a —21=5a—25 u a= -2 mb6o 7a — 21 =25 —5a na=2—63. Hu

OJHO U3 HaliJleHHHIX 3Ha4eHMIl a He yAOoBJeTBOpAeT HepaBEeHCTBY d 2 5.
CrepoBaTeNbHO, B 3TOM CJlyyae pellieHUil HeT.

[ycts ¢ <0, T.e. —~7|b —a| + 3|b — 3| — 2b + 5a — 15 < 0. O603HaYMM
g(b) =—7|b — a| +3|b— 3| — 2b + 5a — 15. I'paduk HemnpepriBHOM PYHK-
M y = g(b) npeacrapaseT coboil TOMaHyl, COCTOALIYI0 M3 OTPE3KOB
npsAMBIX U Jydeid. [Ipu b > a kaxjoe 3BeHO JIOMaHOM ABJIAETCA YACThIO
npsimoit Buza y = kb + 1, rone k < 0 (mocko/nbky BHe 3aBHCHMOCTH OT
«pacKpeITUA» BTOporo mMoayna koagduimeHTt npu b 6yser oTpuliaresb-
HeIM). CreZioBaTenbHo, npu b > a $ynkuua y = g(b) y6riBaet. CoBep-
LIIEHHO aHaJIOTUYHO MOXHO TOKa3aTh, 4TOo NpHU b < a ¢yHkiua y = g(b)
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Bo3pacTaeT. [loaToMy B Touke b = a 3Ta yHKUMA JOCTUraeT CBOEro
Haubosplulero 3HauyeHus, T.e. maxg(b) = g(a). [loaToMy HepaBeHCTBO
—7|b —a|+3|b— 3] — 2b+ 5a — 15 < 0 6yzeT BHIMOJHATHCA NPU JIIOOOM
3HaYeHUH b B TOM M TOJBKO TOM Ciaydae, eciu maxg(b) <O, T.e. ecm
g(a) < 0. Ho g(a) = 3|a — 3| + 3a — 15. OcTaercs pelIuTh HepaBeHCTBO
3|a — 3| +3a — 15 < 0. [Ipeo6pasyeM HepaBeHCTBO K BUAY [a—3|<5—au
nepeiieM K CUcTeMe

a—3<5—aq,
a—3>a-—5.

BTopoe HepaBeHCTBO CUCTEeMHB BHIITOAHAETCA [IpH 1I0OOM 3HaYEHUH a; U3
II€pPBOr'c HEPABEHCTBA NOIy4yaeM d < 4.
OtBeT: (—; 4).

YopaxHeHus k §5.1

1. a) Haiigute Bce 3Ha4eHHA X, YAOBIETBOPSIOMME YPaBHEHHIO

2log,z,,(4—1/7+2x) = log,, ;2,2(4—3x)

npy mo60M 3Ha4eHUH NapaMeTpa d.
6) HaiiayTe Bce 3Ha4YeHHUA X, YAOBAETBOPAIOLIME YPABHEHUIO

2loga2,5(7 — /34 +x) = logy,2,3(3 —x)
npu n060M 3HaYEeHHH NapaMeTpa da.

2. a) Haiigute BCce 3HaYeHMA IIapaMeTpa d, i KaXXJ0r'o H3 KOTOPBIX
npu mo6oM 3HaYeHMH napameTpa b cieayiolas cucteMa ypaBHeHUH nMe-
eT XOTA OBl OZIHO pellleHHe:

(143x)2 4+ (b* —4b+5)Y =2,
x?y?2—(2—-b)xy+a*+2a=3.

6) Haiigyre BCe 3HaYeHHs napaMeTpa a, Jisi K&KA0TO U3 KOTOPHIX IIpH
no6oM 3HaYeHUH napamMeTpa b creayioias cUCcTeMa ypaBHEHMII MMeeT
XOTH 6B OHO peLIeHHE:

2(1+[z))*+ (b* - 2b+2)Y =3,
zy(y+b—2) = 2a*—7a+3.
3. a) Haiiayre BCe 3HaYeHUA NapaMeTpa a, Ui KaXJ0ro H3 KOTOPBIX

npu moboM 3HaYeHUHU napamMeTpa b cieayomiasn cucTemMa ypaBHeHHH MMe-
et XOTA Obl OJHO pelleHue:

2+ 1D+G?+1)Y =2,
a+bxy+x%y =1.
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6) Haiizure Bce 3HaYeHHA TapaMeTpa a, /IS K&X0T0 U3 KOTOPHIX IIPH
mo6oM 3HayeHMM NapaMeTpa b cleayiolliasd CMCTeMa YpaBHEHHWiI UMeeT
XoTA 65l OJHO pellieHHe:

25 4 (a+1by? = d?,
(a—Dx*+y?=1.
4. a) Haiizute BCe 3HaueHMs nmapameTpa b, MpM KakJIOM M3 KOTOPBIX

A1 moboro 3HaYeHusa napaMeTpa a CIeAyIoliee HepaBeHCTBO UMEeeT XOTH
651 0gHO peleHMe:

log, é’—%+ 10b+§a+31x2 —9a* —9a— 1' <

< logg 1—6 + 10b+§a+41x2 —2(3a+1)x+9a*+15a+3.

6) HaiianTe Bce 3HaYeHHA napameTpa b, Ipu KaXJ0M U3 KOTOPHIX JJIS

mo6oro 3Ha4eHUs IapaMeTpa a cJIefyllee HepapeHCTBO UMeeT XOTH Okl
OJHO pelleHuye:

logSZx—S—Lg_nxz—a2+3a—1 <

2;5 — ___a+5§—21x2 +2(a—)x+a*—5a+3.
5. a) Haiianre Bce 3HaYeHMs napaMeTpa a, /UIA KaXKJOr'o M3 KOTOPHIX
nnpy moboM 3HaYeHHH napameTpa b ypaBHeHHe

x2—4|x|=7la+b+1]+3b—1|—-2b-5a—14=0

MMeeT POBHO /IBa KOPHA.
6) Halizure Bce 3HaYeHMA napaMeTpa d, /i KaX/A0I'C U3 KOTOPHIX IPH
moboM 3HayeHHM napameTrpa b ypapHeHuHe

x*—4ix|—-7la+2b—1|+3|2b+ 3| —4b+5a—-20 =0

MMeeT POBHO /Ba KOPHA.
6. a) HaiiauTe BCe 3HaYeHHs NapaMeTpa d, IPH KaXJOM U3 KOTOPBIX
AJ1A io6oro 3HaYeHHS X BHINIOJTHEHO HEPABEHCTBO

a(4—sinx)*—3+cos’x+a > 0.

< logg

6) HaiiauTe Bce 3HaueHUA NTapaMeTpa d, IIPH KaXJOM M3 KOTOPHIX AJIS
mo6oro 3Ha4eHUA X BHIIOTHEHO HEPAaBEHCTBO

2a —4+a(3 —sin? x)? +cos? x < 0.

7. a) Haiigute Bce 3HaYyeHUs MapaMeTpa d, MPU KaKJIOM U3 KOTOPHIX
AJ1st TI060ro 3HaYeHHA X CIPaBeJJHMBO HEpaBEeHCTBO logan (x%+3) > 1,

a+2
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6) HaiiauTe Bce 3HaueHHA MapaMeTpa d, NpY KaXAO0M M3 KOTOPBIX /1A
J1060r0 3HAYEHHUA X CIIpaBeIMBO HepaBeHCTBo log o (x%+2) > 1.
a+1

8. a) Haliznre BCce 3HaYeHHA InapameTpa d, IPpH KaKJ0M K3 KOTOPBIX
BO3pAcTaeT ¥ HE MMeeT KPMTHYECKHMX TOYeK Ha Beeil mpsaMoil QyHKIHA
y(x) =8ax —asinb6x — 7x —sin 5x.

6) Haiizute BCe 3HaYeHHA napaMeTpa d, IIPH KaXJOM H3 KOTODHIX
y6HIBaeT M He MMEET KPUTUYECKHX ToYeK Ha BCed mpaAMoN QyHKIHA
y(x) =asin7x + 8ax +sin4x — 5x.

§ 5.2. [TapameTp Kak repeMeHHasn

3ToT naparpad NocBAlUEeH 33/a4aM JByX THIOB, KIIOYeBOM Knaeed pe-
LIEHMS U KAKJ0T0 U3 KOTOPHX ABIAeTCS pacCMOTPEHHE IapaMeTpa Kak
nepeMeHHOM. 3aja4yy NIePBOTO THIA MPEeACTaBIAKT CO60H, KaK NpaBUIio,
1ie/ble pallMOHa/IbHbIe YPABHEHHA (HEPABEHCTBA), MPUYEM CTEIIEHH IIe-
PEMEHHEIX B 3TUX YPAaBHEHHAX U HEDABEHCTBAX OTHOCHTEJILHO BBICOKH, A
CTelleHb NIapaMeTpa He Bhillle BTOPoii. PaccMaTpuBad WM peluas mogob-
HOe ypapHeHVe (HepaBeHCTBO) KAk JIMHEHHOE WIH KB3/JpaTHOe OTHOCH-
TeJILHO NapaMeTpa, YacTo yaeTCsl OTBeTUTh Ha BONIpoc 3ajaqn. Takoi Me-
Toz (HA30BEM €rc MeTOJOM PElLIeHHs OTHOCUTEIbHO IapaMeTpa) CXOX C
METOZIOM pellieHHs YpaBHEHM1 WM HePaBEeHCTB ¢ HECKOIBKMH IIEPEMEH-
HBIMH, paCCMaTpHBaeMbIX Kak JIMHeliHbie WK KBa/IpaTHble OTHOCHTE/ILHO
onHoit 13 HUX (cM. § 2.1). Ko BTopoMy THUITy OTHeCeM 3a/a49H, B KOTOPBIX
TpebyeTcs HaiiTH HauMeHbIlee WIH Haubosbllee 3HaYeHHe HEKOTOPOro
BEIp@)KEHHA, 3aBHCAILero (B GOMBUIMHCTBE CIy4YaeB IMHEHHO) OT HECKO/Ib-
KUX [IEpEMEHHEIX, IPH OIIpe/ie/IeHHOM CBA3M MEeXy HUMH. B TakuX 3aja-
Yax Hy»XHO 0603HaYMTh KCKOMO€ BEIp2)XeHHe Kakoil-To 6ykBoH, BBEAA ee
B Ka4yecTBe MapameTrpa. 3ateM CJIeAyeT BrIPasHThb OAHY W3 I€PEeMEHHBIX
yepe3 OCTa/IbHEIE U BBEIeHHEIN NapaMeTp, IIOACTaBUTh NTOTy4YeHHOE Bhipa-
YXeHHE B YpaBHeHHe (HepaBeHCTBO) CBSA3HM M, paccMarpHuBas NOJIyyeHHOE
ypaBHEHME KaK, HallpUMep, KBaJPaTHOe OTHOCHTEILHO OZHOM M3 OCTaB-
IIMXCSA NTepeMeHHEIX, OTBETUTE Ha BOIIPOC 33/1a4H, HCCIe0BAB JUCKPHMMU-
HaHT ypaBHeHus. Takoit MeToz 6yAieM HasplBaTh METOAOM BBe/€HHA Napa-
meTpa. OH CXOX C METOJOM pelleHHs] OTHOCHTEIbHO napaMeTpa, HO Tpe-
6yeT ellle OZIHOTO NpeABaPHTEILHOTO LIara — BBEJIEHHUA NapaMeTpa. IToT
MeTOJ MOXXHO C YCIIEXOM MCHOIb30BaTh IPU PellleHHH HEKOTOPBIX THIIOB
3a/a4 ¢ 9JKOHOMHYECKHM cojepkaHueM. [lepefiaeM k mpuMepaM, Ha4as C
3a/a4 MepBoro THIA.

[Ipumep 1. HaifTu Bce 3Ha4YeHUA NapaMeTpa d, NpH KaXAO0M U3 KOTO-
phix ypapHeHue 2x3 — (a + 2)x* — ax + a? = 0 uMeeT xoTa 6b OAMH KO-
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PE€Hb, M yKa3aTh KOPHM YpaBHEHMS JUI KKAOTO M3 HaMJEHHBIX 3Haye-
HHUI g.

Perenne. PaccMOTpUM AIaHHOE YpaBHeHUe KaK KBAJpaTHOE OTHOCH-
TeJIbHO napameTpa d, IIEPeIKCaB ero B BUAe a” — x(x +1)a — 2x2+ 2x3 =0.
Haiizilem AUCKPUMUHAHT D 3TOro ypaBHEHHUS:

D=x?(x+1)2-80(x*-x?) =x*—6x3+9x% = x2(x —3)%.
Janee, MOCKONBKY AVCKPMMWHAHT SIBJIAETCS IIOJHBIM KBaApaTOM, IOJIY-

UMM, UCTIO/B3Ys1 GOPMYITy KOpHel KBaApaTHOIO YPaBHEHHMS, YTO

a
a = 2x, x ==

2’
OTKYyZa
a=x%—x, A x2—x—a=0,
YpapHeHHe x? — x —a =0 ¥MeeT XOTs# Gbl OfUH KOpE€Hb B TOM M TOJIBKO
TOM CJiy4dae, €CIM €ro JUCKPHMUHAHT 4a + 1 HeoTpullaTeneH. B aToMm ciy-

+ 4/
yae x = 1 ;}a+1 . OnpegenymM, py Kakux 3HAYEHHAX d > —% yucia %
1+ 4/
H — ;a +1 paBHbl. JIIA 3TOI'O pacCMOTPHM paBeHCTBO a=1=+ v4a+1,

WM a — 1 ==++v4a+1. INocie Bo3BeneHUA OOeHX yacTeli IMOC/TeIHEro
paBeHCTBA B KBaJpaT M YIPOIIEHHH INOTy4dMM, 4To a’ — 6a = 0. UTak,
a=0 wm a=6. Oba HalJIeHHBIX 3HAYEHUS YJOBJETBOPAIOT YCIOBHIO

1
a> —-Z. HOCI{OJII:Ky IIPpH BO3BE€JEHVH B KBaJpaT MOrYT IIOABHTBCA IIO-

CTOPOHHHME KOPHH, HYXHO c/lenarh npoBepky. IloactaHoBkoit a =0 B
ypasHeHHe a =1+ +/4a+1 ybexxaaeMcs, 4TO NMpH 3TOM 3HAYEHHMM IIa-

a 1—+v4a+1

paMeTpa BBIIOJIHAETCA papeHCTBO d =1 — v4a+1, W 5= 5

I[loacraHoBkol a = 6 B ypaBHeHMe a = 1+ +/4a + 1 ybexzaaemMcs, 4To npu
3TOM BHa‘{eHHH napaMeTpa BBINOJHAETCA paBeHCTBO a=1+ v/ 4a+ 1, win

% 1+ \/401 TaI{HM obpazoM, eci a € (—— 0) U (0; 6) U (6; «), aaH-
HO€ YpaBHEHHE UMeeT TPH KOPHA: X = %, 1-+v4a+1 x 1++v4a+1 :

ecin a = 0, JaHHOEe ypaBHEHHe MMeeT [iBa KOpHA: x =0 u x = 12 eciu
1
a =6, laHHOe YpaBHEHHe MMeeT /IBa KOpHA: X =—2 U x=3; ecIM a = — e

FAAaHHOe ypaBHEHHe MMeEeT [iBa KOpHA: X = —-é— U Xx= %; ecin a < —-‘II,
F/aHHOE ypaBHEHHE MMeeT O[IMH KOPeHb X = %

OtBeT: ecmH a € (— 0) U (0; 6) U (6; =), TO x = 5, xX= 1-viatl '24a+l,
x=1—+————— “4a+; ecmma=0,Tox=0ux=1;ectua=6,Tox=—2uU x=23;

1 1 1
CMMNad=—5,TOX=—~g HX=75 eCHHGE(—OO —") TOX__

4’ 8 2’
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IMpumep 2. HaliTH Bee niesible 3HaY€HUA ITapaMeTpa a, NMPH KaxI0M 13
KOTOPHIX ypaBHEHHe

2x7 —4x% 4+ 11x° —18x*+25x° — 2(a + 16)x2+25x—5a—23=0

HMeeT XOTs OBl OAWH LIEJIBI KOPEHb.
Pentenne. 3aMETHM, YTO OTHOCHTE/IRHO TlapaMeTpa ypapHeHHe sB/IA-
eTcsA IMHEHHEIM M €I'0 MOXXHO IEperucaTh B BHAE

(2x%+5)a=2x" —4x%+ 11x5 — 18x* +25x3 — 32x?% + 25x — 23,
OTKYZa

37 — 4% 4+ 11x° — 18x%+25x% — 32x2 +25x — 23
2x2+5 ’
Jens «yrojiKoM» YHUCIMTENb IpaBoil 4acTH Ha 3HaMeHaTesb, NOJy4HM

=x> —2x3+3x*—4x° +5x -6+

2x27 15 [TOCKO/IBKY ITO YCJIOBHIO

3a/la4yM 4yucia a 1 X ABAAOTCA HeJbIMH, YHCIO

2x27+ g TOXe JIOJDKHO OBITB
HenbM, YTo (C yYeTOM IIOJIOKHUTEIBHOCTH YMCaa 2x° + 5) BO3MOXHO,
TOMBKO ecy 2x° +5=1 wm 2x* + 5= 7. [lepsoe ypaBHEeHHe KOpHEH
He MMeeT. KOpHAMM BTOpOrO ypaBHEHHA sBAAOTCA x = —1 1 x = 1.
Eomx=—-1,T0a=-1—-2—-3—-4-5-6+1=-20; ectr x=1, T0
a=1-24+3-445-6+1=-2.

OTeeT: —20; —2.

IIpumep 3. 1A Kaxxgoro HeOTpHuaTeanoro 3HaYeHHs rapamerpa d
HATH MHOXXECTBO pellleHHii HepaBeHCTBa a°x* + 6a’x?—x+9a+320.

Pemenue. Ecin a =0, To x < 3. I[Iycth Tenmepb a > 0. B aToM ciy4ae,
YMHO}KPIB 06e 4acTH HepaBeHCTBa Ha MOJIOXUTEJIbHOE YHCIIO d, ITONYYHUM
a*x* + 6a®x? —ax +9d® +3a =0. BpeMeHHO o603Ha4YMB ax 4yepes p, pac-
CMOTPHM HEPABEHCTBO pt+ 6ap? —p+ 9a? + 3a 2 0 Kak KBa,upaTHoe oT-
HOCHTEJNIBHO d, IIepenucas ero B Buae 9a? +3(2p* + Da+ p*—p>0. Haii-
JileM AUCKDUMUHAHT D KBa,upaTHoro TpeaneHa B JIEBOM YaCTH IIOC/IE€JHETO
HepapeHcTBa: D = 9(4p* +4p? +1) — 36(p* — p) = (6p +3)2 CJIe,EIOBa-
TEJIBHO, KOpHHMH KBa,upaTHoro TpexwieHa 9a’ + 3(2p%+ Da+p*—p sB-

— +p+1
naroTes g = £ 3p nHa= —E——BP-—. Teneps, ucnonb3ya GopMy/y pasio-

YKeHHS KBaJpaTHOIO TPEXWIEHA Ha MHOXKWTE/H, MOXHO NMPHBECTH HEpa-
BeHcTRO 902 +3(2p% + Da+p*— p >0 x Buay

o(a—252) (a+ EH241) 5.

pP+p+1
3
YieH p2 + p + 1 nosoXuUTeNEeH MpH JIOO60M p B CHITY IOJIOXUTEIBHOCTH

3ameTuM, 4TO A + > (), IOCKOJIBKY a > 0 M KBaApaTHBIM TpEX-
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cTapiero ko3ggUIreHTa U OTPULaTeIbHOCTHU IUCKPUMUHAHTA. [ToaToMy
2

a—E ;p >0, otkyza p? — p + 3a > 0. Bosspamance K NpeKHUM 060-

3HaYeHUAM H Jlesi1 obe YyacTH HepaBeHCTBA Ha d (YTO MOXHO CAenaTh
B CHJIY TMOJOXUTEJbHOCTH d), IOJAYy4YaeM HEPABEHCTBO ax? —x+3>0.
JIMCKpUMMHAHT KBAaJpaTHOTO TpexwieHa ax? — x + 3 (setsu rpaduika
KOTOpPOTO HampaBJeHBl BBEPX, Tak Kak a > 0) pased 1 - 12a. Takum ob6-

1
pasoM, eciu 0 < a < 75, TO PeLIeHHeM HepaBeHCTRA ABJIAETCA MHOXECTBO

1-/1=12a7], [1+VI—1Za
(o =g o [T )

eciu a2z TO HEPABEHCTBO

1
. Z 12’
BBIITOJIHAETCA IIPU BeeX JIeHCTBUTEIBHBIX X.

OtBert: ecii a =0, TO X € (—=; 3];

—/1-12a 1++/1—12a

2a ] v [ 2a ; +OO);
el a€ [12, +oo) TO X €E(—x; + ),

ITpumep 4. HaiiTu Bce 3HauyeHHA napaMeTpa d, NPHU KOTOPHIX Cpeau
pelieHH HepapeHcTBa (a — x2)(a + 2x — 8) <0 HEeT HU OJJHOTO PelleHHA
HepaBpeHCTBa x° < 4.

Pemienue. MckaTp 3HaYeHWA napaMerpa, IIPH KOTOPhIX HEPABEHCTBO
MIMeeT pellleHHs, 0OBIMHO IMMPUBEIYHENH U MpolIe, YeM UCKaTh 3HaUEHHA Ia-
paMmeTpa, IpY KOTOPHIX HepaBeHCTBO He MMEET peleHui. B Takux cryya-
AX YCJIOBHE 3a/a4M 11eyiecoobpa3Ho nepeGopMyIUpOBaTh B «IIO3UTHBHOM»
Kmove. He sipnsieTcs UCKIFOYEHHWEM M JlaHHadA 3ajava. Ee MOXHO nepe-
$opMy/IMpoRaThk TaK: HaWTH BCe 3HAYEHMWs NapaMmerpa d, IPH KOTOPbIX
HEpaBEHCTBO (a — x?)(a - (—2x + 8)) > 0 BHINOMHEHO NpH NOO0M 3HaYe-
HUH X, y/IOBJIETBOPSIOMIEM YCIOBHIO X2 < 4, T. €. nipy Jiro6oM x € (—2; +2).
PaccMmaTpHBas HepaBeHCTBO (a — —x%)(a — (—2x +8)) >0 kak KBagpaTHOE
OTHOCHUTE/IbHO NapaMeTpa d, 3aKII04YaeM, YTO €ro pemeHﬁeM OTHOCHTEJIb-
HO a byzeT BCs YMCIOBasA anMaﬂ 3a UCKJIIOYEHHEM UHTEpBaa, KOHuaMH
KOTOPOTO ABJIOTCA uMcaa x2 U —2x + 8. Ectn x € (—2; +2), TO x2€[0; 9,
(—2x) € (—4; 4), a (—2x + 8) € (4; 12). Takum obpa3zoM, x> NPUHUMAET
sHayeHMsA oT 0 7o 4, a (—2x + 8) mprHHHMaeT 3HayeHus oT 4 o 12. 3Ha-
YHT, U3 pellleHHs HepaBeHcTBa (a — x?)(a — (—2x + 8)) < 0 pomxeH GLITh
vcxoveH uHTepsan (0; 12). Takum ob6pasoM, a € (—e; 0] U [12; +<).

OtBeT: (—o; 0] U [12; 400).

IMpexze 4eM NEPEXOAUTD K 3aZja4aM BTOPOI'O THIIR, €Ile Pa3 OTMETHM,
YTO pacCMOTPEHHBI! METOZ MOXHO C YCIIEXOM HCIONB30BaTh HE TOJMBKO
IIPH pellleHHH ypaBHEHHIT ¥ HEpaBeHCTB C NapaMeTpaMHM, HO U IPH pe-
IIEHWHW YpaBHEHUI W HEepaBeHCTB € HECKOJIbKHMH NEPEMEHHBIMH. JTOT
MeToJ OKasbiBaercA Haubosee 3¢pQPeKTUBHBIM B TeX CIydadx, Korja pe-
I1aeMoe ypaBHeHHe (HepaBeHCTBO) SIBJISETCS KBAaJPaTHBHIM OTHOCHTEILHO

. A
ec.;mae(o, 12) TOXE( co;

13 E3 2014. MatemaTtrka. 3agaua C5
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OJHOM W3 NMepeMeHHBIX WIH MOXeET ObITh CBeZleHO K KBaApaTHOMY ITOC/IE
HEKOTOPpHIX IpeobpazopaHuii (kak aTo 6bUT0 ciesnaHo B ipuMepe 3). Pac-
CMOTPHM Tellepb HECKOJIBKO 3aJa4, KOTOpble pellaloTcsl € MOMOLIBIO Me-
TOZa BBeJeHHs IapaMeTpa.

Ipumep 5. Uncna x, y, z TakoBHl, uTo X2 + 3y? + 22 = 2. Kakoe Hau-
6onblilee 3HaUEeHHE MOXET MPUHHUMATh BBIpaXkeHue 2x +y — 2?

Pemrenue. O6o3HayrmM 2x + y — 2 yepes a. Torga z=2x +y —a. [log-
CTaBHB BMECTO 2 B YpaBHEHHE x2+3 _y2 +22=2 IOJy4E€HHOE BBIpa’keHHE,
npuzeM K ypaBHeHHIo x2 + 3y? + 4x? + y? + a? + 4xy — 2ay — dax =2.
PaccMoOTpHM IOJIyYeHHOe ypaBHeHne KaK I{BaﬂpaTHoe OTHOCKTeJIbHO X,
nepernmcae ero B suge 5x2 + 4(y — a)x + 4y? — 2ay + a®* — 2=0. Tenepp
3a/la4y MOXKHO nepedopMyIMpOBaTh TaK: HalTH Haubosblee 3HaYEHHE
napameTpa d, NpU KOTOPOM ypasHeHUe

5x2+4(y —a)x+4y? —2ay +a?—2=0

HMeeT XOTA OBl OUH KOPeHb. JIJ11 TOro YTO6H 3TO ypaBHEHHE UMEJIO XOTHA
OBl OIVH KOpeHb, HEOOXOAMMO U JOCTATOYHO, YTOOH! €ro IMCKPUMHMHAHT D

6bL1 HEOTPHUIATENEH, WK % >0.Ho % =4(y —a)? —5(4y?—2ay +a*—2),

OTKyZa % = —16y? + 2ay — a® + 10. PaccMOTpUM BHIpaXXEHHE —16y? +

+ 2ay — a? + 10 Kak KBaJpaTHBIN TPEXWIEH OTHOCHUTEILHO Y. JiiA TOro
yTOOB! 3TOT KBAJAPATHHIM TpPEXwWieH, cTapliuii kK03¢PHIMEHT KOTOPOro
OTpHIIATeNIEH, NMPUHHMA/ HeOTpHIlaTeIbHEle 3HAYeHHsA, HeoOXOAUMO M
AOCTATOYHO, YTOOHI €ro AUCKPUMHHAHT D, 6bU1 Oosbiie TH60 paBeH HYJTO,

D D
WM, YTO TO xe camoe, — > 0. IockombKy 71 =a? + 16(—a? + 10) =

4
= —15a2 + 160, ocTaeTca pemmnTs HepaseHCTBO —15a” + 160 > 0, oTKyAA
a’ < Q U |af < \/ . TakuMm obpasoM, HaHOOJIBIIVMM 3HAaYEHWEM a ABJIA-

eTca \/
OTtBeT: \/ 3

3ameyanue. B faHHOM (ylyyae He Hy>KHO HaxXOJWThb 3HAYEHMA Iepe-
MEHHBIX, TAK KaK OTBET IOJTyYeH HUCXOs U3 HEOOXOAUMBIX Y JOCTaTOYHBIX
YCJIOBHH CyIIeCTBOBAHUH KOpHEH ypaBHEHHH.

IIpumep 6. Haitth HauMeHbIlee BO3MOXHOE 3HAaY€HHWe BbIpaXKeHHA
2sinx+ 3siny, ecm 2sin x + 3sin? y = 4.

Pemrenne. Ob6osHayuMm 2sinx + 3siny 4yepes a. Torza 3siny =a —
— 2sinx. YMHOXUM 0obe yacTH paBeHcTBa 2sin’x + 3sin‘y =4 ua 3 u
3aMeHMM 3 sin y Ha a — 2sin x. [Toxy4um ypaBHeHHE

6sin® x + (a — 2sinx)? = 12,
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otkyza 10sin? x — 4asin x +a? — 12=0. Iycts t =sin x, t € [(—1; 1]. Ypar-
HeHMe npuMeT By 10t — 4at + a? — 12=0, u 3aga4y MOXXHO nepedopMy-
JIMPOBATh Tak: HalTH HAaMMEHblIlee 3HAYCHKE NapaMeTpa d, IIpH KOTOPOM
ypasHeHue 10t? — 4at + a? — 12 =0 uMeeT XOTA 6B OUH KOPEHbL, IPHU-
Ha utexaiui orpesky [—1; 1]. Jlia Toro 4Tobsl nony4eHHOE ypaBHEHHE
MMeJIO XOTs 6b1 OIH KOpeHb (He 06si3aTenbHO Ha orpeske [—1; 1]), Heob-
XOJHUMO M ZOCTaTOYHO, YTOOBl €ro AUCKPUMHWHAHT ObUT HEOTPHIATEJIEH.
VCIoBHE HEOTPHIATEBHOCTH AUCKPUMMHAHTA I0C/IE HECTOXKHEIX ITpeob-
pa3oBaHUi MOXKHO ITPHBECTH K BHAY a® — 20 <0, otkyzna |a| < 2+/5. Hap-
MEHBIINM pelleHieM HepapeHcTsa |a| < 2v/5 sapnerca a = —24/5. Tpu
3TOM 3HAYEHHH d AUCKPUMMHAHT ypapHeHMa 10t? — 4at +a® —12=0 pa-

a 25

BEH HYJIIO, U €ro eJUHCTBEHHHIM KOpHeM Oyzer to = c=""g - Toraa

. _a—2sinx _a—2ty _a _ 25

siny = 3 =3 =g=""g -

25
3aMeTHM, 4TO ——g € [—1; 1]. IlosTOMYy 3HaYE€HHA X U Y, NPH KOTOPBIX
a=—2+/5, cymecTByIoT.

Orpet: —2.4/5.

Cneayromuii mpUMep npezacTapiseT coboi TUNMYHYIO 3a/la49y C 3KO-
HOMHMYECKUM coiep)kaHHeM. B Takux 3ajadax OOBIYHO 3aZiaHbl Ompee-
JIEHHBIE YCJIOBHA [IPOHM3BOACTBa KaKOH-JTMO0 NMpOAyKIIMHM MK YCIyTH (3TO
MOTYT OBITh JIF0OBIE W3/IENHs, CENbX0O3MPOAYKTDI, NOJIE3HbIe HCKONAeMBIe,
TPaAHCIIOPTHEIE IIEPEBO3KY K T. [, U T.I1.) ¥ HY>KHO HaUTH 3HAYEHHs HEKO-
TOPBIX BEIMYHH C LEbI0 MaKCHMH3alHK NPHUOLUIH WM MUHUMH3AIHH
pacxonoB. CBf3H MeXAy JaHHBIMH BeJIHYMHAMM 3aJar0TcA JIMHEHHBIMH
ypaBHEHHSAMH U HepaBeHCTBaMH (IIO3TOMy 3TH 3aJa4yH 4aCTO OTHOCAT K
3a/jayaM JIMHEHHOro mporpaMMHpoBaHus). BBozsa B kavecTBe napamer-
pa BeJIMYHHY, MaKCUMyM WX MUHUMYM KOTOPOM HaJ0 HAMTH U KOTOPYIO
OOBIYHO Ha3BIBAIOT HENEBOH QyHKIHEH, Mbl NpHAEM K TPagUIIMOHHOH C
TOUKH 3PEHHS MIEMEHTAPHOM MaTeMaTHKH — U IPUTOM OfHOI1 M3 Hanbo-
Jiee NPOCTHIX — 3a/1a4e Ha MeToy obacTeld, OCKOIBKY OyAyT aHbl CUCTE-
Ma JMHEHHHIX HEPAaBEeHCTB M YpaBHEHMIA, 3ajal0MX YCIOBHA NPOHU3BOJ-
CTBa NMPOAYKIHH WM yCIyTH, U JuHeliHad QyHKIMA ¢ TapaMeTpoM, HaH-
6osblliee WIM HauMEHbIIee 3HaYeHHe KOTOpOro Hajo HaiTH. Ha koopau-
HaTHO# IUIOCKOCTH TaKas CHCTeMa 33JaeT MHOI'OYTOJIbHUK, PAaCIONOKEH-
HBIi B NepBoOi KOODAVHATHOM 4eTBepTH (IIOCKOJIBKY B IOJOOHEBIX 3aja-
yax peyb UAET 0 HEOTPHIATENbHBIX BEIMYMHAX), a rpadUKOM JIHHEITHON
QYHKIUU ABJIAETCS IpAMas, C MOMOIIbIO MTapajieIbHBIX IIEPEHOCOB KOTO-
POii M MOXKHO HaifTH TpebyeMoe 3HaYeHHe NnapaMeTpa — HalpHMep, Mak-
cHMaJIpHOe 3Ha4YeHHe, ITPH KOTOPOM 3Ta npsAMas 6yZieT HMeThb € TOCTPOeH-

13*
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HoOI 06macThio X0TA 6B OZHY 06LIYIO TOUKY. MIHOIZIa NPUXOAUTCA YIUTHI-
BaTh M TO, YTO O6HIas TOYKa IMpAMOI M MHOIOYTOJIbHHKa JOKHa VMETh
Hesble KooparHaTel. OTMETHM, 4TO B TAKHX 3a/a4ax OpPOM UCNOIb3yI0TCA
abcTpakTHBIE IeHEeXKHBIE eJUHUIB (0003HauYeHHe: /1. e.) DTO MOryT OBbITh
pybnH, THICAYH, MWLUIVOHH py6eli WM eAMHUL] APYTHX BaIoT.

Ilpumep 7. Majoe npeanpuATHE BBITyCKAeT M3JEAHA JABYX THIIOB.
JI11 M3roTOBNEHNA H3/IeNHsA MEPBOTO THITa TpebyeTcs NATh YacoB paboThl
cTaHKa A M TpM 4aca paboTbl cTaHka b, a Ayia M3rOTOBJEHHUA W3/e/Hd
BTOpOTO THUIa TpebyeTca sa yaca paboTH cTaHKa A M YeThIpe yaca pabo-
ThI cTaHKa b (CTaHKH MOryT paboTarh B 060 IociejoRaTeIbHOCTH). 1o
TeXHUYeCKUM IPUYHHAM CTaHOK A MOxeT paboTare He 6onee 150 yacoB B
Mecsil], a cTaHOK b — He 6Gonee 132 yacoB B Mecal. Kaxzaoe usgenue nep-
BOrO THMAa MpUHOCUT NpeaAnpHATHIO 300 4. e. mpUOLLTH, & KaXXJ0e U3JieHne
proporo tvma— 200 A.e. mpubputi. HallTh HauboOJBLIYI0O BO3MOXHYIO
eXeMeCTIHYI0 NpUOLUTh MpefNpUATHA U ONpeJeNNTh, CKOJIBKO H3/Ie Ui
EPBOro THITA YU CKOJBKO M3/IeJ M BTOPOro THIIA cjiefyeT BHITyCcKaTh AJIA
NOJIYYEHHUA 3TOH npHOBUIN.

Pemtenne. O603HaYMM uepe3 x YMCIO H3J€IMii NEpBOro THMa, 4Ye-
pe3 y—4uMcI0 H3JIeJHK BTOPOrO THMA, a 4yeped d— npnﬁbmb npesi-

npuaTua. Torga a = 300x + 200y, oTkyAa y = —3x + 555

200, a yCJIOBUA
IIPOM3BOACTBA AAIOTCA CUCTEMOH
5x+2y <150,
3x+4y <132,
x =0,
y 20,

Ife x U y—1uenble yncia. Ha koopAWHATHOM ILIOCKOCTH Oxy CHUCTe-
Ma HEpAaBEHCTB 33/aeT 4YeThIpeXyTONbHUK OABC ¢ BHYyTpeHHei o0ia-

. 5
CTBIO, OTPaHHYEHHBIH OCAMM KOODAWMHAT H MPAMBIMM y = —5X + 75

My= —-%x + 33 (cM. pHC.); TPH paslIHYHBEIX MOJOKEHHUs IPAMOH y =
—_3
=—3X+ 5060 200

3HaquHm a =0, monoxeHue (3) COOTBETCTBYeT HAUOONBIIEMY BO3MOX-
HOMY 3HAYeHUIO d, NojoxeHHe (2) COOTBeTCTByeT MPOMEYTOUHOMY

ob03HaYeHbl HAa pUCYHKe: TonoxeHHe (1) cooTBeTCTBYET

3
3HayeHMio a. Ilpy a > 0 npaman y = —Zx + 555 200 nepeceKaeT ocb abe-
a o
uHcc B Touke ¢ abcruccoii 3007 @ OCb ODAMHAT — B TOYKE C abcrncco

200 Haubosnbillee 3HaueHHe KaH(,E[OPI U3 3THX BEIHYHMH COOTBETCTBYECT
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g1 i iy -'_' A ot B 4x+33
' 30 34~_ x
300
200
MaKCHMaJabHOH MpUOBLIY a Y JOCTHIaeTCHA, EC/IH IIpAMas y = 3x + 540 200
ITPOXOAMT 4Yepe3 TOYKY B — TOYKy nepecedeHHusa NpAMEIX y = —%x + 75

3 .
My=-—2x+ 33, abcycca M OpAMHaTa KOTOPOH HaXOIATCSA U3 CUCTEMBI
ypaBHEHU

y= —%x+ 75,
y = —%x+33

M paBHBl COOTBETCTBEHHO 24 U 15. HO,I[CT&BPIB 3TH abcipccy ¥ OpaAHHaTy

B ypaBHEHHE NPAMOH Yy = — 3 X+ o= 200, Haxogum a = 10 200.

OtBeT: 24 U3genu nepBoro THIIA; 15 H31eauld BTOpOro THIIa; MaKCH-
ManbHas mpuOLUTE paeHa 10200 #. e.
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3aMeTHM, YTO JJI YIIPOIIEHMs BHIYHCIEHHE MOXHO ObUTO B pacCMOT-
PeHHOH 3aaaye MoJIoKUTh a =3x + 2y, a nocjie BEYHCIEHH MaKCHMaJlb-
HOT'O 3Ha4yeHHUA a YMHOXKUTH pe3ysbTaT Ha 100. B 60see C/IOKHBIX CTydanx
KOOpAMHATHI TOYKHA B MOryT OKa3aTbCsA JPOOHBEIMH YHC/IaMH. B Takux city-
qyasax MOXKHO Haiitu Omkaiinive K B Touku yeThlpexyrosbHUKa OABC M
ero BHyTpeHHel obnactu (pasymeeTcs, 3TO CHpaBeliMBO U g moboro

JAPyroro MHOI'OyTOJbHHKA), UMEICLIYE 1ie/Ible KOOPAHHATHI, ¥ BEIGpaTh TY

a

3 "
M3 HUX, Jl/IA KOTOPBIX NpAMadn y = —5X + 550 (MM aHaNOrMYHas ed) e-

pecekaeT ock abeipce (WM och OpAMHAT) B TOUKe, Hanbosee yZaneHHOH
OT Hayajia KOOpAMHAT.

YnpaxHeHnd x §5.2

1. a) HaliauTe Bce 3HaYeHUs napaMeTpa a, IpH KaXJA0M U3 KOTOPHIX
ypaBHeHHe x> — (a + 2)x? — 2ax + 4a® =0 uMeeT x0T 6b OMH KOPeHb, U
YKaXKUTe KOPHH YPaBHEHUA /i1 KAX/A0T0 U3 HalIeHHLIX 3HaYeHUH d.

6) HaiiznTe Bce 3HAYEHHsA MapaMeTpa d, HMPH KaKIOM M3 KOTOPHIX
ypaBHeHHe 4x> — 2(a + 1)x? — ax + a? = 0 uMeeT x0Ts 651 OUH KOPEHb, U
YKaKH{Te KOPHH ypaBHEHUA AJI1 KAXKJ0ro U3 HaHJeHHBIX 3HaYeHuH a.

2. a) Haligure BCe 3HavyeHHs IapaMeTpa a, IpH KaX/JOM M3 KOTOPbIX
ypasHenue x* — 4x® — 8ax? + 36ax — 9a% =0 umeeT x0T 6bl OZHH KOPEHD,
U YKOKUTE KOPHH YPABHEHHA AJI1 KOKAO0ro U3 HaMAEeHHBIX 3HaYeHHit a.

6) HaiiguTe Bce 3HaueHMs napaMeTpa d, IPH KaXJOM H3 KOTODHIX
ypasHeHHe x* — 2x3 — 17ax? + 32ax + 16a? = 0 uMeeT x0TA OB OAUH
KOp€Hb, ¥ YKQXXUTE KOPHH ypaBHEHHU /Ul KKIOro M3 HalJeHHBIX 3Ha-
YeHUH a.

3. a) Haijgure Bce 3HaUEHHA MMapaMeTpa d, MPH KaXJOM M3 KOTOPBIX
ypasHenue x* — 6x> — 5ax? + 24ax + 4a* = 0 uMeeT POBHO TpH pasjiHy-
HBIX KOpHS.

6) HaiiauTe Bce 3HaueHWA mapaMmeTpa d, NMPH KaXJJOM H3 KOTOPLIX
ypasenue x* — 8x3 — 10ax? + 72ax + 9a? = 0 ¥MeeT POBHO TpU pa3/Iny-
HBIX KOPHA.

4. a) HalizyTe Bce nesble 3Ha4EHUs ITapaMeTpa d, NpH Kax/J0M U3 KO-
Tophix ypaBHeHHe 10x° + x? — (2a + 21)x — 3a + 5 =0 umeeT x0TA OB
OZIMH [I€/IBlF KOPEHb.

6) HafizuTe BCe nenble 3HAYEHMS MMapaMeTpa a, IPH KaXJOM M3 KOTO-
pHIX ypaBHeHHe 6x> + 25x% — (2a — 25)x — 5a + 7 =0 uMeeT XoTs 65 OUH
H€JIbI KOpEHb.

5. a) Haiiqure Bce 11e/1ple 3HaYeHHUA MapaMeTpa a, NpH KaXA0M K3 Ko-
TOpHIX ypapHeHue 6x° + 8x* + 13x3 — 3ax? — 2(2a +5)x — 2a - 13=0
HMMeeT XOTA 6bl OAUH LeJIblif KOPEHb.
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6) Haiiaure Bce 1jesible 3HAYEHUS napaMeTpa a, IpH KaKJ0M H3 KOTo-
pBIX ypaBHeHHe 8x° 4+ 2x* —11x* —2(2a — Dx*+5(a+ 1)x —2a+1=0
MIMeeT XOTA OBl OIMH Le/bli KOPeHb.

6. a) Jlna KaxJoro HeOTPHUIIATENILHOIO 3HAYEHMSA MTapaMeTpa a Haiu-
Te MHOXXECTBO pellleHuit HepaBeHcTBa 4a°x* + 4a%x* +32x+a+820.

6) /I KaXKA0ro HEOTPHIIATENHHOIO 3HAYEHNUsA apaMeTpa a HaiauTe
MHOXXECTBO pellleHHii HepaseHcrsa a’x* + 2a®x* —8x+a+4 0.

7. a) HaiiuTe Bce 3Ha4Y€HUA nTapaMeTpa d, IIpH KOTOPHIX CpeAH pelle-
Huii HepaBeHcTBa (@ — x2) (a + x — 2) < 0 HET HH OJHOTO pelleHHs Hepa-
BeHCTBa x° < 1.

6) HaiinuTe BCe 3HAYEHUA NTAPaMETPa d, PU KOTOPBIX CpeJiv pelIeHNH
HepareHCTBa (9a — 4x?)(3a + 4x — 24) < 0 HET HH OJIHOI'O pELIeHU Hepa-
BeHCTBa X2 < 9.

8. a) Haiizyte Bce 3HAYEHHUA NapaMeTpa d, IPH KaXJIOM M3 KOTOPBIX
HepapeHCTRO x° — 2(a + 4)x? + 12ax + 8a* < 0 UMeeT x0TA Gl OJIHO pe-
IIEHKE, ¥ YKAXKUTE pelieHHs HepaBeHCTBa JJiA KaXXJI0ro 3HaYeHus d.

6) HadiguTe BCe 3HAYeHHs IapaMeTpa d, IPH KaXKJOM H3 KOTOPBIX
HepaBeHCTBO X° + 2(a + 6)x? + 28ax + 8a® < 0 umMeeT x0TAA OBl OFHO
pellleHHe, M YKROKUTE pelleHH HEpaBeHCTBA /I KaXA0ro 3Ha4Y€HH!A a.

9. a) Yncna x, y, 2 TAKOBEL, YTO x243 y2 + 422 = 2. Kakoe HaMeHbIIIee
3HAYeHHe MOXeT ITPUHUMATh BelpaXeHUe 2x + y — 227

6) Yuciaa a, b, ¢ Takokl, 4To 2a? + b? + ¢? = 3. Kakoe HauGonbLiee
3HaYeHHe MOXKeT NMPHHHUMAarh BelpakeHHe a — 2b +¢?

10. a) Haligure HauMeHblIee BO3MOXKHOE 3HaY€HHe BhIpaXKeHUA

cosx+3cosy, ecausin?x+3siny =2.
6) Haiignte HanbosblIee BO3MOXKHOE 3HAYEHHE BhIpabKeHHA
4sinx+siny, ecmu 4cos®x+cos’y =3.

11. a) [IpeanpuATHE HENPEPHIBHOIO IUKJIA 3aHUMAaeTCA UCIILITAHHEM
TOTOBHIX M3/leJIHi1 IByX TUIOB. ExxeMecaYHO npeapusaTHe MOaydaeT s
HcIbITaHuii He 6osee 600 H3ZenHii nepBoro TuIa v He 6oee 300 H3aemnit
BTOPOIO THNA. KauecTBO KaAOr0 M3AENIHA NpOBepsieTcA Ha /IByX CTEH-
Jax A U b (cTeHZB MOTYT UCIIONB30BAaTBCA AJIs1 UCIBITAHUA KaXAOTO U3-
fienysa B JIIOOOH MoCaeaoBaTeNbHOCTH). JIA nmpoBEpPKU OAHOI'O M3/enud
nepBoro Tuna Tpebyercs 20 MUHYT MCIBITAHHI Ha CTEHJE A U 6 MHUHYT
UCILITAHUH Ha cTeHJe b; 771 NMPOBEPKW OAHOIO H3JeNHs BTOPOIO THUIIA
TpebyeTcs 24 MUHYTH UCIIBITAHUH Ha cTeHze A ¥ 20 MMHYT UCIIBITaHHI Ha
crenze b. [To TeXHUYECKUM NIpHYHHAM CTEHJ A MOxeT paboTars He Gosee
240 yacop B Mecsill, a cteHa B — He 6osnee 120 yacoB B Mecsil. [Iposepka
O[IHOTO M3/Ie/IMA IIEPROrO THIIA IPUHOCHT NpeANpHATHIO 50 4. €. mpubhUH,
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a MpoBepKa OZHOTrO U3JeNnusa BTOporo tumna — 90 a. e. npubeuiu. Hatinye
HauboJBIIYI0 BO3SMOXKHYIO €KEMECAYHYIO NPUOLUTE IIpeIIpUATHA U OTIpe-
JieJIHTe, CKOJILKO U3/IeJIUii ITepBOTO THIIA M CKOJILKO U3Z€/IHH BTOPOro THIIA
ClleflyeT eXXeMeCAYHO MPOBEPATH i NOMY4eHHs 3TOH npubbLIH.

6) IpeanpusTHe HEPepHIBHOIO IIHKJIA 3aHHMAaEeTCA MCNbITaHHEM I'o-
TOBBIX M37ie/IHii IByX THITOB. ExxeMecssyHO NnpeAnpusaTHe oIydaeT A1 MC-
nbITaHMit He Oosee 300 Uaaenmii mepporo THma M He 6onee 600 uazenuit
BTOpOro Tumna. KauectBo kaxa0ro HU3aenus npoeepsieTcsa Ha AByX CTeHZax
A M b (cTeHapl MOTYT MCITOMB30BATHCA A/ UCIBITAHUA KaXAOI0 H3/[eNNd
B moboii nocaefoBaTeNbHOCTH). JI/IA IPOBEPKH O/IHOTO HU3/eNUs NePBOTO
Thna Tpebyerca 36 MUHYT MCOHITaHUI Ha cTeHae A U 30 MUHYT HCIbITA-
HUI1 Ha cTenze b; 1711 npoBepKy OAHOIO M3/iekA BTOpOr'o THa TpebyeTcs
30 MHMHYT UCIBITAHUN Ha CTeHJe A U 9 MHMHYT MCNbITAHWE Ha CcTeHe b.
Ilo TexHUYECKUM NMpUYMHAM cTeHs A MoxeT paboTaTte He 6onee 360 ya-
COB B MecsiIl, a creHa b — He 6onee 180 yacoB B Mmecsiil. [IpoBepka OfHO-
IO W3/IeJIUA NMEePBOro THIA MPUHOCUT NpeanpusaThio 135 a. e. npubbuy, a
MPOBEPKA O/JHOT'O M3JeNHA BTOPOro TWma— 75 a.e. npubeuin. Haligvre
HauObOJBIIYIO BOSMOXHYIO €KEMECAYHYIO TPUOBLUIb NMPEIIIPHUATHA U ONpe-
AeJIUTe, CKOMBKO U3 mepBOro THUITa M CKOIBLKO U3/IeJIMH BTOPOro THIa
crefyeT eXXeMeCSYHO TPOBEPATD A MOMyYeHHs 3TOM NpHOBLIH.

12. a) IpeanpusaTHe HENPEPHIBHOIO HUKJIA BHITYCKAET U3AeNus AByX
THIOB. JIJIA U3rOTOBJIEHMA H3/IeIHA NepBoro THia Tpebyercs 15 yacos pa-
6otrl nexa A 1 10 yacor paboTr nexa b, a /11 UBroTOB/IEHHUA H3/Ie/IHs BTO-
poro tHna tpebyercst 5 yacor paboTe! nexa A v 20 yacoB paboThl 11exa b
(uexa moryT pabotaTe Hag M3fienueM B Jix060ii nocjiezoBaTenbHOCTH). T10
TEXHUYECKUM NpUYHMHaM IeX A Moxer pabotate He 6osnee 150 yacos B
Hezemo, a nex b — He 6osee 100 yacoB B Hegenmo. Kaxaoe usaenue nepBo-
ro THIa NpUHOCUT npeanpuaTHio 5000 A. e. npubbUIH, a kaXJ0e U3zeIHe
Broporo tina — 4000 z. e. mpubputk. Hadiaure HauboIBIIYI0 BO3MOXHYIO
eXeHeJenbHYIO NPUOLUTh NMpeANPUATHA U ONpeaennTe, CKOJIbKO M3AEIHH
IIEPBOrO TMIIA U CKOJIBKO U3/leNMH BTOPOrO THMIIA CAEAYET €XeHeLeIbHO
BBIITYCKATh JJIA ITOTyYEeHHUs 3TOH NpHUObLUTH.

6) IpeanpusTHe HENPEPHIBHOIO IIMKJIA BHITyCKAET H3Jenus ABYX TH-
IOB. /{7151 M3TOTORIEHUs H3enus nepporo Tuna tpebyetcs 30 yacor pabo-
THI fjexa A 4 20 Yacos paboTs! nexa b, a A1 U3rOTOBNEHHUA U3/IeUsA BTO-
poro tHmna TpebyeTcsa 10 yacor paboTs! Hexa A 1 40 yacos paboTrl nexa b
(11exa moryT paboTraTe HaJ U3zenIUeM B 000 nociefoBaTenbHOCTH). [1o
TeXHHUYECKUM ITPHYMHAM [jeX A MoxeT paboTtaTe He 6onee 600 yacoB B
Mecsill, a Hex b — He 6osee 400 yacop B Mecsi]. Kaxaoe usjienye nepBoro
THNa NpUHOCUT NpenpusaTUio 15000 4. e. mpubBUIM, a KaXKaoe H3zenHe
BTOporo tuma— 12000 a.e. mpubrun. Haiizute HanbONBIIYIO BO3MOXK-
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HYIO €XXeMeCAYHYIO NPUObUTH IIPEAIIPUATUA U OIIpeJeanTe, cKOJIBLKo H3/e-
JIAH IepBOTO TUIIA M CKOJIBKO M3JIeJIHI BTOPOro THIIA CJIeAyeT €XXEMECAYHO
BBIITYCKATh JJIA NOAYYeHUSA 3TOM NPHUOBUIH.

§ 5.3. TpuroHomeTpHuyecKHe NOACTAHOBKH

Paz 3ajay, cydTarolMxcs HeCTaHAApPTHHIMM, MOXeT ObITh J0CTaTOyY-
HO IPOCTO PelleH C HUCIOAb30BaHMEM HEKOTOPHIX CHeLHaNbHBIX 3aMeH
IIEPEMEHHELX, B YAaCTHOCTH TPUIOHOMETpPHYECKUX IIOACTAaHOBOK. VX HC-
ITO/Ib30BaHKe 11e1eco06pa3HO B OCHOBHOM B JIBYX CAE€AVIOIIMX CAydasX:
1) eciy MCKOMBIe perieHMs IpHHaAMEXAT MHOXeCTBY [—1; 1] Wi Heko-
TOPOMY €ro IOAMHOXECTBY; 2) €CJIY JJaHHble ypaBHEeHMs1 ¥ HepaBeHCTBa
cosepkaT anrebpavueckue BHIpaXKEHUs, «IIOXOXKHE» HA HU3BECTHHIE TPH-
roHoMeTpH4eckre ¢popMynbl. CKazaHHOe OTHOCHTCS IPEMMYIIECTBEHHO
K palyoOHaJbHBIM M HMpPalOHAJIbHEIM YpaBHeHUsM (cHcTeMaM ypaBb-
HEHHMH), pellleHHe KOTOPhIX OOBHIYHEIMHM IIPHEMAMH 3aTPyAHUTENBHO H
KOTOPBbi€e IOC/Ie BBEEHUA TPUTOHOMETPHYECKHX ITOACTAHOBOK CBOAATCA K
HECJIOXHBIM TPUT'OHOMETPHYECKHMM ypaBHEHUAM (CHUCTEMaM ypaBHEHHI).
PaccMOTPHUM HECKOJIBKO XapaKTEPHBIX IIPUMEPOB.

IIpumep 1. Peuiutk ypaBHeHHe v/ 1 —x=2x% —1+2x4/1—x2.

Peinenne. O4yeBHJHO, BCE X JAO/DKHB YAOBJIETBOPATH HEPaBEHCTBY
1—-x220, T.e. x| < 1. To, uto |x| < 1, HABOAUT Ha MHICJb O IPHUMEHE-
HHH TPUIOHOMETPHYECKOM IIOACTAaHOBKH X = cost nbo x =sint. I1ycTs,
HalpuMep, x =cost, t € [0; ] (npeAnoYTUTENBHOCTh HMEHHO 3TOM ITOJX-
CTAHOBKM CTaHeT INOHATHa M3 JajbHeWnlero). To, 4To t NMPHHAAIEXKUT
nmpoMmexyTky [0; ), obbsicHseTca TeM, YTO IPH 3TOM COSt, a 3HAYMUT
H x, IPpMHHUMAaET BCe 3HAYEHUA M3 NpoMexyTka [—1; 1], u nputom oauH
pa3. Takum obpasoM, KaxZoMy t COOTBETCTBYeT €IHHCTBEHHOE 3Haye-
HHEe X, H HaoOOpOT, T.e. yKa3aHHas 3aMeHa YCTAHABJIHBAaeT B3aHMHO
OZHO3HAYHOE COOTBETCTBME MEXJy IlepeMeHHLIMHM X U t, a 3HayHuT, U
MEeXAY MHOXXECTBOM KOPHEH AAaHHOI'O YpaBHeHHS U YpaBHEHHs, KOTOpoe
6yZieT NOIYYeHO U3 JaHHOTO C IIOMOILBIO YKa3aHHOMN 3aMeHBl IiepeMeHHH,

Hrak, nycts x =cost, t € [0; r]. Torzna saHHOEe YpaBHeHHE PHUMET BU/

V1—cost=2cos*t—1+2costy 1— cos?t. [Toc/e yrIpoImeHuii ¢ npUMe-
HeHHeM GOpMyJ YABOEHHOIO apryMeHTa H OCHOBHOI'O TPMrOHOMETpHYE-

.t :
CKOTO TOX/ECTBa IOIy4HM ypaBHeHHe +/2[sin §| = cos 2t + 2 cost|sint]|.

Ha 3ToM n1are 1jesiecoobpa3HoOCTh OACTAHOBKY X = cost, t € [0; 7t], cTaHo-

i - - t
BUTCA OYEBMAHOMN: Beab npH t € [0; 71} yMcaa sint ¥ sin 5 HeoTpHLaTe/b-

HEI, B CIJTy Y€ro 3HaKH MOAYJ/A B IIOCJIEAHEM YPaBHEHHH MOXHO OITYCTHUTE.
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.t .
B pesy/bTaTe MOMYYMM ypaBHeHHe +/2sin - = cos2t + 2costsint, OTKy-

2
.t 1 1 . .t . 0
a sin - = —= cos 2t + —~=sin 2t, WiH sin 5 = sm(2t+ __). W3 niocnegHero
Aasing =g &t 5 2 3 g
ypaBHEHMs HAXONHUM, YTO
Tt
2t+ 7= §+27cn,

T_ L
2t+z =7 2+27‘Ek,

e n€Z, k € Z. Tertepb y>e COBCEM IPOCTO IMOTYYUTD, UTO

t=—-%+75
41‘Ck
2t = 0 L=
rae n €7, k € 7. OctaeTca U3 HaiiZleHHBIX 3Ha4eHMH t oTobpaTth Te, KO-
TOpHe IpHHaAIexaT poMexyTKy {0; 7]. TakuM 3HayeHHeM, Kak JIETKO
3t T
YCTaHOBHTb, ABJISETCSA JIMIIb ¢ = 0. Ho Toraa x =cos 75

3n
OTBeT: COS 10"

37
3ameuaHue. KoHeYHO, MOXXHO 6bUIO BBIPA3HTB X = COS 75 Y€Pe3 paju-

KaJIBl, HO YCJIOBHE 3a/]a4M 3TOro BOBce He Tpebyer. HoaTOMy Hac HY B KOeHl
Mepe He JIOJDKEH CMYIaTh TOT $akT, YTo IIpH peNIEHHH HPpalMOHA/ILHOTO
ypaBHEHHMS MBI IOTYYMIH OTBET, ABJSIONIMICA 3HaAYEeHHEM TPHUIOHOMET-
pyyeckor GYHKUMM B HEKOTOPOH TouKe. MHOIZIa Takue OTBEThHl OBIBAIOT
ele H6oJee «CTpanIHBIMK».

IIpumep 2. PeliTh YpaBHEHHE

4(3xV1-x2+4x*-2) = 5(\/1—x+ \/1+x).

Pemenne. OcTaBjisifi B CTOPOHE BCe pacCy>KAEHMs, KOTOPHE aHalO-
I'MYHEl pacCyI€HHAM B IIpeJblAyieM IIpHMepe, MOJI0KUM Cpasy X = Cost,
t € [0; 7r]. Torza ypaBHeHHMe IIOCIE YIIPOILEHHH C IpUMeHeHHeM GopMys
YABOEHHOI'O apryMEHTa ¥ OCHOBHOI'O TPHMIOHOMETPHYECKOTO TOXAECTBA

npuMetr BHZ 6sin2t 4+ 8cos2t = Sﬁ(sin% + cos %) B monyuyeHHOM

. . L t
YpaBHEHHH OITYLI€HB 3HAKH MOAYJIA, IIOCKOJBKY YHCIa Sl t, Sin E R COSE

HeoTpHLaTeNBHEL IpH t € [0; 7r]. TTocsieaHee ypaBHeHHe peluaeTca CTaH-
LapTHHIM oOpa3oM: BBeJeHHEM BCIOMOraTelbHOro yria. /s aToro Ipy-

BeJE€EM ero K BUAy sin 2t - % + cos 2t - % :sin% . % +cos% . g, OTKyZa
sin(2t + B) = sin(% + %), rge sinff = %, cosf3 = g (T.e., HapuUMep,
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3
f3 =arccos §)' U3 nocsieiHero ypaBHeHUSI HAXOAMM

_rn_2 i’l’l
t—g 32arccos 3 4 k

— 2 _ 4 2 f‘L_E_
t= 75— §arccosz 34

rae n € Z, k € Z. Ot16epeM 13 HalJIeHHBIX 3HAYEHHH t Te, KOTOpBIe IIPHHA/I-
Jniexat npomexytky [0; m]. OdeBHMAHO, YTO HHKaKHe LieJble 1, MeHbllHe

3 2

HYAA, He AaK0T pemeHHH Tak kak = 5 < —0 ‘/_ (B yeM sierko ybeguThCA), HMe-
3 T 2 3

€M arccos 3 > Z’ a 3HA4YMT, €73 arccos 3 < 0. TakuM obpasom, 3HaYeHHE

. 3 1 3 7
n =0 TaKe He JaeT pemieHUN. Tak Kak ¢ > 5, HMeeM arccos ¢ < 3,

7 2 3 4=
HO TOTZa ¢ — 3arccos g + 5= > 7. 3HayMT, n =1 TakXKe He JaeT pe-
eHWH. fIcCHO, 4TO npU Leabix n, Gonbmmx 1, 3HaYeHHe BHIpAXKEHMS

—g — -% arccos % + % Oyzet ¥ nojaBHO GosbLie 7T,

CrnefoBaTeNbHO, IIepBas CEpUsA He JaeT pemeHH JaHHOrO ypaBHEeHHA
HH IIpH KaKuX LebiX n. [IyTeM paccyaeHHH, aHAJOrHYHBIX TOJBKO YTO
IIpOBeIeHHEIM, MOXKHO ybeauTbca (cAenaiTe 3TO caMOCTOATENBbHO!), YTO
BTOpas cepyd JaeT pelleHus, IpHHaAexXxarpe IpoMexyrtky [0; 7], mump
1mpu k=0 u k=1. Takum ob6pa3zoM, pelieHUAMH JAHHOTO YpaBHEHUA SB-

JIAA qyHyCoiIa x = -3—7-1-——-2-arcc053) = (l]__‘)’[__z_ 5_3_)
HOTCA CJ1 =COs 10 5 5 H X=CO0S 10 5a]."CCO g )"

Orser: cos{ 5% — 2 arccos 3) cos( L% — 2 arccos §) .
10 5 5 10 5 S
B 060o¥x paccMOTpeHHHX IIpUMepax Ha IpHMeHeHHe TPHIOHOMETPH-
4YeCKOH IOACTAHOBKK YKa3bIBAJIO €CTeCTBEHHOe OrpaHMYeHHe Ha Ilepe-
MeHHy1I0 x. MHorza nogo6Hoe orpaHMYeHHe OrOBapHBaeTcA B YCJIOBHH
3a/la4y, XOTA CaMO YpaBHEHHE TAaKOr'0 OrpaHHYeHHA He JI3eT.

ITpumep 3. HaliTH yHciio KOpHeN ypaBHeHUs
8x(1—2x3)(8x*—8x*+1) =1,

NpHHaIexXaIux orpesky [0; 1].

Pemenue. To, 4To HeoOxoAMMO HalTH YHCJIO KOPHEH JJAHHOTO YpaB-
HEHMs MMEHHO Ha orpeske {0; 1], onmATh HABOAMT Ha MBICIbL O TPHUIO-
HOMEeTPHYECKOH IOACTAHOBKE X = cost. 3aMeTHuM, 4To x =0 u x=1
HE ABJAKTCA KOPHAMM ypaBHeHHUs (3TO JierKo IIPOBEPUTH HeIlOCpes-
CTBEHHO), I03TOMY MOXHO pacCMaTpHBaTh TOJbKO 3HadeHMA x € (0; 1).

n “
Ho Torza t € (0; 5). [TonobHOE «OTCeyeHHe» TPAHMYHBIX 3HAYEHHH
JacTO OKa3biBaeTCs II0JIE€3HBIM, B YeM MBI ybeAumMmcs Hipke. KTak, Io-

T
JIOXKUB X = COSt, t € (0, E) » MOXHO IIpUBECTH JaHHOE€ YpaBHCHHE K
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By 8 cost - cos 2t - cos4t = —1 (caenaiTe 3TO CaMOCTOATEeNBLHO). Tak Kak
t #0, obe YacTH 3TOro ypaBHEHHs MOXHO YMHOXHTb Ha Sint. [Nonyqyum
8sintcost - cos2t - cos4t = —sint, wix 8sint cost - cos 2t - cos 4t = sin(—t)
(BOT rZe IPHIOAWIOCH «OTCeYeHre» 3HadyeHun t = 0 — uHaye MPpHILIOCh
6Bl JOIOJHMTENLHO paccMaTpuBaTh ciydaHd sint = 0). IlocieaHee ypas-
HeHMe C MOMOILBI0 TPEXKPATHOrO IpUMeHeHH:A GOPMyJEl CHHYCa YZBO-
€HHOI'O apr'yMeHTa K JIEBOM 4YacTH IIPMBOAHMTCA K BHAY Sin8t = sin(—t),
OTKyZa

= 27n

27k
7 b

|

t +

~iA

rne n€Z, k € Z. HalineHHrie 3Ha4eHUA t IPHHA/IeXKaT HHTEPBANY (0 ; %)

avmb npyu n=1, n=2, k=0, k=1. Takum o6pa3oM, JaHHOe YpaBHeHHe
Ha otpe3ke [0; 1] ¥MeeT pOBHO 4 KOPH3.

OTserT: 4.

B 3axIi0YeHHE pacCMOTPHM JIBE 3aJa4H, B KOTOPHIX IPHMeHEHHE TpU-
TOHOMETpHUYECKOH IOACTAHOBKU He BIIOJHE OYeBH/HO. IIoMOYE B perie-
HMH TaKKX 3aJa4d MOXKeT Xopoluee 3HaHue GOpMysl TPHTOHOMETPHH U Ha-
BBHIKH, NOTy4eHHEBIE IIPH CAMOCTOSITE/IHHOM PeIeHHH YIIpaXXHEeHHH 1apa-
rpaga.

ITpuMep 4. Pemuth CUCTEMY YPaBHEHHH

(x =1—yz,
2z
ﬁ Y =211
_ Axy(2x®—1)
2T ext—exi+1

PenienHe. 3aMeTHM, YTO U3 CHCTEMEI He C/ieyeT HUKaKHX €CTECTBEH-

HbIX OrpaHMYEeHHMH Ha NEPEMEHHYI0 2 H eCIH INOJOXKHTh 2 = tgt, IAe
T 7T

tel—3; —) (0b6BACHHUTE MOYEMY), TO U3 BTOPOrO ypaBHEHHA MNOTYyYHNM

Y =sin 2t, HO TOrfla 13 IEPBOTO YPaBHEeHMA Hal/IeM, UTO X = C0s 2t. TakuM

06pa3zoM, JaHHYI0 CHCTEMY MOXHO CBECTH K CJI€yIOLIEH:

[ 2 = tgt,
X = cos2t,
\ y = sin2t,
_ 4sin2t-cos2t(2cos’2t— 1)

8cos?2t —8cos?2t+1 °
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OTKyZia I10CJI€ YIIPOILeHHH MOTyYuM

[ 2 =tgt,
X = Cos 2t,
y = sin2t,
\ tgt = tg 8t.
Hanee, U3 ypaBHeHuUs tg8t = tgt HaXOA¥M t = %, rae n€Z. C yueTom
TOro, 4To t € (—-%; %), nomyyaeM n = +3; +2; +1; 0. Takum obpazom,

o 27n . 27n
PelieHus JaHHOH CHCTeMBI JaloTcs GOpMYNaMH X = COS 7 y=sin=-,
z=tg 573, rae n==3;+2;+1; 0 (Bcero ceMb TPOEK peLIEHH).
2 .
Orner: (cos —7.;—n; sin 27;_11; tg 57'1-) ,rae n==3;+2; +1;0.
Ilpumep 5. HaitTu Haubosblilee BO3MOXHOE 3HAYEHHE BHIPAXKEHUA

x+3y+3z+2t, rae (x; y; 2; t) — pelieHne CHCTeMHb YPaBHeHUN

x2+y? =4,
2Z2+t2 =9,
YZAOBJIETBOPAIOLLIEE YCJIOBHIO Xt + y2z = 6.
Pemenue. V3 mepsoro ypaBHeHH: AaHHON CHCTEMBI CJAEAyeT, YTO
Ix| <2, ¥ ecnu NOMOKUTE X = 2 COS u, ue[0; ], To yz = 4sin? u, OTKyza
¢ ydyeToM ycjioBuA u € [0; w] momyumM, yTo y = 2sinu. AHaJIOrHYHO,

[TOJIOXKUB BO BTOPOM ypaBHEHHMH 2z = 3cosVv, v € [0; ], HalizeM, 4TO
t=3sinv. Torga faHHOe HepaBEHCTBO Xt + y2 > 6 IpUMeT BUJ

6sinvcosu+6cosvsinu > 6,

OTKyZAa sin(u +v) > 1, 4To BO3MOXHO B TOM H TOJBKO TOM ciydae, eciud
. I

sin(u +v) = 1. Takum obGpazom, u + v = 3+ 2nn, n€Z. Ho u e {0; ],

v € [0; ], moatomy O < u+ v < 27, M, ciefoBatenbHo, n = 0. Utak,

utv= g, OTKyZla v = 122 — u. 3HA4YMT, z=3c05(-§- —u) =3sinu, t=

=3 sin(% — u) = 3 cosu. JlaHHoe BhIpaXXeHHe s =x + 3y + 32+ 2t ¢ yue-
TOM ITOJIy4eHHBIX $opMys IIpUMeT BUA s = 8 cosu + 15 sin u. HanoMuum,

YTO HauboJbIIee H HaMMeHbIlee 3HAYeHMs BHIPAXEHMA acosu + bsinu
MOXXHO HaWTH, HalpHMep, IpeoOpa3oBaB 3TO BHIPAXKEHHE C IIOMOIUBIO

¢opmynbr BecmomorarenbHoro yria: acosu + b sinu = 4/ a2+ b2 sin(u + ).
Ity Gopmyny npu a > 0, b > 0 Jierko MOIyYUTh, UCIOIB3YS reomeTpuye-
CKy¥0 MHTephpeTaiyio. Jlnst BriBoAa GOPMYJE JOCTATOYHO PacCMOTPETH
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IPAMOYTOMBHBIN TpeyroasHUK ABC ¢ katetamu BC =a, AC =b u rumnore-
Hy30i AB = 4v/a?+b? (cM. puc.). Ecin 0603HaunTh yepe3 g yron BAC

A

a

v a? +b?
b
VT e+

sinp =

B

. a b
3TOro TPEeYroJbHMKa, TO Siny = ———=, C0Sy = ————. Ilo3TOMYy
Va2 +b? Ve +b?
BBIpa)KEHHE a cos 1 + b sin & MOXKHO n1peo6pa3oBaTh C/IeAyIOLINM 06pasoM:

acosu-+bsinu = \/a2+b2(——a——cosu+—--ll———
vV a?+b? \/ @+ b?
= v a2+ b%(sin ¢ cosu+ cos p sinu) = v a? +b?sin(u + ).

B cwry Toro uro sin(u + ) < 1, oTciofa u cieAyeT HepaBeHCTBO

acosu+bsinu < Va2 +b2.

B nameM cryuae a=8, b=15, v/ 824152=17. Tloatomy maxs=1/ 82+15%=
=17. 3uadyeHue s = 17 pocturaetcs, ecau sin(u+ @) =1, oTkyaa u+ ¢ =
_=
T2
CosS = %% OcTtaeTcsl MMOKas3aTh, YTO PelIeHHe CHUCTEMBI, A KOTOPOro

sin u) =

+ 27k, k € Z. Taxum obpazom, u = % — ¢ + 27k, e siny = -1-87,

BHpakeHue x + 3y + 3z + 2t gocTUraeT HanbO/IbIIEro 3HaYeHHUA, PABHO-
ro 17, cylecTByet. DTO penieHHe J1eTKO HANTH:

T . 16 . (T 30
x=2cos(F-p) =2sing = I3 y=2sin(3—¢) =2cos = 77
z = 3sin %‘“90):3(30590:;%; t=3COS(g— )=35intp=%.

OTtser: 17.

PazymeeTcs, pacCMOTPEHHEIE MOACTAHOBKH He HCYEPHBIBAIOT BCEIro
MHOK€eCTBa BO3MOXHBIX TPUTOHOMETPHYECKHX I0/CTaHOBOK. I1pH pertie-
HHM HEKOTOPBIX HpPPaLMOHANBHEX ypaBHeHHH (HEpaBeHCTB H T. I1.) MOryT

1
OKa3aThbCHd IMOJMEe3HBIMHM M TdKHeE INOACTAHOBKH, KaK X = El_t’ X = acost,
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X =atgt (rae a— HEKOTOpoe JaHHOE YMCJIO0) U Ap. Heckonbko NpHUMepoB
Ha NpUMeHeHHe MOA06HBIX 1OACTAHOBOK COAEPXKATCA CPe/IM YIIpaKHEeHHH
JUUISL CAMOCTOSITE/IbHOTO PEllIeHH .

YnpaxHeHnus Kk § 5.3

1. a) Peumre ypaBHeHHe ¢/ 1 — x2 = 4x3 — 3x.

6) Peumte ypaBHeHHe 4/ 8x3 —6x=1.

2. a) Penure ypaBHenue |2x — /' 1 — 4x2] = v/2(8x% - 1).
6) Peumite ypaBHeHue |x + v/ 1 —x2| = +/2(2x%2 —1).

14+2x4/1-x2 9
> + 2x“=

3. a) Penmre ypaBHeHHe 1.
1 _—
6) Peumre ypaBHeHHe 2|x| =2x%—1.
4. a) Penmite ypaBHeHHe X + I = %
x?2—-1
6) Pemmre ypaBHeHHE X + X - 221.
25 60
5. a) PemmTe ypaBHeHMe X + - E— =y
2/ x?+1
6) Pemmre ypasHeHHe x + 1/ x2+1= >
x?+1

6. a) Peumre ypaBaenue x(2x% —1)y/1 —x2=0,125v2.

6) Pemure ypaBuenue x (1 —2x2)4/1—x2=0,125+/3.
7. a) HaiiauTe 4uC/I0 KOPHEH YpaBHEHUA

8x(2x2 - 1D (Bx*—8x2+1) =1,

IPUHAIeXKAIIMX oTpe3Ky [O; 1].
6) Haligure umcio kopHeit ypaBHeHUs

x(x2—2)O* —4x%+2) = —1,

IIpHHaAeKaIlNX oTpe3ky [0; 2].
8. a) Haiiaure Bce 3HauYeHuUs IapaMeTpa d, MNP KaXKAOM U3 KOTOPBIX

S5
————=0,2ay/ x2+ 25 uMeeT x0T 6L OAHH KOPEHb.
Vx2+25
6) HaiiguTe BCe 3HaYeHWs NMapaMeTpa d, IPHU KaXIOM M3 KOTOPHIX

2 __ 0,5a4/x? + 4 umeeT XOTA OB OMH KOP€EHb.
x2+4

ypaBHeHue 3x +

YpPaBHEHUe Sx +
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9. Perryte CMCTEMEl YpaBHEHHH:
Yy
2x= 2, v2—
a){ yiv 6){x e
2y=x2+1. 4xy(2x-—1)=1.

10. PeiuyTte cCHCTEMBI ypaBHEHHH:

y=y+2x, 2x +x%y =y,
a) { 2y+y*z=g2, 6) { y’z2=2+2y,
22+ x =2%x. 22 4+ x =2>x.

11. PemyTe CHCTEMBI YPaBHEHHH:

2yz 2
(=25 (=2
1—-x _ %2
a)ﬁ y=ﬁ;c_2’ 6) ﬁ y'_zz_l}
o= 2x 22____ X2
\ 2= 112 \F =1
12. Peryre CHCTEMBI ypaBHEHHH:
x+yz=1, ¥ +y?=1,
2 2 _ Y _ 2z
a)y{ Xty =1, 6)y x~"£Z-1°
g __ X 2xy
1—-22  1-2x% =521

13. a) Haiizure Haubo/bliee BOSMOXHOE 3HAY€HNE BRIDAXKEHHA
x+2y +3z+4t,
rze (x; y; 2; t) — pelleHne CHCTEMBI ypaBHEHHH
x’+y?=1,
{ 22 +t? =4,

yZIOB/IETBOPAIOLIeEe YCIOBHIO Xt + Yz 2 2.
6) Haiizure HanbobIIee BOSMOXHOE 3HAYEHNE BhIpaXCHHSA

4x+3y +2z+t,
rae (x; y; 2; t) — penieHHe CHCTEMEL ypaBHEHHH
x2+y*=1,
{ 22+t2 =09,

yZIOBJETBOpSIOLIEE YCJIOBHIO Xt + y2 2 3.
14. a) Haitaurte HauboJblee BOSMOXHOe 3HaY€HWE BHIpaXKEHH

2x+3y+32+2t,
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rze (x; y; 2; t) — pellleHre CUCTEMHBl ypaBHEHMH
x2+y? =09,
22+ t% = 49,

YAOBJETBOpAIOLIEeE YCIOBHIO Xt + vy > 21.
6) Haiaure Hanbosbiee BO3BMOXKHOE 3HAaYE€HHE BEIpAXKEHMS

3x+2y+2z+3t,
rzae (x; ¥; 2; t) — pelnieHye CUCTEMB ypaBHEHHH
x?+y? =16,
224+ t? = 25,

YAOBJETBOpAIONIee YCUIOBHIO Xt + y2 > 20.

§ 5.4. BekTOpHBIE HHTEepHpEeTALINN B aarebpe

HekxoTophie anrebpamnyeckye 3aja4yd (ypaBHEHMs, HEPABEHCTBA, BhI-
YypCIeHHe HaubOoMBIIMX ¥ HAHMEHBIIHNX 3HAYEHHH BEIPaXKEeHHH), KOXKYIIH-
ecs Ha IIePBHIi B3MJIA/ IOBOBHO CIOXKHBIMH, MOTYT OHITE C YCIIEXOM pellie-
HBI € ITOMOILBIO CPE/ICTB BEKTOPHOM are6phl, Ipex/ie BCero HepaBeHC TR
|4l +15|>|6+blud-b<|dl-|b|u YCIOBHIT oOpalieHHs 3THX Hepa-
BEHCTB B paBeHCTBA. BHayale pacCMOTPHM, KaK MOXKHO IPUMEHUTD Hepa-
perctso || +|b| > [d + b] k pellleHHIo psAfa airebppandyecKUx 3ajay.
Heparpenctso |a |+ Ib|> |3 + T;I MpeACTaBIsgeT cobol IO CYyIeCTBY He
YTO MHOe, KaK HepaBeHCTBO TPEYTroJbHHMKA (CyMMa UIMH JBYX BEKTOPOB
He MeHbIIe J/IMHE BEKTOPa, PABHOIO CYMME 3THX BEKTOPOB; CM. PHMC.).

B

AB=|dl,
BC =|b|,
@ b AC=|d + b|,
AC < AB+BC.
A d+b ¢

3Hak paBeHCTBa JOCTUraeTcs TOTZia ¥ TOJBKO TOrZa, KOr/la BEKTOPH d
ub COHaImpaBJ/IEHE!, T. €. KOIZla OTHOLIEeHUA UX COOTBETCTBYIOLIMX KOOP-
AWHAT PaBHBI MeXAY cOH60M ¥ paBHEI OTHOLIEHHIO HX AJIHH (MoAyneit).

Ilpumep 1. HaiiTh HavMeHbIIEe 3HaY€HHeE IlapaMeTpa a, IPH KOTOpOM

ypaBHEeHMe \/ x?—6x+10+ \/ x2—4x+8=a uMeeT XOTA 6H OAHH KOPEHb.

14 El3 2014. Maremaruxa, 3agaua C5
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Pemrenune. PeutnTh 3ajaqyy — 3HAYUT HAWTH HauMeHbllee 3HaYyeHHe
$yHKIIMH

a= \/xz——6x+10+ \/x2—4x+8,
WIH

a=vV(x—32+1+V(x—2)2+4.
BeeseM BekTophl P{3 — x; 1} u g{x — 2; 2}. Torga |p|= \/(x —3)2+1,
151=1/(x — 2)2 +4, BekTOp P + § MMeeT KoopzauHaTs {1; 3} u |P + G| =

= /12432 = 4/10. INosToMy B ci1y HepaseHcTBa |p|+|q| =P + ¢l u
Toro, 4to a = |p| + |¢ |, nonyuaem a > +/10. ITocieaHee HepaBEHCTBO 06-
palyaeTcs B paBeHCTBO, TOJIBKO €CJIM BEKTOPH P M ¢ coHanpasieHsl. Ho
Pl ¢ B TOM M TOMBKO TOM CIydYae, eCJIM OTHOLIEHHS MX COOTBETCTBYIO-

IIHX KOOPAHWHAT paBHE Mexay coboil ¥ paBHBI OTHOILIEHHUIO UX JJIMH, OT-
3—x 1

KyAia ;—5 = 5 (3aMeTUM, YTO IIPH X = 2 BEKTOPHl He ABJIAIOTCA COHA-

NpaBJE€HHEIMH, CJIeJOBAaTeNbHO, X # 2 W JelleHHe Ha X — 2 BO3MOXHO).

8
KopHeM moc/ieiHEro ypaBHeHuUA ABIAETCA X = 3. 3Ha4yKMT, HAMMEHbIIIee

3HayeHHe QyHKLMHU a = \[ x2—6x+10+ \/ x% — 4x + 8 gocTHraetca npu
x= g H paBHO v 10.

OTtseT: V10.

3aMeTHM, YTO, BBOJS BEKTOPH P H ¢, CIeAyeT BHIGHUpaTh UX KOOPAH-
HaThl TAKUM 06pa3oM, YToOk KOOPAMHATH BEKTOpa P + q He 3aBHCEJH OT
nepeMeHHoOH x. Kpome Toro, ecjii KBaapaThl KAKUX-TO COOTBETCTBYIOIIHX
KOOPAMHAT BEKTOPOB P ¥ ¢ ABJAIOTCA YMCIAMH, TO JJI1 TOTO, YTOGH! 6bLIO
BHIIOJIHEHO YCIOBHE COHANPABIEHHOCTH BEKTOPOB P U q , 3HAKH DTHUX KO-
OpAHHAT AO/DKHEL BHIOUpaThCst 0JMHAaKOBHIMU. B 6osiee CIOXKHBIX CITy4asnX,
Korzia mo6as U3 KOOPAMHAT BEKTOPOB P M ¢ 3aBHCHT OT IlepeMeHHOH,
cyleiyeT HAJIOXKHUTh OTPaHUYeHUs Ha OTHOILIEHHS COOTBETCTBYIOLINX KOOP-
JAUHAT: 3THU OTHOUIEHHA JOMKHB OBITH ITOJIOXKHUTENIbHBIMH .

IIpumMep 2. HaiiT HauMeHbIlIee 3Ha4yeHHe llapaMeTpa a, IIPH KOTOpOM
cleayollee ypaBHeHHE UMeeT X0Ts OBl OMH KOPEeHb:

V=124 (x—6)2+V (x—4)?+(x -2 =a.
Pemrenne. PaccMOTpUM QYHKIIMIO
a =V (x— 12+ (- 62+ (x~1)2+ (x— 22

M HaiieM ee HauMeHbIllee 3HayeHue. BBeseM BekTOphl p{x —1;6 — x}
M G{4—x;x—2}. Torna a=|p|+|q|, Bexktop p + ¢ UMeeT koopau-

Hatel {3;4} u |P + q| = v/32+42 =5. [loaToMy B CWIy HepaBeHCTBa
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|P1+191 =P + ¢| mony4aem, 4to a > 5, npudYeM 3HaK paBEHCTBA JAOCTH-
raeTcs, TOMbKO ecu p 11 ¢, OTKyza

x—1 6—-x
4—ch Tx-2
_X_T_ >0

22
— — 7
HU IIpU X =4, HU IIPU X = 2 BEKTOPBL P U § HE ABJIIIOTCS COHAIIPABIEHHEI-

MM, CJIeIOBATENBHO, X # 2, X # 4 U JlejileHre Ha X — 2 U X — 4 BO3MOIKHO).
3Ha4MT, HAMMeHblIee 3HaYeHHe QYHKIIUH

PelreHueM ypaBHeHHMA M BCEH CHUCTEMBI ABJISIETCA x = =~ (3aMeTuM, 4TO

a=1v0—12+(x—6)2+ 1/ (x— 4)% + (x — 2)2

22
JIOCTUTAETCA TIPU X = “5- U PaBHO 5.

OtBert: 5. ’

O6e paccMOTpeHHBIE 3aJa9/ MOIJIM OBITH PELIEHHB! U C IIOMOIBIO I'€0-
MeTpHYECKUX MHTepnpeTauuil (cM. §4.3). Kakoll meTos BHGpaTh A4 pe-
HIEHHUS TOM WIK MHOM 3a/auM (2 HEKOTOpBle U3 HUX MOTYT GBITh pellieHbl
HECKOJBKUMH criocob6amu), 3aBHCHUT OT pa3HbIX $aKTOpPOB: TOro, KakoH
METOZ YCBOEH JIy4lle, KaXkeTcs 60/lee MPOCTHIM WK NEPBLIM IPUXOAMT B
roJIOBy Ha 9K3aMeHe U T.II.

PaccMOTpUM Teneph HECKONMbKO MPUMEPOB Ha IIpUMEHEHHe HepaBeH-

ctBa d - b <|d]|-|b|. DTo HepaBeHCTBO (€ro Ha3HIBAIOT HEPABEHCTBOM
Koum—ByHAKOBCKOT'0) JIETKO C/IefyeT 13 ONpeAeAeHHU CKASIPHOTO IIpO-

M3BE/IeHNs BeKTOpoB: G - b =|d|-|b|-cos(d, b) <|d]|-|b|. 3xax paseH-

CTBa [AOCTUTAETCs TOTAA U TOJIbKO TOI/a, KOrJa cos(a, b)=1, T.e. KOI7ia
yTOJN MEXIY BEKTOpaMu d U b paseH Hymo U, ciefosaTensHo, d 11 b.
IIpumep 3. HaliTu HanbonbLIee 3HaYeHKe TapaMeTpa a, IIp1 KOTOPOM

ypaBHerue x(y/ 1 —9x2 + 34/ 4 — x2) = a umeeT XxoTa 6Bl OAUH KOPEHb.
Pewenye. Paccvorpum ¢yHkuuio a = x(V1—9x2 + 3v/4—x?) ¢

1 1 .
obnactrio ompegenenua D(a) = —333 | ¥ Hanzem ee Haubonkblee

sHayeHue. BeegeM BexkTopbl pP{x; V4 —x2} u ¢{v1—9x?;3x}. Torma
a=p-q,|pl=vVx2+4—x2=2,|q|= x/l —9x? +9x? =1. B a1y Hepa-
BeHCTBa P - § < |P|-|¢| mony4yaem, yro a < 2, mpuyeM 3HaK paBeHCTBA

JNOCTHIaeTcsA, TONMbKO ecaM p 11 . 3ameTuM, 4To mpu X = 0 BEKTOPH!
P M ¢ He ABIAIOTCA COHANpPaB/JE€HHBIMM, [O3TOMY C y4eTOM OOacTH

14*
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oInpezeneHHd YCIOBHE COHAIIPABIEHHOCTH HMEET BUA

\/1—’9x2 — 3x
X \/4—x2’

1
O0<x< 35,
OTKYyZa
(1—9x%) (4 —x?) = 9x%,
1
O<x< 3>
H TIOCJIe PaCKPEITHA CKOOOK Y IPHUBEAECHHA MOJ0OHBIX C/Iara€MBIX NOTyJaeM
2=
o 37’1
0<x< 3
ITONMOXUTEJILHEIM KOPHEM YPaBHEHHSA CHCTEMBI ABJIAETCA X = %, a
2 2__1 IToaTomy x = 2 CneaoBaTenbHO, HAMOOJbIIEe 3HA-
V37 V3% 3 WYX=
yenue ¢yHknmu a = x(4/ 1 —9x2% + 3y 4 — x?) gocTHraerca mpu X = J_'?
U paBHO 2.
OTserT: 2.

O6paTHM BHHMaHWe Ha TO, YTO IPH HCTONb30BAHWKW HEPABEHCTBA
P-4 <|P|'|q| BexTOpHL P M § CieAyeT BBOAUTL TAKMM 06pa3oM, YTOOH!
JTU60 UX JUTUHBI HE 3aBHCE/M OT TEPEMEHHOI, TGO OTHOLIEHHE JJIHH 3TUX
BEKTOPOB OBUIO BEJTMYKMHOM IOCTOSHHON. B NPOTMBHOM CiIy4yae H3BJE€Yb
M3 YCJIOBHA COHANPABJIEHHOCTH KaKOE-TO COAEpXKaTeIbHOE ypaBHEHHE
6yaeT 3aTpyIHHUTEIBHO WIH HEBO3MOXHO. KpoMe TOro, citefyeT OTMETHTD,
4YTO €CJIM B YCJIOBUM (WIM B YCJIOBHSX) COHAIPaB/JIE€HHOCTH IIPHUXOAMTCA
BLITIOJIHATD [eJIeHWE Ha BBIpAKEHWE, COAEprKailee HEU3BECTHYIO, HYXKHO
IPOBEpPUTH, HE ABIAIOTCA JId BEKTODH P H ¢ COHANpPaBJIE€HHBIMU U B
TOM CJy4ae, KOrZia 3To BRIpakeHHe obpalnaeTcs B Hy/lb. Eciu aToro He
ce/IaTh, TO B HEKOTOPBIX 3a/ja4aX MOXHO IPOCTO MOTEPATH PELIEHUE.

IMpumep 4. Halitu HaubGosnbinee 3HayeHHWe TapaMeTpa a, TPy KOTOpOM

ypaBHEHUE
=|2x—1]v/2x—1+|x—1|v4x—1,

MMeeT XOTA OBl OJJUH KOPEHb U yKa3aTh KOpHH YpPaBHEHHA /11 ITOT'O 3Ha-
YEHUA Aa.

1
Peuwrenye. [Ipapad 4acTh ypaBHEHHs ONpe/ie/ieHa IIPH X 2> 5, TIOSTOMY

|2x —1]vV2x -1+ [x—1[v4x—1

x2

€ro MOXXHO II€pe€nucatb B BUAE d =
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|2x —1]v/2x ~1+|x—1|v4x -1
2

X

cMOTpUM QYHKIIHIO a = ¢ obnacTeo ompe-

nenenus D(a) = [%, +00) H HalizieM ee Haubosblllee 3HadyeHHe. BeegeM
BeKTOpHl P{|2x—1|; vV4x—1} u ¢{+/2x—1;|x—1|}. Torma

1P| = \/|2x—1|2+(\/ 4x —1)?2 = V 4x? = 2|x| = 2x,
Fl= (Vx4 1x— 1P = Vot = x| = x.

INockoNbKy a = P xzq , B CHJIy HepaBeHcTBa P - ¢ <|Pl-|q| monyuaem, gro
2x*
a < 7, T.€. a <2, NPHYEM 3HAK PABEHCTBA JOCTHIAETCs, TOIBKO eCiH

—— —r 1 i —
P 11 q. 3amerum, 4TO IIpH X = 5 BEKTODH D M ¢ ABJAIOTCA COHAIpAB-

1
JIEHHBIMH, a IIpU x = 1 He ABnAwTcA. Eciau x # 50 X # 2, TO YCJIOBHE COHa-
IIpapJIEHHOCTH (C y4eTOM 06/1acTH olipeJeeHus) UMeeT BUJ

((12x—-1] _ 2x [ (2x—1)2 —4
V2x—-1 x’ 2x—1 — "

{ Vax-1 _ 2x T { Ax-1 _
1] = x0 TR Y Gor T

\x>%—, kx>%.

EAUHCTBEHHEIM KOpHEM MEPBOrO YpaBHEHMA U PENIEHHEM BCEH CHUCTe-
5
MHl ABisferca x = ;. CregoBarenbHO, Haubonpliee 3HayeHue QyHKLNM

2
|2x - 1|vV2x -1+ |x—1|+/4x—1 1
a= 2 , paBHOE€ 2, AOCTUraeTcs IpU X = 2 H
_3
X=3. : ]
OtBeT: =2, x=5,x=7.

2’ 2
IToHATHO, 4YTO BCE pacCMOTPEHHBIE 3a/ja4y ABJIAIOTCA IO CYLIECTBY 3a-

Ja4aMM Ha BEIYMCJIEHHE HaHMEHbBIINX H HAMOOMbLINX 3HaYeHUH yHKI[H

Wi ajare6panyecKnx BhIpakeHW. B HEKOTOPHIX 3aJayax IapaMerp He

BBOJUTCS U C CAMOro Hayaja pe4yb HAET O IIOMCKEe TAKUX 3HAYECHHH.
IIpumep 5. HaiiT HauMeHblIee 3Ha4YeHHEe BEIpaXKeHHUA

2= |x+2yl+ v/ (x—3)2+ (y — 4)2
Pewtenyie. Beeaem BexkTophl p{x+2y;0} u ?1'{3 —x;y —4}. Torga
IP1=Ix+2yl, I§]= v/ (x—3)2+ (y - 92, 2=|F| +|q|. Bexrop P+ ¢
UMeeT KOOpIUHATH {2y +3; y—4}, u

T+ =V CQy+32+(y—4)2 = /5y2 +4y +25.
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B ciuty HepaBeHCTBa | P |+| G | 2| P + ¢ | mony4aem, 4ro 22> v/5y2+4y+25,
IIPHU4Y€EM 3HaK paBEHCTBa JoCTUTaeTcs, ToNpKo ecn p 11 ¢ . KBaapaTHblit
TpexwieH 5y + 4y + 25 NoNoXUTeNeH Mpy M060M Yy B CIITY OTpPI].IaTeJ[b—
HOCTH JVICKPUMHHAHTA U TIONOXUTeNbHOCTY KoaddunuerTa npu y-. Han-

2
MEHBIIErO 3HaYeHHM A OH AOCTHUIAET IIPH V — —'5". JTO HaUMeHBbIllee 3Haye-

121 11
HHe, KaK JIEFKO IIOACYUTATh, paBHO ——. IloaToMy 2 2> —=, IpHYeM 3HaK

5 /5

2  —ap—
paBEHCTBA IOCTUIAETCH, UMb €CTTH Y =—¢ M P 11 q, otkyza x+2y =0,

H, cn1ef0BaTENBHO, ng

OTBer: mlnz—z(s,—— 11

=-‘J_§.

INpumep 6. Haiitu Haubonbliiee 3HAYEHWE BBIPAKEHHA

z2=yy 1—x2+xv/3+2y—2y2

Pewenue. BeezieM BexTops PLy; /342y —2y?} u ¢{V1—x%x}.
Torpa z=p-q,

Pl=Vy*+3+2y-2y2=V4-(1-y? [gl=Vi-x*+x*=1.

B ciwy HepaseHcTBa P - ¢ < |P|-|q| nony4yaem, yro z < \/4— (1-y)*<
< v4=2, npuyeM 3HaK PaBEHCTBA JOCTUTAETCA, TONBKO ey y = 1 (mpH

V1-x? X V3

— —_— e — 1
atom |p|=2) u p 11 ¢, otkyAa —3 =J§:§Hx=—5-.

OTeeT: maxz=z(—‘/—§; 1) =2.

B sak1i0o4eHre OTMETHM, YTO B HEKOTOPHIX 3aJayax BMeCTO HEpABEH-
CTBa TPEYTOIBHMKA MOXET UCIIONB30BATHCA AHANOTMYHOE €My HepaBeH-
CTBO MHOTOYTOJbHUKA. Kpome Toro, uepaseuctsa |d| + |b| >|d+ b| U
@-b<|dl- 15| CIIpaBe/I/IUBEL, pa3yMeeTcsA, U B TPEXMEPHOM IIPOCTpaH-
crBe. Heckonbko 3azad, TpeGyIOIKX IPHMEHEHHA HEPABEHCTBA MHOIO-
YTONBHHKA HWIH pacCMOTPEHHA BEKTOPOB B TPEXMEPHOM IIPOCTPAHCTBE,
COEPIKATCA CPeAH YIIPaXKHEHHUH /11 CAMOCTOATE/IBHOTO pelleHHS.

YapaxkHeHud K § 5.4

1. a) HaiiauTe HauMeHbllee 3HaYeHHe ITapaMeTpa a, IIpH KOTOPOM cJie-
JIyIoliee ypaBHeHHe HMeEET XOTA Obl OIMH KOPEHb:

V4x2 +20x 429+ V4x% — 28x +58 = a.
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6) HaiizyTe HauMeHbllIee 3HaYeHHE NMapaMeTpa a, Ipy KOTOPOM cJie-
JIyIOIee ypaBHEHHE UMEET XOTA Obl OZIMH KOPEHb:

vV 9x2 — 6x+174 V9x2 — 54x +85 = q.

2. a) HaliguTe HavMeHblllee 3Ha4E€HKE TapaMeTpa d, IIPU KOTOPOM cJle-
Ayiollee ypaBHEHHE UMEET XOTA Obl OZIMH KOpPEHb:

vV Bx+1)2+ Gx+2)24+ v/ Bx+7)2+ (5x—6)2 = a.

6) HaliguTe HavMMeHbIlee 3HaYEHHE apaMeTpa d, IpU KOTOPOM cJie-
Ayolliee ypaBHEHHE UMeeT XOTs Obl OfHH KOPEHb:

V(11x+3)24+ 11x+7)2+ vV (A 1x+15)2+ 11x+2)? = a.

3. a) Haligyte Haubosbliiee 3HadveHUe napaMeTpa a, IIpy KOTOPOM cJie-
AyIollee ypaBHEHHE UMeeT X0TA Obl OJVH KOPEHB:

x(61/ 64 —49x2+ 74/ 25— 36x%) = a.

6) Haiinute Hanbosbllee 3HaYeHKe TapaMeTpa a, IIPH KOTOPOM CJIeAy-
IoHIee ypaBHEHHE UMEET XOTA Obl OZIHH KOPEeHb:

x(4v/81—25x2+4+51/49—16x%) = a.

4. a) Haiiaure Hanboblee 3HaY€eHle IapaMeTpa a, IIpH KOTOpOM cJie-
Ayiolliee ypaBHEHHE HMeeT XOTS Obl OIHH KOPEHb:

ax? = |5x —1|y/6x —1+|3x—1]y/10x — 1.

6) HaiauTte HanGoNb1iee 3HaYeHHE IIapaMeTpa a, Py KOTOPOM CJIe/ly-
IOLIEE ypaBHeHHE VMEET XOTA Obl OAVH KOPEHB:

ax? = |7x—1|/8x—1+|4x—1|v/14x — 1.

5. a) HaiizuTe HaMMeHblilee 3HaY€HUE BhIPAXKEHHS

z = |Sx—6y|+ \/(Sx— 3)2+ (3y +4)2.

6) HaiianTe HauMeHbliIee 3Ha4Y€HHEe BhIpAXKEHHs

2z = |7x+10y] + v/ (7x+ 3)2 + (5y + 92

6. a) Haiigute Hanbonpiiiee 3HadyeHHe BhIpaKeHHs

2= yV36—x2+x4/77+4y — 2y2.
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6) Haiigure Hanbonbniee 3HadeHUE BhIpAXEHUA

2=y 144—x2+x\/55 +6y —2y2.
7. a) Pelmute cucTeMy ypaBHEHUH
x+y+z=+13,
{ Va2 +1+4/y2+4+V/22+9=7.
6) Pemmre cucreMy ypaBHEHUH

{x+y+z= V19,

Vi 41+ V2 +9+ V22 +25 = 10.
8. a) PeumiTe cucTEMy ypaBHEHUI
x+y+z=1,
{ VaxF1++/ay+1+vVaE+1= V21
6) Pemre crucreMy ypaBHEHHE
x+y+z=2,
{ V3x+24+/3y +2+ V32 +2=6.

9. a) Pemure HepaBeHCTBO v X + 1+ v2x -3+ /50 —-3x < 12.
6) Peunre HepaBeHCTBO X — 1+ v3x+2+ /17 —4x<36.
10. a) Pemnite cucTeMy ypaBHEHUH

xX24+4y?+922 =09,
Vx2+1+4/4y2 +1+ /922 +1=6.

6) Peumre cucreMy ypaBHEHHH
x2+2y?+322 =4,
Va2 +1+4/2y2+3+ /322 +4=6.




Hduar"Hocrudeckas pabora 1

Bapuanr 1

1. [1py xaxXA0M 3HaYEeHHM NTapaMeTpa d PEIINTE HEPABEHCTBO
xa®>—(5x+2)a+4x+2 > 0.

2. Haiigute BCce 3HayeHHWA mapaMeTrpa d, IpH KaXAOM M3 KOTOPHIX
ypaBHeHue 2x° — (a + 3)x? + 2(a — 1)x =0 uMeeT pOBHO JjBa pa3IUYHBIX
KOPHSI.

3. HaiijuTe Bce 3HaueHMd MapaMerpa a, A1 KakKJOoro W3 KOTOPHX
GonbuIMii KOpeHb ypaBHeHHA x> — (2a + 1)x +a®> +a =0 B narb pas
6osblle, YEM €ro MEHbIIHH KOpEHb. :

4. HaiiauTe Bce 3HaYEHUs ITapaMeTpa d, IIpH KaK/OM K3 KOTOPHIX JIo-
60e penreHne HepaBeHCTBa (a — 4)x? — 2(a + 3)x + a + 2 > 0 npunae-
KUT oTpe3Ky [—1; 1].

5. Haijaure BCe 3HaYeHHA NapameTpa d, IIpU KaXJO0M U3 KOTOPBIX
HepaBeHCTBO 36* — (a — 2) - 6¥ — a+ 5 < 0 uMeer X0TA O6BI OZHO pelIeHME.

6. HalizuTte Bce 3HayeHHsa IapaMeTpa d, A1A KaXKJIOro M3 KOTOPBIX
ypaBHeHue 8x°+ (a + x +1)3 + 2x% + a + x + 1 =0 umeer x0T OB OAVH
KOPEHb.

BapuaHT 2

1. INpu xaxa0M 3HaYeHUH NapaMeTpa ¢ peuIMTe HEPABEHCTBO
2xa® — (5x+4)a+2x+2>0.

2. Haifty Bce 3HaYeHHA ITapaMeTpa a, Py KaXKJ0M U3 KOTOPHIX ypaBHeE-
HHe 2x2 — (@ +9)x? + 4(a + 1)x = 0 UMeeT pOBHO /iBa Pa3/IMYHbIX KOPHSL.

3. Haiigure Bce 3HayeHMs NMapaMeTpa a, AJs KaXA0ro H3 KOTOPHIX
MeHBbIIHI KOpeHb ypapHeHuA x2 — (2a + 3)x + a® +3a+2=0 B naTh pas
MeHbIie, YeM ero 6oNbIIni KOpEHb.

4. Ha¥igure Bce 3HaYeHHUs apaMeTpa a, IpH KaX/I0M U3 KOTOPBIX Jk0-
6oe pemeHue HepaBeHcTBa (a — 8)x? — 2(a + 6)x + a + 4 > 0 npuHazie-
KUT oTpe3ky [—1; 1].

5. HaiiguTe Bce 3HaYeHHs IapaMeTpa g, IIpU KaX/OM H3 KOTOpHIX
HepaBeHCTBO 81* — (a +4) - 9* —a — 1 < 0 umeeT x0TA OBl OIHO pEUIEHHE.,

6. Haliagure Bce 3HayeHMsa IapaMeTpa 4, VI KaKAOro M3 KOTOPHIX
ypaBHEHHE x84+ (2a — x — 2)® + 4x% + 8a = 4x + 8 umeeT xoTa 6B OfVH
KOPEHb.
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BapuasrT 1

1. Halisqure Bce 3HayeHua mapaMeTpa @, MPU KaKIOM M3 KOTOPHIX
ypaBHeHue a” - 9a + 8+ 7|x — 1| +491og, (2x? — 4x +9) = 3|2x — 7a + 5|
HMeeT XOTs Obl OZMH KOPEHb.

2. HaripuTe BCe 3Ha4YeHHs MapaMeTpa d, MpH KaXKJIOM K3 KOTOPHIX

ypaBHEHUE \/(x —7*+(a—8)%=|x —a+ 1|+ |x + a— 15} umeeT eaus-
CTBEHHEBIH KOPEHb.

3. HalizuTe Bce 3HaYeHMA ApaMeTpa @, IIPH KakKJ0OM U3 KOTOPHIX CH-
CTEMA HEPABEHCTB

a+12x <48,
a+16x > 4x?,
a < 4x

HMMeEET XOTH OBl OZIHO PEIIEHUE, U YKOKHUTE PElIeHHA CUCTEMBI IS KaX10-
ro 3HaYeHHA d.
4. Haiizute Bce 3HAYEHMS IIapaMeTpa 4, TIPH KaX/JOM K3 KOTOPHIX

ypaBHeHUe ax + v/ 4 — x2 =x+5a — 3 UMeeT eMHCTBEHHbIE KOPEHb.
5. HaiiauTe Bce 3HaYeHUA MapaMeTpa, IPpU KAKJOM M3 KOTOPHIX UMeeT
€IMHCTBEHHOE pelieHne CHUCTeMa YpaBHEHHH

(x—1)2+(y—3)? = 16,
V=124 —11D2 4/ (x—2a —1)2+ (y + 1)? = 24/a% +36.

6. HaiizuTe Bce 3HaYeHNA apaMeTpa a, IS KaXX/I0T0 U3 KOTOPHIX IIPH
JoboM 3HayeHUM IapameTpa b uMmeeT xoTd O6bl OJHO pelIeHHEe CHCTEMA
ypaBHEHW I

2(1+2|y% + (9b%2 — 6b+2)* = 3,
42y(z+3b—1) = a?—3a+2.

BapuaHT 2

1. HaiiznuTe Bce 3HayeHHWs mapaMmeTpa d, NPH KAKJOM M3 KOTOPHIX
ypasuerue a? — 5a + 7|x + 1| + 49log: (2x% + 4x +7) = 6 + 3|2x — 7a — 5}
HMeeT XoTa Obl OIMH KOpPEHb.

2. Haijzure Bce 3HayeHWs MapaMeTpa d, IPH KaKJOM K3 KOTOPBIX
ypaBHEHHE \/(x+ 8)*+ (a+5)*=|x —a+ 3|+ |x + a+ 13| umeer exun-
CTBEHHLIN KOPEHb.
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3. HaﬁﬂHTe BCE€ 3HAYECHHA ITapaMETpa a, IIPH KAXKI0OM M3 KOTOPHIX CH-

CTeMa HepaBEHCTB
a+x <4,

3a+4x 2 x?,
3a<x

HMeET XOTA Obl OZIHO pellleHHe, U YKAKHUTE pellleHHUs CUCTEMBI IS KaX0-
r'o 3Ha4YEHNUA d.
4. HailaTe BCce 3HayeHHs IapaMeTpa a, INPH KaKAOM W3 KOTOPBIX

ypaBHeHUE ax + x + 4/ —4x — x2 = 3a + 5 UMeET eIMHCTBEHHBIH KOPEHB.
5. HaiizuTe Bce 3HaueHus apaMeTpa, IIpH KXJA0M 13 KOTOPHIX UMEEeT
€AMHCTBEHHOE pelIeHHE CUCTEMA YpaBHEHHN

(x+1)*+(y-5)* = 16,
VOo+D2+ (=132 +/(x—4a+ D2+ (y - 12 = 4/ a2 +9.

6. HailizuTte Bce 3HaYeHHs NapaMeTpa a, /11 KaXJ0ro 13 KOTOPHIX IIpH
mo6oM 3HavyeHUU nmapamerpa b umeer xota Obl OZHO pelleHHe CUCTEMA
ypaBHEHU

2(1+3|y[)%% + (4b> — 4b +2)* = 3,
24zy(z +2b—1) = a® — 6a +8.
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BapuaHnr 1

1. Halizute Bce 3HaueHMs NapaMerpa 4, JUIA KaKAOTO K3 KOTOPHIX
HMeeT He MEHee CeMU pellleHUH crcTeMa ypaBHEHUI

(@®>—13a)x+24y = a® - 16a - 24,
Sx+4y = 2.

2. HalizuTe Bce 3HayeHWs IapaMeTpa d, IIPH KaXXJOM M3 KOTOPHIX
ypasHeHue cos2x — (3a®> — 8a + 2)sinx = 1 umeer Ha orpeske [0; 27]
POBHO 4 KOpHA.

3. HaliguTe Bce 3HayeHMs mapaMeTpa @, NPU KaXJIOM K3 KOTOPBIX
ypaBHeHMe 25° + (3a% — 7a + 8) - 5° — 5a + 3 = 0 UMeeT eJMHCTBEHHEII
KOpP€Hb.

4. HaliauTe Bce 3HAYeHMs NapaMerpa 4, NPH KaXXJOM H3 KOTOPBIX
ypaBuenve 162x3 — 9(a + 18)x? — 9ax + a®> = 0 umeer xoTa 6B OAUH
KOpP€EHb, M YK&)XXWTe KOPHU YPaBHEHHS [UIA KAKJIOTO U3 HAHAEHHBIX 3HA-
YeHUH a.

5. HailauTe Bce 3HayeHHa NapaMeTpa @, IIPU KaXJIOM U3 KOTOPBIX

2 =a+y/ x?+9 uMeeT x0T 6Bl OZIH KOPEHb.
x<+9
6. Haiizure HauMeHbllee sSHaYEHKE TapaMeTpa d, IPH KOTOPOM ypas-
HEHUe \/(x+8)2 +(x+13)%2+ \/(x +5)2 4+ (x +9)2 =5a umeeT x0TA OB
OZVH KOPEHb.

ypaBHeHHE 15x +

BapuanTt 2

1. HalizuTe Bce 3HayeHHs mapameTpa a, AJA KaXJOro U3 KOTOPHIX
HMeeT He MeHee CEMH pellIeHH CUCTeMa ypaBHEeHUH

4x+(6a%+13a)y = 6a+16a — 4,
4x+Sy = 2.

2. HaliziuTe Bce 3HayeHUs NapaMmerpa 4, INPH KaXJOM W3 KOTOPHIX
ypasHeHue 4 cos2x — (3a% — 16a + 8) sin x = 4 umeer Ha orpeske [0; 277]
POBHO 4 KOpHA.

3. HaiijzuTe Bce 3HayeHHs MapaMmerpa a, NMPH KaXJOM M3 KOTOPHIX
ypaBHeHue 49* + (3a® +5a + 6) - 7* — 5a — 7 = 0 uMeeT eJUHCTBEHHBII
KOpPEHb.
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4. HaiiiyTe Bce 3HauyeHWA MapaMeTpa a, NPU KaKJIOM K3 KOTOPHIX
ypaBHeHue 32x3 — 4(a + 8)x% — 4ax + a? = 0 uMeeT XoTA 6bl OAKH KOPEHB,
¥ YKa)XKMTe KOPHH ypaBHEHHUA U1 KX/I0T0 U3 HallIeHHEIX 3HaYEHUH d.

5. Haiizute Bce 3HayeHHA TapaMeTpa a, ApU KaXJAOM M3 KOTOPBIX

—% =a+/ x2+ 1 umeeT x0TA 6Gbl OAMH KOPEHb.
x“+1

6. HaiizuTe HavMeHblee 3HaYEHKE TapaMeTpa d, IPH KOTOPOM ypas-
nenve / (x—9)2+ (x— 14)2 + 1/ (x — 6)% + (x — 10)2 = 0,5a ¥MeeT XOTA
6Bl OIMH KOpEHb.

ypaBHeHue 10x +
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BapmuanT 1

1. Haiiiute Bce 3HayeHHA INapamerpa d, NPpH KaXXJIOM U3 KOTOPBIX
ypasHenue (a — 10)x? — 2(a — 4)x — a + 4 = OumeeT xOTA GBI OZUH KO-
peHb, MEHBIINH 1.

2. HaiiauTe Bce 3HaYeHHA MapaMeTpa d, NpH KaXXJ0M M3 KOTOPBIX JJI4
JI060ro AeMCTBUTE/IbHOIO 3HaYEeHMA X BEIIIOJTHEHO HEPABEHCTBO

a(cos? x —3)%>+2a +2sinx < 8.

3. HaiiauTe BCe 3HayeHHA mapaMeTpa a, NpH KaXXJ0M K3 KOTOPBIX [U/IA
J11060T0 JeMCTBUTEILHOTO 3HAYEHHA X BHIMIOJTHEHO HEPABEHCTBO

|sinx +a?+3a+ 1} +|2sinx +a? — 2a +2| < 5sinx +|2a* +a| +5.
4. Haiigure Bce 3HaYeHMA napaMeTpa a, Mpu KaXA0M H3 KOTOPBIX CH-
CTeMa ypaBHEHUIN
{y|+2a = 6sinx,
y*+42% = 12q,
(2a — 3)? = 4§22 + 32| +sin?2x+9
MMeeT XOTA 6Bl OfHO pellleHUEe, M YKKUTE pelleHHA CUCTEeMBI JIA KaX0-

ro Y3 HaiIeHHbIX 3HAYEHHH d.
5. Halijure BCe 3HayeHHA mapaMerpa d, NpM KaXXJAOM H3 KOTOPBIX

i
ypaBheEMe f (-2- — x) = 3a ¥MeeT X0TA OBl OAMH KOPEHb, €CNU

Zf(zzE —x) +3f(x) = sin®x+8cosx+12sinx +2

JU1st 1I000T0 IeCTBUTE/IEHOTO 3HAYEHHA X.

6. HaiiayTe Bce 3HavyeHHA napaMeTpa d, MpH KaXJI0M M3 KOTOPBIX XOTA
OBl OZHO pellleHre HEpaBeHCTBa x2+x+a+|x —a+ 2| < 2 npuHaANexUT
otpe3ky [—2; —1].

BapuaHT 2

1. HaliiuTe Bce 3HAY€HWA MapaMeTpa d, NPH KaXJOM H3 KOTOPBIX
ypaBsenue (a +2)x* — 2(a + 8)x — a — 8 =0umeeT x0T OBl OAMH KOPEHB,
MeHbIIMI 1.

2. Haiinute BCe 3HayeHHA nMapaMeTpa a, NpH KaXX/IoM M3 KOTOPBIX /1A
J11060T0 eHCTBUTE/IbHOIO 3HaY€HHA X BBIIOTHEHO HEPABEHCTBO

3a(cos? x +2)?> +6a < 3+sin’x.
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3. HaiiiuTe BCce 3Ha4YeHHA MapaMeTpa a, Mpy KaKAOM M3 KOTOPBIX JJIs
mo60ro AeMCTBUTE/NLHOTO 3HAYEHHA X BHIIIOTHEHO HEPABEHCTBO

|cosx+a%—~3a+1j+|2cosx+a?—8a+17| < 7cosx+|2a®—11a+15{+7.

4. HaiinuTte Bce 3HaYEHHA NapaMeTpa d, IpH KaKAOM M3 KOTOPHIX CH-
CcTeMa ypaBHEHU

ly| +a = 2sinx,
81y*+2% = 18aq,
9(a—1)? = |2? — 62| +sin®*2x+9

MMeeT XOTA Obl OTHO pelleHre, ¥ YKAKUTE PelLlIeHHs CUCTEMEI [/151 KaXK10-
I'0 M3 HAWAEHHBIX 3HAYEeHHII d.

5. Haiigure Bce 3HaYeHHA mapaMeTpa d, MpH KaXKJOM M3 KOTOPEIX
ypaBueHue f (1t — x) =0,5a uMeeT x0TA 6Bl OAUH KOPEHb, €CITU

2f(n—x)+3f(x—%) = cos? x +8sinx — 12cosx+2

JIsE MoBoro AeMCTBUTEILHOIC 3HAYEHHA X.

6. Hailzure Bce 3HaYeHHA MapaMeTpa a, MpY KaXKI0M K3 KOTOPBIX XOTA
OBl OZIHO pellleHHe HEpAaBEHCTBA x2+a+ jx —a— 3| + 6 < 5x npunazsne-
JKMT oTpe3ky [1; 2].
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BapuasnT 1

1. HaiizuTe Bce 3HaYeHHA napaMeTpa a, MpH KaXXJ0M M3 KOTOPEIX YPaB-
Henue 2|x?+2x—3|—2a=|2x—al|+6 ¥uMeeT pOBHO TP PAITHYHBIX KOPHA.

2. Haiingyre Bce 3HauyeHHMs nmapaMeTpa a, HPH KaXJOM K3 KOTODPBIX
VIMEET POBHO TPH Pa3JTUYHBIX pelleHHA CUCTEMa YpaBHEHUH

(x=5P+(-7?*=9,
y=|x—a-3|+4.

3. Haitaure Bce 3HaYyeHMA napaMeTpa a, U KOKA0r0 U3 KOTOPBIX Mpu
n060M 3HaYeHUH napamerpa b ypaBHeHue

2x% —8|x}—7|b—2a — 4| +3|b—6|—2b+10a = 10

MMeeT POBHO JBA KOPHA.
4, JIns KaXJ0ro HEOTPHIIATENLHOTO 3HAYEHHA NapaMeTpa d Hauaure
MHO)KECTRO pelieHHii HepapercTBa a>x? + 18a%x?* — 27x +81a+81>0.
5. HaiijuTe Bce 3HayeHHA napaMeTrpa a, NpU KaKAOM H3 KOTOPBIX

32 _ a4/ x2 + 16 umeeT XoTA GBI OAMH KOPEHB.
Vx2+16

6. Haiiavte Hanbonblllee 3HaYeHUe napaMeTpa a, Apd KOTOPOM ypaB-
uenre ax?=2|x — 1|v/x—1+ |x — 2{v/2x — 1 umeer x0T Gbl OAUH KO-
PEHb, ¥ YKOKUTE KOPHH YpAaBHEHMS JJIA 3TOr0 3HAYEHHA d.

ypaBHeHure 40x +

BapuaHT 2

1. HaiizuTe Bce 3Ha4YeHHs apaMeTpa a, IIpU KaXKJ0M M3 KOTOPbBIX YpaB-
nesne 3|x2+2x—3|—2a=|3x—a|+9 uMeeT pOBHO TPH pa3THMYHBIX KOPHA.

2. Haiiiure Bce 3HayeHMA mapaMmeTrpa d, OpYU KaXJOM H3 KOTOPBIX
HMMEEeT POBHO TPH Pa3/IMYHEIX pelUeHHA CUCTEMA YpaBHEHHH

(x-3)*+(y—6)*=9,
{y = [x —a+2|+3.
3. HaliguTe BCe 3Ha4yeHHA napaMeTpa a, A1 KaXA0ro U3 KOTOPEIX NpHU
n1060M 3HaYeHUH napaMeTpa b ypaBHenue
3x%2—12|x|~7|b—3a+6|+3|b—9|—2b+15a = 75

VMeeT POBHO JIBa KOPHA.
4. JIns KaXXJ0ro HeOTpHIATE/IbHOTO 3HaYeHUA NIapaMeTpa a Haiaure
MHOXKECTBO pelesuii HepaBeHcTBa a’x? +12a%x% —4x+18a+12>0.
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5. Haiiaure Bce 3HayeHHWs mapamerpa d, NMPH KaXKJOM M3 KOTOPHIX
18
= a4/ x%2+ 36 uMeeT X0Ts 6Bl OAUH KOPEHb.

Vv x2+36

6. Haiigyte Hanbonpluee 3HaYeHNe NapaMeTpa a, MpU KOTOPOM ypas-

HeHue ax?=2[x—~2{4/0,5x—1+|x—4|vx—1 umMeer xoTs 6b OANH KOPEHB,
M YKQOKUTE KOPHH YpaBHEHHA JJIS1 9TOrO 3HAYEHMSA d.

YpaBHEHME 5x +
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OTBeThI

I'nmaBa 1. Jlornyeckuii nepe6Gop B 3aja4ax ¢ NapaMeTpoM
§1.1

1.a)IIppua= z g YPaBHEHKE MMeeT 6ecKOHEYHO MHOr'0 KOPHEH;

IpHu a = ° c YPaBHEHHE HE UMeeT KOpHei;

npyu a € ( ) ( ( +oo) ypaBHEHHe UMEET O/IHH KOpPEHb;
6) npua= 7 ypaBHEHHe HMeeT HeCKOHEYHO MHOTO KOPHEH;

Tpyu a = 3 5 YPaBHEHHE HE UMeeT KOpHEH;

npU a € ( ) ( ( +oo) yPaBHEHHE UMEET O/JHH KOPEHb.
2.a) [Eé__’ +°°) npH a € (—o; 0,25) U (4; +x); (—o; 4+ ) npu a=0,25;

(—oo —-1—4] npH a € (0,25; 4); pelneHni HeT 1pU a =4;
6) (—o; 2

]npu a € (—w; 0,2)U(5; +«); pemneHuit Het 1ipu a =0,2;

[Sa 1,+oo) npu a € (0,2; 5); (——oo +o) npu a=S5.
563 305 4
3.a) — <1 : 0) - 4. a) 0,9; 6) §' 5.a) -2,5; 6) 5

6. a) (0,25;0 25) npu a=1; (—1,36; 0,48) npu a=—-3,6;
HET penIeHHM IIPH [IPOYHX a;

6) (1; D)npua=1; (%, —lg-?) Inpu a=—§, HET pellleHU# NIPU NPOYHX d.

7.8) (- 3)u(5:5)u(E+) 0 (= ) v (G ) v (55 +=).

8.2)5: 6) -g. 0. )[Z 191] 6) [10,5:11]. 10.a) —1,6; 6) —2.
11. a) (—=; —6)U{—4; —1]; 6) (—=; 2) U{3;4].

12. a) (—oo; —2] u{l}u[4; +00); 6) (—w; —1,5]1U{2} U[4,5; +).
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37 ) _14
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3.a) (o; %); 6) (o; g) 4.2) —0,5:6)2. 5.a)1:6)—1.

6.a) (—o; —4); 6) (—x; —1). 7.a) (—5;—3); 6) (—4;6).

8. a) (—OO; a+§)u(a' +) ipu a < 0; (0; +) npu a=0; (a' a+§) npu a>0;

1l.a)a=-5,a=0;6)a=0,a=3. 2.a)a=

6) ( 0} 2a+-~)u(2a + o) ipyt a<0; (0; +) npu a =0; (2a 2a+2 ) pH a>0.
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OTBeTH 227

10. a) (2,5; 4,5); 6) (—0,8; 1,6). 11. a) a— nwboe yncio; 6) a — moboe dHcno.
12. a) %; 6) -:25 13. a) [4; +=); 6) [—1; +=).

14. a) (—o; —3]U [—-g-; o] U{—2vZ; 2V/2}; 6) (—; —5]u [——2—; o] U{~+/8; V8}.
15. a) [-1; +=); 6) [-0,5; +=). 16.a) —13; —8; —5; 0; 6) —2; 0; 2; 4.

17.a) (—4; -1 u{2}; 6) (—14; —5)uU{4}.

18. a) (-5; —4]U[-3; -2); 6) (-1;0]1u{7;8). 19.a)[-1;1];6) [-1;2].
20.a) [-1;1]; 6) [-1;1]. 21.a) (5;9); 6) (—4;13).

22.a) a= %; {2:3}:6) a= %; {1:3}. 23.a)7:6)2. 24.a)[3;13]; 6) [8; 9.

25. a) (—o; ~2]U[2; +); 6) (—; —v3]U[V3; +).
26. a) [0; 1) U{3; 4}U(5; +); 6) {4} U(5; +).

27. a) a=—4, b— nmoboe uncino; a=4,b=2;

6) a —moboe yucno, b=2;a=1,b=-2;a=-1,b=-2.
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14. a) {0,2; 0,6]; 6) [3; 4].
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6) (—1)"arcsin(a + 2) + 7n, n€Z, npu a € {—3; —1]; Npy NpoyHx a KOPHEH HET.
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6) {5—; 1} npH a € (—o; —2]U(2; +); {1} npu a€(—2; 2].

17.9) [-2n)e 3. 182 (~= 2 u[5+=)i0 [37:2)-
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22.a)5:6)3. 23.a) ~7;—0,6;6)0,75:3. 24.a) —%; 6) —g.
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25.2) ~2;6)3. 26.2) —0,3;6) —5. 27.a) [——2-,—3-],6) [‘E’Z]'
28. a) V7;6) —v3. 29.a) 2n+0,5, neZ; 6) n+0,25, neZ.

30.a) (2;2); 6) (—25;—-1). 31.a)(8;3;0); 6) (0; 81; 4).

32.2) ~05;6) ~32. 33.a) (4;—3;0); (2 ~1;2); 6) (0; 1;0); (~1;2;2).

15*
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§2.2

-a) (1;2); 6) (—2;3). 2.a) (—; —-3)U(~3;3); 6) (-5; 5)U(5; +e).
.a) (—=; -0,5)uU(0; 3); 6) (—2; —1)u(1; 2).

.a) (=1; 0)U(1; 4); 6) (—3; =2) U(2,5; 3). 5. )(13 17) 6) (2: 2.8).
. a) (=0,25; 0,5); 6) (—1: —0,7).

.a) (-3 -3 ) u(o; 6)u(1 +c0); 6) (—oo _2 (0-;)u(2- o).

. a) (=0 —l)u(—— o) (3,+oo) 6) (~co: —2)u(— 1) ( +eo).
9. a) (—4: —1)U(0; 0,5); 6) (—2; 1)U (Z; 2,5).
10. a) (~1: 0)U(2; 27); 6) (0; 1)U (3; 28). 11. a) [-1;3]; 6) [—2; 21.

12. a) [-4; 0]; 6) [-5; —11. 13. )(—— ] 6)( 16,034]

15 24 31 49 16725
14. )(16 25] ©) (16 25]

15. a) (—; —1]U{2; +); 6) (—oe; 0JU[3; 4-0).
16. a) (—w; —2]U[1; +=); 6) (—o; —4]U[—1; +=).

@ N h W

§2.3
La) (—o; "2;"/6) U(2,5; +®); 6) (—; —9 — /BI)U (20; +).
2. a) (5;+=); 6) (0,2; +x). 3.a) [-2; +x); 6) [0,75; +x).
4. a) (—oo; -2]U{0}U[2; +); 6) (—oo; —3]U{0}U{3; +).
5.a) (—2;1,5); 6) (—4;1,5). 6.a) (—4;2]; 6) (—6; 2].
7.a) (—=; 3); 6) (—6; +=). 8.a) [3; +=); 6) [1; +x).
9. a) [4; +x); 6) {—3; +).

2a%—-1
S mpu a € (—w; ~1)U(L; +);

ﬁ] [»/2

NnpH a € [—1; —-—— | U EX 1]; [IpH NPOYHX G KOPHEL} HET;

10. a) 3=

3+4/2a2~1
2
5—+v2a2—
6) Y24 2 npu a e (—0; —1)U(L; +);

2

+ 2.

> Za - npua< ["1; _—?] U [g, 1] ; TIPH MPOYMX a KOPHEI! HeT.
11. a) (—; +) npu a € [2; +x);

(—o0; —logs(1+ vZ —a)] U [logs (1+ vZ—a); +) npu a € (—; 2);

6) (—; +») npu a € [3; +);

(—»; —logg(1+ v3—a)] U [loge(1+ v/3—a); +=) npu a € (—; 3).

12.a) 2a—3++v3a—-2npuac(l;4+x); 2a—3+/3a-2npua€ [%, 1];
IPU MIPOYMX a KOPHEH HET;

6) 2a+3++v3a+1npuae(0; +=); 2a+3++3a+1npuac [—%; O];

TIPH NMPOYHX a KOPHEHR Her.
13.a) (-1;5]; 6) (1; 71.
14. a) (—o; —2— VB)U(VZ; +); 6) (—»; —2 —2/2) U (2; +x).

2
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15. a) (2;3]; 6) (10;15]. 16. a) [2; +); 6) (—; 1].
17. a)( -l)- 6) (—0,25; 0).
13w

18. a) -—-+27m nez, E-I-Zﬂ.'k keZ; 'ﬁ+2 nl, leZ;

6) —4—+21rn, nez; 1—2—+27rk keZ.

19.0 (15 5)i0 (-5:1). 200 (-5i5)i0 (-32).

21.a) 0;1;6) —1;1. 22.a) —3,5+2+/2; —-0,5; 1; 6)— 1; 3.

12’
zs.a)o-z-s)f 24a)—2'6)—§. 25.a)—%,6) —0,5.
2— 3J‘ 2+3V2 5—64/7 . 5+6V7
26'a)[ 3 > 3 ]6)[ 6 ° 6 ]
27. a){ }u[z 4); 6) {2}U[4; 9).

3++/3_ 3+4/15

28.2) {0}U@ +V3; 2+ V5); 6) (Oru (25

29. a) (—6;7); 6) (-8; 7).

30. a) x=0 npu a=0; 0b6a KOpHA NOJIOKUTEBHEI NIPH a 2 4;

KOpHe# HEeT IpH NNPOYHX 3HAYEHUAX a;

6) x =0 npu a =0; 06a KOpHA NONOKUTE/BHE ITPH a 2> S;

KOpHEH HeT IpU MpoYHX 3HAYEHHAX d.

31. a) [-v2Z; D UVZ; +=); 6) [-v3; DUV3; +).

32. a) [1; +); 6) {0; +=). 33.a) (—; —1]; 6) (0; +).

34. a) (—o; =2~ /5)U(V5; +=); 6) (—o; =3 —V/3)U(¥3 —1;+=).
35.a) a<0:6) a<0. 36.a) 1—+/2:54+/10; 6) 0,5;2+ 2.

37. a) —E- +27n, n € Z; arctg(0,5) + 27k, k€ Z;

6) = +2ﬂ:n nezZ; m—arctg2+ 27k, k€Z.

38. )[ ) 222] 6) -2 00U (0;3]. 39.2) (2:8);6) (05 D.

40. a) (o, §) 6) (—oo, —5) U3: +2). 41.a) {0,25;1}; 6) {1; 1,75}.
42.a) n+27nn,n€Z; 6) 2nn, nZ.

43. a) 4— va+12 npu a €(—8; —3) U (—3; +o°); IPH NPOYHX q KOPHEH HET;

6) 3—+va+5 npu a€(—4; —1)U(—1; +=); NpH NPOYMX a KOpHEH HET.
44. a) (0; +=) npu a=0; [—%; 0) U (8a; +«) npu a € (0; +«);
peleHuit HeT NpH g € (—o; 0);

6) (0; +«) npua=0; [——%; -a) U (0; +) npu a € (0; +);
pelueHUi HeT NpH a € (—«; 0).

45.a) {1—vVa?—2a+5;1+1/a*+4a+8} npu ae(—x; -2);
{1-va2—2a+5;1—+va*+4a+8 npuaci{-2;1];
{1++va®?—2a+5,1-+v/a*+4a+8} npuac(l; +x);

6) {—3++va2+4a+5; -3—+1/a?—6a+10} npu a €(—x; —2);



230 OTBeThH

{-3—+va*+4a+5;-3—va? —6a+10} npu ac[—2;3];
{—3—+va*+4a+5; -3+ a?—6a+10} pu a €(3; +=).

46. a) %+'n:n, 2mm,n€Z, meZ, npu a= —-1; :t:z—:;E +2nl, l€Z, npn a=0;

+arccos L _2 7 + 27k, k€ Z, npu a = 1; npH IpoYHX LieJkIX d KOpHEH HeT;
6) §+27m, nmm,n€Z, meZ, npu a=0; (-1t -165 +nl,l€Z, npua=1;

(—1)**! arcsin ﬁz_ ! + 7k, k € Z, ipu a = 2; NpY NPOYMX LEJbIX @ KOPHEH HET.
47. a) (—»; —2+log, a) npu a € (0; +=); (—=; log;(—a)) npu a € (—ox; 0);
npu a =0 peleHuM HeT;

6) (—; —2+log,a) npu a € (0; +=); (—»; —1+log;(—a)) npu a € (—=; 0);
NpH a =0 perneHu# HeT.

VAT I e D ) (],

48. a) ( >

~-1+v2a%2-1
(~tal; )

npH a € (—; —1) U(1; +); Npy NPOUYHX a pelieHHH HeT;
—a++v2-a? —a-—+y2-a® —a++/2-a?
6) (%;1] npu a€(—1; 1]; [—-1, 2 a )U( a 2 a ;1]

npu a€(1; V21: [-1: 1] NnpH a € (V2; +); [pH MPOYMX 0 PEIIEHUA HeT,

Inasa 3. IlpiimeHeHHe CBONCTE QPYyHKIMH K pellleHHIO
YpaBHE€HHI1 U HEpaBeHCTB

§31

1.a) —2;6)—-1. 2.a)2;6)2. 3.a)(—2;5);6) (—6;—1).

4.a) [3;6);6) [1;4). 5.a)[4;8];6) [2;6). 6.a)[3;+x);6) (—x;2];
7.a)1;6)3. 8.a)-3;6) —3.

9. a) (—0,6; —0,6); (0,6; 0,6); 6) (—0,4; —0,4); (0,4; 0,4).

10. a) (~0,2; 0,2); (0,2; —0,2); 6) (—0,1;0,1); (0,1; —0,1). 11.a) —%; 6) —é—.

—1+/13 1:1:J1_7_1

12. a) [-2;6]; 6) (—o; —4]U{3; +=). 13.a) ———— ) ;1; 6) 2

22 23 59 61
14. )( (E’E .

15.a) (1; 1; 1) (2 2;2); (=3;-3;-3); 6) (1;1; 1); (—2; —2; -2).

16.2) (—e; 51 6) (~; 11 17.) [—4;2]; 6) [—4; 6].

18. a) [-2,5;3,5];6) [-2,5;1,5]. 19.a) [—8,5;—3,5]; 6) [—2,8; —1,4].
20. a) (nin; wk; c), k€Z, n€Z, ceER, npu a=0;

((«-1)m arcsing + nm; (—1) arcsina + 7l; g +2m‘), meZ,leZ, reZ,
npu a € [—1; 0) U (0; 1]; npw nipoymx a pelieHHit HeT;

6) (0; 0; c), ceR, npu a=1; (log, a; log, a; log, 2) npu a€ (0; 1) U(1; +<];
MIPU MPOYMX a pelieHUH HeT.
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21.a) [—3;4];6) [—4;3). 22.a) {-2}U[2; +x); 6) {—5}UI[5; +=).

23.2) 1; 6) [—5; 2] 24.08;1,25,6) —4;-0,25.
§3.2

1.a)0:6)0. 2.a) —g +2nl, 1€Z; 6) —g +2nl,lez.

3.a) —£+2nl leZ;6) nl,l€Z.

4.a) — +2ﬂ:k keZ;2nn,neZ; 6) = +7rk keZ;2nn,neZ. 5.a)0;6)0.

6. a) (2 —+27rk) keZ; 6) (n+27tk —3), kez.

7.a)4;6)2. 8.a)-—-1,2;6)0,75.
9. a) 1,2 npu a = —6; nNpH NPOYUX d KOPHEH HET,
6) 0,3 npu a = —1,25; npH 1pOYMX d KOpHEH HeT.
10. a) {—1; 2} npu a=4; {0; 1} npu g =0,25; NIpx NpoYMx a KOPHEH HeT;
6) {—1; 2} npu a=>5; {0; 1} npu a=0,2; nIpu NPOYHX d KOPHEH HET.
11. a) 3; 6) 10.
12. a) 10; 100 npu a =2; 1pH IIPOUUX d KOPHEN HET;
6) 0,1; 100 npu @ = —2; NIpH MPOYHX d KOPHEH HET.
13. a) 0,5 npu a =2,5; IpH NPoYNX d KOPHEHN HET,
6) —1,5 rpu @ =1,5; ripu Npo4YHX d KOpHel HeT.
14. a) (1; 2; 3) npu a = 2; IpK NNPOYMX A PeLICHHN HET;
6) (—3; —2; —1) npu a=—3; IPH NNPOYHX d PELICHHUH HET.
15. a) (10; 20; 30) npu a < —6; npH IPoYMX d peLIEeHU HET;
6) (—40; —50; —60) npu a < 7; NPH NPOYHX d PElIEHHH HET.
16. a) (—oo; —6]U[6; +=); 6) [—7;5]. 17.a) —5;7; 6) —8; 4.
18. a) (~2; 2); 6) (—-1; 1).
19. a) (—o; —5]U{3}uU[4; +=); 6) (—oo; —3]U{2}U[6; +°).
20. a) (3; 0) 6) (1; 0).
21. a) [-5;1]; 6) [—5;1].
22. a) (n’k 0;2)pua=4,kezZ;

( 2 0 0) ne€Z, npu a=0; npu1 Npoyrx d peLIeHHii HeT;

6) (% 2nk ; 03 2) keZ, npua=2; (3 ; 0; 0) neZ, npua=0;
TIpH npoqux a peleH i HeT.

23.a) [-0,1;0,11;6) [-1;1]). 24.a) —2;6) 2. 25.a) [—8;—~2]; 6) [-9;1].

26.a) —1;6)2. 27.a)0;6)2. 28.a)2;6)0,5.
29, a) (1; 2173) nez; 6) (Zr-- £+2ﬂ:n); (*g 5ﬂ+21tm) neZ, mez.
30. a) (:l:£ “2",%’5,—%+—§— nez, kez, mei;

m m Tk T

6) (( "- +T =+ —+7rm) nez kez, mez.

31.a) (-—+7m -—+2ﬂ:k —+1rm) nezZ, kezZ, mez;
(——+nr ——+27rt Zﬂl) reZ, tez,leZ; 6) ( + 7n; 27k; n‘m) nez,
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keZ, mez; (—% +7r; w4 2mt; (—1) -g—+nl), reZ, teZ, leZ.

32. a) (1; 0); (—1;0); 6) (1; 0); (-1;0).
33. a) (0; 0,5); (—1; —1,5); 6) (—2; 1,5); (0; —0,5).
34. a) [-2,4;0]; 6) [-4,8;0]. 35.a) (-1;2); (—1; —2); 6) (—2; —1); (2; —1).

36. a) (0,5; 1); 6) (3 2,1) 37. a) x, = = ,keN;ﬁ)xkz—%,keN.

38. a) (2; —2), (—2;2), (VZ; 2v2), (—VZ; —2v2);
6) (3;3), (—3; —3), (2v3; v3), (—2v/3; —/3).

39. a) %; 6) 1_16 40. a) [-2; 0,5]; 6) [——1; %]

1
41.a) x=1npua= — 3> IPH MIPOYMX d KOPHEH HET;
6) x =1 npu @ =2; 1pH NPOYHX a KOPHEH HET.

T . 2 2 .
42, a) x=-= +2nk, keZ, npu a—arcsmﬁ +3 +2nn,neZ;

St . 2 i
x=—— +2nk, k € Z, npu a = — arcsin 77 E+2ﬂ:n, nez;

IIpK ONPOYMX d KOPHEMU HeT;
6) x=-;—r +2nk, ke€Z, npua= S?n +27nn, n€Z;

—-5?1[4-27{’(, k eZ, npu az—%r +2nn,ne€Z;

TipH npo'mx a KOpHeﬁ HET.

43. )( 3.7, 9) (—— 1; 1) 6) (@;2;0); (—@;—1;5).
44, a) T, ’IL‘+1 n+3;6)2n—8; 2m; 2n— 1.
45.a)6n—1;6n;6n+2;6n+3,n€Z;6) 12n—2; 12n+ 2, neZ.
46.a) {—7;7}; 6) {—5;5}. 47.a) {—3;3};6) {—2;2}.

48. a) {—2; 2}; 6) {—4;4}. 49.a) {—6;6}; 6) {—3;3}.

50. a) {-7;7}; 6) {—3; 3}.

51.a) {-5}U{10—-5+/3; 10+ 5+/3]; 6) {—3}U[6—3+3;6+3+/3].
52. a) {—2}U[4—2v3;4+2+3]; 6) {—5}U[10—5v/3; 10+ 5+/3].
53. a) {—3}U[6~3v3;6+33]; 6) {—6}U[12—-6+3; 12+ 6+/3].
54. a) {-4}U[8—4+3;844V3]; 6) {~-4}U[8—4V3;8+4+3].
55. a) {—4}U[8—4+v3; 8+ 4+v3]; 6) {—5}U[10—5v3; 10+ 5+/3].
56. a) {—5}U{10—5+v3; 10+5v3]; 6) {—2}U[14 —8v3; 14+ 8v3].

§3.3
1.a)1;5;6)1;2. 2.a)-4;0;4;6) —6;0;6. 3.a)1;5;6)2;6.
4.a) 0; 4sin1; 6) 0;tgl. 5.a)—v3;6) —v2. 6.a)0;1;2;6)0; 1; 4

7. a) a — NpOM3BOJIbHOE MPPALIHOHANBHOE YHCIIO;

6) a — NMpOM3BOJIFHOE UPPAIMOHANBHOE YHCIIO.

8. a) @ — npoH3BOJIbHOE HPPAIIHOHAIBHOE YHCIO, b — IIPOU3BOJILHOE 1e10e
yueno; 6) a=+2, b — npou3BoJBHOE HPPAIHOHANBHOE YKUCIIO.

9. a) a=5, b— npou3BONbHOE HPPALIMOHAIEHOE YHCIO;

6) a=4, b — 1IpoM3BOJIBHOE HPPALIHOHAIBHOE YHCIIO.

10.2)4;6) 6. 11.a)2;6)4. 12.a)4;6) 2. 13.a) 0,4; 6)%.
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14.a) —4;6) —2. 15.a) —1;2;6) —3; —2. 16.a) 2; 6) 5.
17.a) —2;6) —3. 18.a) —2;6) —1. 19.a) —0,5;6)0,5.
20.a) (—2;-2);6) (1;1). 21.a) —1,5;2:6)—3,5; 2.
22.a)3;6) —4. 23.a)1:6) 1. 24.a) [—4;10]; 6) [-9;9].

25. a) (—oo; —%] U [9; %], 6) (—oo; —39]U [—%; +oo).

Inaga 4. I'padpuyeckue HHTEPIPETAIUH
84.1
1. a) perleHMit HeT ip¥ @ € (—; ~2); x=5npu a =2;

xe[lzz—a;Ba—l] npu a €(2; 6]; x€[a—3; 3a — 1] npu a €(6; +x);

6) perueHmii HeT npH a € (—o; —3) U(9; +x);

a—18_ 3a-5
3’ 2

x=—7npna=—3;x=—3r1pna=9;x€[ } ripu a € (—3; 5];

xe[a;18;15—2a] npu a € (5; 9).
2, a) pemeHuit HeT Npu a € (—oo; —2)U(2; +); {2} mpu a= —2;
[_z—z_a;z] npu a€(—2;0]; [z%a; 1] npu a €(0; 2];

6) pelneHuit HET npu d € (—; —2) U (2; +); {0} npu a= —2;
[—G;Z;O] nipu a € (—2; 0]; [—Q;Z;—l] npu a € (0; 2].
3. a) pelieHHH HeT npu d € (—o0; —2) U (2; 4+ );

{1} npua=-2; [_a;—4; —1] npuae(—2;0]; [_a;—4; —2] pu a € (0; 2);
6) peinenuii HeT nipu @ € (—o; —2)U(2; +); {3} npua= —2;

[%2;3] npu a € (—2; 0]; [i;—“-;z] npx a € (0; 2].

4. a) petieHMii HeT Npu d € (—oo; —8)U(3; +©); x=4 ipu a=—8;

x=6npu a=3; x€[4—+2a+16; 4+ v/2a+16] npu a €(—8; 0];

x€ [Za; 24;2:1] npu a € (0; 3);

6) peinennuii HeT pH a €(—; —4)U(3; +); x=6npu a=—4; x=9 npu a=3;
x€[6—3va+4; 6+3v/a+4) npuac(—4;0]; xe [3a; 12—a] npu a € (0; 3).
5.a) a€[0; +x); 6) ae(—x; —2]. 6.a)ae(l,5;+x); 6) ac(4; +«).

7. a) peuleHH HET NpH d € (—oo; —--g) U(2; +=); x=3 ripu a=—?~

7;
x=4npua=2; x€[3—+v7a+9;3++v7a+9] npnae(—-g;o];
x €[a?; 3+ v7a+9] npu a€(0; 1]; x € {a?; 10— 3a] npu a € (1; 2);

6) pelueHHil HET TipH d € (-oo; —%) U(2; +); x=1 npu az—% Ha=2;

x€[1-+/3a+1; 14+ +/3a+1] upu ae(—%;O];

2 2
xX€ [%;1+ 1/3a+1:| npua€(0;1]; xe [%; 5—251] pu a € (1; 2).

8. a) peureHuii HeT Ipu @ € (—oo; —4) U (12; +); x=0 npu a=—4;
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x=4r1pna=12;xe[ va+4; +4] nipu a € (—4; 0];

2
xe [“;4; «/_a+4] npu a € (0; 12);

6) peiileHMit HeT 1pH d € (—o0; —27)} U (9; +©); x =6 npu a =~27;
x=0npua=9; xe [_a+9; \/9——a] npu g € (—27; 0];

3
xX€E [-\/9—- ;&-:;E] rpu a € (0; 9).
9.a) x€(—;a] npu ae(—=; —4); x€(—x; -4]U{2} npu a=—4;
xe(—w;alUul2—+va+4; 2+ va+4)] npu ac(—4;0);
x€(—»; 4] npua=0; x€(—~»; 2~ Va+4]Ula; 2+ +va+4)] upu a€(0; 5);
x € (—oo; —1JU{5} npu a=5;
x€(—w;2—a+4lu[2+ vVa+4;a]l npu a€(5; +=);
6) x€(—; —3—v/9—alU[-3++v9—a; —a] npu a €(—x;0);
xe(~oo,—6]u{0} npu a =0;
x€(~w; —3—4/9—aluf—a; —3+ V9 —a] npu a€(0; 5);

x €(—co; —1] npu a=>5;
x€(—o; —a]U[—3—+v/9—a; —3++V/9—a] npuae(5;9);
x€(—w; —9Ju{-3} npua=9; x€&€(~x;—a] npu a&(9; +=).

10. a) x€[-5; 5] npnaE(—w —@],

3
e[-5;,-2] e(-55-% s
x iy TIpH d 3,
xX€ %‘1;-—37“ npnae( 0) x=0npu a=0;
xX€E —%a;%g pu a € (0; 31; xe[ ::,\/25 a]npnae(3;4];

xe[w\/ZS—a”*; \/25—a2] npu a €(4;5); x=01pu a=35;
pelueHHii HeT npH a € (5; +);

6) perueHMii HET NIpH d € ( —©; ——12)U( 156 +00) x=—5npua=-12;
xX€E [ —1/169 —a?; iz] npu a € (—12; —5);
xe[-12; —25} U{12} npu a = ~5;

xe [ —1/169—a?; i;] U[ 12a. 1/ 169—a ] mpH a € (—5; 0);

xe[ 13; 13] npur a=0;
xe|~13; —lz—a] [— 13] npnae(O —)

L 5 12° ? 12
325 65
x€{~13}U[ 1225 13| mpua=33;
65 156 156
xe[ﬁ,IS] npnae(ﬁ,w ; x=13 npua= 5

§4.2
1.a) 4; 6) —0,25. 2.a) [-7; 1JU[2; +x); 6) (—; 3)U(4; 7]
3.2) (00U (57 ]: © [-3: -5 ) uon
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4. a)[ 1; -——)U{O} 6) {O}U(12 110] 5.a) —24;1;6) —12;0,5.

6. a) oavH KopeHb, ecnH d € {(—; 0] U (0,5; 2); aBa kopH#, ecnu a € {0,5; 2};
TPH KOPHS, €CJIH 4 € (0; %) U(2; +);

6) oaAMH KOpeHb, ey a € (—oo; O] U (%, 3); ABa KOPHS, €ClIN ae{%; 3};
TPH KOPHS, €CJIH d € (0, :1,,) U (3; +c).

7. a) a€ (—o; 0]U(0,5; 4,5); 6) a € (0; 0,5) U (18, +oo)

8. a) (—2 0), 6) (—4;0). 9.a) (1,2;1,25); 6) (2,4; 2,5).

10.2) (32]:0 (5 152] 11. a) [~1; 2) U(2; 51; 6) [-2,5; —~1)U(~1; 0,5].
12. a) [1; +00) npua=1; {—3; 1] npu a=-1,

{th; 1} npua€c(—1;1); {1} npua €(—o; —1)U(1; +=);

6) [—4; 3lmpua=2; [-3;+o)npua=—2; {3} npuac(—ow; —2)U(2; +x);

{-3 -2} nprae(-22).

a+2
§4.3
1. a) 10 6) 13. 2.a) V/41;6)4v/10. 3.a) 10; 6) 13. 4 a) 13; 6) 10.
5.a 6) ~2,5. 6.2)7,75;6) 1. 7.2) 455;6)2:2. B.a) 64;16;

15’ 12° 22’
6) 169;9. 9.a) 169; 81: 6) 196; 16.  10. a) (2— 10) 6) (3,75: 3).
11.2) —8; —2; 2; 8; 6) —7: ~3:3; 7. 12.a) —10; —5; 2; 7; 6) ~5; 1; 3; 9.

13. )2*‘/— 4+ V&; 6) 9*‘/— .5+v6. 14. a) £6v3; 6) £5V3.

15. a) 4; 6) 5. 16.a) [-2; 1)U(1, 4]; 6) [—4; — 1)U (—1; 2].

17. 2) —v65—3; —2; 2; /65+3; 6) —17; 4— v89; /89— 4; 17.

18.a) 8—5v2; 3;54/2—2; 6) 5—34/2;2; 3v/2—1. 19.2a) 4; 6) 4.

20. a) —-2; 6) 1.

21. a) ogHO pelLIeHHe, eci d = —5; ZBa peinleHus, ecnu a € (—5; 7)U{13};
TPM pelileHUd, ey a = 7; YeThipe pelleHus, e d € (7; 13);

HEeT pelueHuH npH a € (—; —5) U (13; +);

6) oaHo peleHKe, eCH a = —8; ABa pelleHus, ecitu a € (—8; 6) U {13};
TPH pelleHus, eH a = 6; YeThipe pelleHus, ecM d € (6; 13);

HeT pelleHHi Npu a € (—; —8) U(13; +),

22. a) [1 5v2]; 6) [2;8V2]. 23.3a) [5—3V2;:8V2]; 6) [4—2vV2; 6v/2].
24.3) —: 1; 6) 2. 25.a)0; 10; 6) 0; 17.

11 ’
I'nasa 5. /ipyrue MeToabl

§5.1

1l.a)1;6)2. 2.a)-3;1;6)0,5;3. 3.a)1;6)—1.
4. a) [—3,5;+x); 6) (—=;3]. 5.a) (—3; +x);: 6) (—;2,5).

6. a) (832, )6)( o; 11). 7. a) (—0; —2,5); 6) (—o; —2).

8. a) (6; +=); 6) (— ,1—5).
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§5.2

1.a) ecmma € (—%;O)U(O; 6) U (6; +x), To x=a, x =1%+/4a+1;
eci =0, Tox=0H x=2;
eumMa=6Tox=—4ux=6;

e ma——l Tox——-l— Hx=1;
CJI - 4! 1_ 4 Rt
ec;mae(—‘”;—z),'l‘ox=a;
1+ 1
6) ecnnae(—%;O)U(O;3)U(3; +°°),T0x=g,x=—“—fa+ ;

ecoa=0,10 x=0Hux=0,5;
ecMa=3, Tox=—1Hx=15;

vae L coxe—L pe=l.

eUmMa=—g, ToX=—7c HX=17;
1 a

ecnnae(—oo,—-a-),'rox—-z—.

2. a) ec;m a € (4; +), To x =+34/aq;

ec/ii a =4, To x € {—6; 2; 6};

ecmi a € (0; 1,44) U (1,44; 4), To x=+3/a, x=2+ V4 —aq;
eciu a = 1,44, To x€{-3,6; 0,4; 3,6};

ecm a=0, To x €{0; 4};

e a€(—;0), Tox=2%xv4—a;

64 64 _ )
6)ecinac (0, -ﬁ) U(—2-2~—5-, +oo), 10 x=44a, x=1++va+1;

64 32 2 32
ecmMa= 2—2'5, TO XG{—E;—E; '1—5},
ecnu a=0, To x €{0; 2},
ecmac(—~1;0), rox=1%xva+1;
eccHa=—1,T0 x=1;
€C/H a € (—; —1), TO KopHEeH HeT.
3.a)16:6)9. 4.a)-1;17;29;107;6)5;9;77. 5.a)—14;6)7.
6. a) ecti a=0, To x € [-0,25; +x);

2++v4-2a —2+v4-2a
ecid a € (0; 2), To xe(—oo;—T] U [——za—;+oo);
ecM d €{2; +«), To x €E(—; +o0);
6) ectm a=0, To x € (—; 0,5];
ecmac(0; 1), Toxe (——oo; 1-vi-a .al—a] U [1+———— ;al—a; +oo);
ey a €[1; +«), To x € (—0; ).
7. a) (—=; 0JU[3; +); 6) (—=; 0] U[12; +).
8. a) x €(—x; 2a] npu a € (—w; —4);
x € (—w; —8]U {4} npn a=—4;
x€(—o; 2a]U[4—2vVa+4;4+2/a+4] upu a€(—4;0);
x € (—o; 8] mpu a=0;
x€(—;4—2+/a+4U2a; 4+2+va+4)] npu a € (0; 5);
x€(—ow; ~2]U{10} mpu a=5;
x€(—x;4—2va+4]ul4+2V/a+4; 2a] npu a € (5; +x);
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6) xe(—»; —6—2v/9—-alu[-6+2+/9—a; —2a] npu a € (—; 0);
x€(—o; —-12]U{0} npH a=0;

X €(—0; —6—2/9—alU[—2a; —6-+2+/9—a] npu a €(0; 5);
xX€(—cc; -2l nmpu a=>5;

X€(—w; —2a]U[-6—-2/9—a; -6+ 2/9—a]l npuae(5;9);
x€(—=»; -18]U{—-6} npr a =9;

X €(—o0; —2a] npu a € (9; +x).

9.a) — %%; 6) \/925. 10. a) ~2vZ; 6) V10.

11. a) 450 usaenuii nepsoro THia; 225 U3fe/Hil BTOPOTO THIIA;
MaKcHMasibHasA NpUOBUIL paBHa 42 750 4. e.;

6) 225 u3aenwmit nepsoro Trma; 450 u3zeuil BTOPOro THIIA;
MaKCHMaJIbHasA NpMOLUIbL paBHa 64125 7. e.

12, a) 10 uszenwmii nepsoro tuna; O u3geauii BTOPOro THria; MaKCHMAaIbHaS
npubeLIE papHa 50000 4. e.;

6) 20 uszenmit nepBoro Tuna; O uazeauit BToporo THIa;

MakcuManbHafa npubeUIE paBHa 300000 1. e.

§5.3
1. a){ ? COSS—TC' cos—}' 6) {cos'%[,coss?ﬂ,cosg}
2.0 {1 ”"} 6) {~Z;cos 2.
3.a { g, oss—} 6) {cos45 ,cos—s-}. 4.a){ } 6){12 153}
.o {310 {3}
6. a) {cos-l-ll—g—r,cosi—g,cosig, 1—2};6) {C 111; l/2_5’(: ifzr ;}
7, a) 3;6) 4. 8.a) [-15;15]; 6) [-10; 10].
9. a) (0; 0);
6) (cos—,sm ) (—cos—g;—sing); (CoS_,Sln‘") (“COS_ _Smsgr)

10. a) (— g%ﬂ;tg?-ge; tg i;,—"-z—) rne n=+3; +2; +1; 0;

™, _, 2nn 4nn Lo LA L.
6) (—tg7, tg o tg o ) rze n==43; +2; +1; 0.

11. a) (0; 1;0); (J_ s %) (—‘@ %“?)

6) (0; 0; 0); (‘/—,\/_ \/_) ( ‘/— —V3; \/_) (—sm tgs,gfsr);

(s s ),

2.9 0500 (5 )s (5T -5 (-5 25v3),
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6) (1'0' 0); (—1;0; 0)' (cos 5,sm— ;tg — 5 ) (co

T

5

(— —; —si ) (—cos sm— —t n) (cosg-f—r-sin-%ﬁ-—t E)

cos g “S’tg 52705 &5 5SS TRE )

(—co n sm—- t ) (cos 2n, -sm : t ) ( 27 il
-y g5 5 5 By

13. a) \/14,6) J_13. 14. a) 10/13; 6) 9V13.

§5.4
1.a) 13;6) 10. 2.a) 10; 6) 13. 3. a) 40; 6) 63. 4. a) 15; 6) 28.
2 11
5.a) minz= 2(25 15) 6) ming=g —35° 25) 75

6. a) maxz=z= ‘/— 2) 54; 6) maxz =2(1,5v55; 3) =96.

o (55 o (. 42207,

8. )(111 6)(222 )[3 50] 6)[1,%7']

10. a) (:I:\/_:lzz, ‘/_)

BCcero 8 pemel-mn)

(co BceMU BO3MOXXHBIMH KOMOHHal|MAMM 3HAKOB —

6) (:EJ_ 3; 0) (co BCéMH BO3MOXHBEIMM KOMOMHALIMAMH 3HAKOB — BCETO
4 perieHus).
Juarsoctuyeckas pabora 1

Bapuanm 1. 1. [——2—-— +°°] npH a € (—oo; 1)U (4; +); (—oo; +o) npHa=1;

4,
—00; a%‘] npH a € (1; 4); HeT pellleHUii Npu a =4.
: _ 17, _ : —oo: 7
2.1;5. 3.a=0,25. 4. (-7%; 1] 5. [4;+%). 6. (—o; 8].

Bapuaum 2. 1. [EE—Z; +00) np a€(—oe; 0,5)U(2; +); (—o0; +0) npu a=0,5;

—o0; 2 ) npu a € (0,5; 2); HeT pelIeHHii npu a=2.
3.a

~3Z
2.—1;;. =~0,75. 4(——— —2] 5. [—2; +). 6.(—00-2].

JluarHocTHyeckas pabora 2

Bapuanm 1. 1. {—-6}U[15—7+v3; 15+ 7/3]. 2. {6;10}.
3. pemenuit HeT pH a € (—; —16) U(12; +); x =2 npu a=—16;
[4—-\/;+16_ 4+\/a+16] npu ae(—16; 0]:

). 5.a=+2v3. 6.1;2.

x=3npua=12; x€

a 48—a 15
x€[4, g ]npnae(O,lZ]. 4. 1[ ;2

Bapuanm 2. 1. {—8}U[13—7+3;13+7+3]. 2.{-7;-3}.

3. peueHHi HET IpU d € (-oo; —g) U(1; +«); x=2 npu a_._g,
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x=3npua=1; x€ [2——\/3a+4;2+ \/3a+4] npu ae(-—g;o];

x€{3a;4—a] npuac(0; 1]. 4.——1;[ g,—-;). 5. a=+v3. 6.2;4.

Iluamoc'ruqecxag pabora 3

Bapuanm 1. 1.a=—2. 2.0;2;2;3. 3. (0,6; +).

2 3, ¥ 3
+ v

4. ecmae(—%;o)u(o; 54)U (54; +=), TO x=i%,x=§—~———ggj-——9—;

e a=0,Tox=0Hx=1;, ema=54,Tox=—2UXx=3;

EC.JII‘I(I_'—9 TOX= —1 x—l'
- 4: - 8’ - 2:
5.[-15;15]. 6.1.

Bapuaum 2. 1.a=l. 2.0; -; 4; —. 3. (—1,4; +).

3 ’ 3’
4. ecmn a €(~1; 0)U(0; 24)U(24; +%), To X =35, X x=1Evatl “2““;
eoma=0,Tox=0Hx=1;, euma=24, TOX=—2HX=23;

1 1 a
e a=-—1, To X=—g, X= o) e a€(—ow;~1), To X=1.

8
5.[-10;10]. 6. 10.

H G( o) 2 J('_i
€UIn aQ 2 , TO = 18"

N

Jnarsoctuyeckas pabora 4

.6 oo - oo
,11). 3. (—oo; —3]U{0}U[2; 4).

4. (nn;0;0), n€Z nipu a=0; (% +2nk; 0; —3), keZnpua=3;

Bapuaum 1. 1. (—o0; 4JU[7; 4+ ). 2. (—oo

TIpHM TIPOYHX d pellleHHii HeT. S. [—1; g] . 6.ae(—o=; 1,5].

Bapuaum 2. 1, (—; —8JU[—5; +=). 2. (—-00, ﬁ) 3. (—oo; QJU{3}UI5; +=).
4. (nn;0;0), neZ npu a=0; (g— + 27tk; O; 6), keZ npna=2;

TIpM IIPOYMX a pewnenuit HeT. 5. [~6;10]. 6. a€(—w; —0,5].

Iuarnoctuyeckas pabora 5

Bapuaum 1. 1. —4; -(1;. 2.5-3/2:2:3V/2—1. 3.(-w;2).
4. et a=0, To x€(—o0; 3];

comae (5 3). 70 xe (o 22T [ 292055 )

ec:mae[4,+oo) TO XE€(—o; +x). 5.[{—40;40]. 6.a=1,x=1,x=>5.

Bapuanm 2. 1. —6; % 2.8—-3v/2:5:243V2. 3. (—~x;6).
4, ecmt a=0, To X E(—x; 3];

eumae(()'%) Toxe(—oo;l;al:—eﬁ]u[l+ 1- 6a )
, X

=2, x=10.

va—'

€eC/M a € [6’ +°°) TO X E€(—w; +»)., 5,[-5;5]). 6.a=
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